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Abstract:

In this paper we find the Brauer trees of the representation group S,, of the symmetric
groupS,,modulo p=11 which can give thedecomposition matrix for the spin charactersof S,,.
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1.Introduction:
Schur showed that the symmetric group

S, has a representation group S,of order
2(n!) and it has a central subgroup
Z ={1,—1} such that S, /Z = S, [8]. The
representations of S, fall into two classes
[5], [8]: the first class indexed by the
partitions of n, the second class indexed by
the partitions of n with distinct parts which
are called bar partitions of n these
characters in the second class are called
spin characters[6].

For p =11Yaseen [12] was found the
modular irreducible spin characters of S,
for 11 <n <14 and for n = 15,16 also
was found by Yaseen[13], for n =17, 18
and 19 modulo p=11 founded by A. H.
Jassim and S.A.Taban [10],[11] in our work
we find the modular irreducible spin
characters of S,,.

We write some theorems which we
used.Let G be any group with o(G) =
p®m, (p,m) = 1land p is odd prime:

1. The degree of the spin characters (a) = (a4, ..., @) IiS:

deg(a) = 2T ot M cicjem(ac = o) /(e + ) 5]

2. Let B be the block of defect one and let
b the number ofp —conjugate characters
to the irreducible ordinary character y of
G then [7]:

a) There exists a positive integer number
N such that the irreducible ordinary
characters of G are lying in the block
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B divided into two disjoint
classes:B;={y € B |bdegy =
N mod p*},B,={y € B|bdegy =
—N mod p“}

b) Each coefficient of the decomposition
matrix of the block B is 1 orO.
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c) If ajand a, are not p —conjugate
characters and are belong to the same
classB; orB, above , then they have
no irreducible modular character in

common .
d) For every irreducible ordinary
character  yin  B,, there exists

irreducible ordinary character ¢ in
B, such that they have one irreducible
modular character in common with
multiplicity one .

3. If C is a principal character of G and all
the entries in C are divisible by a non-
negative integer ¢, then (1\g)C is a
principal character of G [4].

4. Let neven then [6] :

a) If pitn then (n) and (n)' are
irreducible modular spin characters
which are denoted by  ¢(n) and

5. If C is a principal character of G then
degC = 0 mod p“[3], [9].
6. Let B;", B B2 B3, Bs be modular spin

characters where ;" is a double
character , S, # B, are associate
modular spin characters
(real),and B; # B; are associate

modular spin characters (complex).
Let @1", @2, @2, @3, 3" be irreducible
modular spin characters ,where ¢;* is

a double character ,p, # ¢,’ and
@3 # @3 are associate irreducible
modular spin characters
(real), (complex) respectively
then[12]:

a) Bi", B, B, containsgs and @5’ with
the same multiplicity ,5;" which
contains ¢, and ¢," with the same
multiplicity .

@(n)"  respectivelyand  ¢(n) # b) B and B;'containsg,*, @,, @,
p(n)'. with the same multiplicity.
by If ptnandpt(n—1), then ) ¢sis a constituent of B; with the

(n—1,1) is an irreducible modular same multiplicity as that of
spin character which is denoted by @5'in Bs'.
p(n—1,1)".

Notation

p.s. principle spin character.

p.i.s. principle indecomposable spin character.

m.s. modular spin character.

i.m.s. irreducible modular spin character.

(<A>)m (no) mean the number of i.m.s.in <A1 >

= equivalence mod 11.

2. Brauer trees to the symmetric groupS,o , p=11:

The decomposition matrix for S,
modulo p=11 of degree (96,84) [5],
[6]. There are 32 blocks eight of them B;
By, ... ,Bg, are of defect one and the
others blocks(15,4,1), (15,4,1)',
(14,3,2,1)*, (13,5,2), (13,5,2)", (13,4,2,1)",
(12,7,1),(12,7,1)', (12,5,2,1)*, (12,4,3,1)",
(10,8,2), (10,8,2), (10,7,3), (10,7,3),
(10,6,4), (10,6,4)', (10,5,3,2)*, (9,7,3,1)",
(9,6,4,1), (8,7,5), (8,7,5), (8,6,4,2)",
(8,5,4,2,1) and (8,5,4,2,1)'(denoted this
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blocks by Bg, B,
defect zero.
Lemma (2.1)

The Brauer tree for the block B, is:

(19,1)*  (12,8)* (11,8,1)=(11,8,1)" _
(9,8,2,1)* _(8,7,4,1)*_(8,6,51)*

Proof:

deg(19,1)* =deg ((11,8,1)

+(11,8,1)") =deg (8,7,4,1)* =9,
deg(12,8)* = deg (9,8,2,1)" =deg
(8,6,5,1)" = —9.

... ,B3, respectively) of
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By using (r, #)-inducing of p.i.s. forS;o(see D¢ T®% S0 = d,, . So we have the Braure
appendix toS,, we have p.s.: tree for this block B, m .

D, 110 S0 = 2dq2, D3 1.0 S20 = d13,

D, 1(1.0) S20 = d14,Ds 1(1.0) S0 =dss

Lemma(2.2)
The Braure tree for the block B; is:

(18,2)*__(13,7)"__(11,7,2) = (11,7,2)' _(10,7,2,1)*_(8,7,3,2)" _(7,6,5,2)"

Proof:

deg(18,2)" = deg((11,7,2) + (11,7,2)") = deg(8,7,3,2)* = 10

deg(13,7)" = deg(10,7,2,1)* = deg(7,6,5,2)" = —10

By inducing of p.i.s for S, to S,,we have on p.i.s.:

De 1(210) S20 ,Dg 1(210) S20 D10 1(210) S20, D12 1(210) S20+ D1 1(210) S20-

So we have the Braure tree for this blockB; m.

Lemma (2.3)

The Braure tree for the block B, is:

(17,3) (14,6 )*_(11,6,3) = (11,6,3)_ (10,6,3,1)* (9,6,3,2)* (7,6,4,3)*

Proof:

deg(14,6 )* = deg(10,6,3,1)" = deg(7,6,4,3)" =8

deg(17,3)" = deg({11,6,3) + (11,6,3)") = deg (9,6,3,2)" = —

The inducing: Dy TG S,0 | Dig 1G9 S0, Dyo 16 Sy, Dy, 1G9 S0 Dy, 16D 5,0

give the Braure tree for this block B, m .

Lemma(2.4)

The Brauer tree for the blockBs is:

(17,2,1)__(13,6,1)_(12,6,2) (8,6,3,21) _ (7,6,4,2,1)
\ (11,6,2,1)* /

(17,2,1)’_(13,6,1)’_(12,6,2)’/ \(8,6,3,2,1)’_ (7,6,4,2,1)

Proof:

deg{(13,6,1),(13,6,1)", (11,6,2,1)*,(7,6,4,2,1) , (7,6,4,2,1)'}= 9

deg{(17,2,1),(17,2,1)' (12,6,2),(12,6,2)' (8,6,3,21),(8,6,3,2,1)' }= —9

By using inducing of p.i.s. for S;4 to S,,we have on p.i.s.:

D1 19 S50,D17 100 §50,D55 109 S50 Doy 19 Sy, Doy 109 S50, Dyg 14 S50(n0

sub sum of them = 0).

and p.s.

Dyg 1.0 S20 = k2,D19 110 Sz0 = k3, D37 160 S20 = k1.

Since (12,6,2,1) and (12,6,2,1)" are p.i.s. of S,; (of defect 0 in S,;,p = 11) and:

(12,6,2,1) l(1,0) S,0 =(12,6,2) +(11,6,2,1)*= h,

(12,6,2,1) L(10) S0 =(12,6,2)' +(11,6,2,1)" = h,

Since ky = k, + k3 — hy — h,, either (k, — h, andk; — hy) or (k3 — h, andk, — hy)are

p.s.In any case we havek,, ks are not p.i.s.so we takec;=k, — h,, c, = k3 — h,. Hence, we

have the Braure tree for this block B;m.

Lemma (2.5)

The Braure tree for the block Bg is:

(16,4) _(15,5)* (11,5,4) =(11,5,4)_(10,54,1)"_ (9,5,4,2)" _(8,5,4,3)"
Proof:

deg(16,4)* = deg({11,5,4) +(11,5,4)") = deg(9,5,4,2)" =7

deg(15,5)" = deg(10,5,4,1)" = deg (8,5,4,3)" = —7
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The |ndUC|ng D26 T(4'8) 520 y D28 T(4'8) 520 , D30 T(4'8) 520, D32 T(4'8) 520, D34_ T(4'8) 520,
give the Braure tree for this block Bom .

Lemma(2.6)

The Brauer tree for the blockB; is:

(16,3,1) __(14,5,1)_(12,5,3) \ (9,5,3,21) _(7,54,3,1)

/

(11,5,3,1)" \
<915131211),— <71514l311),

(16,3,1)’_(14,5,1)’_(12,5,3)’/
Proof:
deg{(14,5,1),(14,5,1)', (11,5,3,1)*, (7,5,4,3,1) , (7,5,4,3,1)'}= 6
deg{(16,3,1), (16,3,1)' (12,5,3),(12,5,3)', (9,5,3,21), (9,5,3,2,1)'}= —6
By using (r, 7)-inducing of p.i.s. for S;4 to S,,we haveon p.i.s.
D36 10 S20, D27 1(2.0) S20, D3z (2.0 S20,D33 10 S20, D34 10 S20s D35 10 S20
and p.s.
D3, 1(39) S20 = k1, Dag 120 S20 = k2,D29 10 S20 = k3,
Since (12,5,3,1) and (12,5,3,1)" are p.i.s. of S,; (of defect 0 in S,;,p = 11) and:
(12,5,3,1) d(1,0y S20 =(12,5,3) +(11,5,3,1)"=m,
(12,5,3,1) Y(1,0) S20 =(12,5,3)" +(11,53,1)* =m,
Now since k; = k, +ks - m;- m, , either (k, — m, andk; — m;) or
(k3 — m, andk, — m;) are p.s.
In any case we have k,,k; are not p.i.s. so we takec; =k, — m,,
¢, = k3 —my. Hence, we have the Braure tree for this block B, m.
Lemma(2.7)
The Brauer tree for the block Bg is:
(15,3,2)_(14,4,2)_(13,4,3) (10,4,3,2,1) _ (6,5,4,3,2)
\ (11,4,3,2)* /
(15,3,2)’_(14,4,2)’_(13,4,3)’/ \(10,4,3,2,1)’_(6,5,4,3,2)’
Proof:
deg{(14,4,2),(14,4,2)' (11,4,3,2)*,(6,5,4,3,2),(6,5,4,3,2)'}= 8
deg{(15,3,2),(15,3,2)'(13,4,3),(13,4,3)',(10,4,3,2,1),(10,4,3,2,1)'}= —8.
By using (r, 7)-inducing of p.i.s. for S;4 to S,,we haveon:
Dyy 1(210) S207k1 , Dy 1(210) S20 = kz , Dy 7(210) S20 = k3
Dys 1310 5,0 =k, , (10,4,3,2) 1OV 5,0 = ¢, ,(10,4,3,2) 1OV 8, = cq.
Thus, we have the approximation matrix (Table (1))

k<1 ¥, s P Ps ¥, P1 P2
(15,3,2) 1 a
(15,3,2)’ 1 a
(14,4,2) 1 1 b
(14,4,2) 1 1 b
(13,4,3) 1 1 d
(13,4,3) 1 1 d
(11,4,3,2)* 2 1 1 f f
(10,4,3,2,1) 1 1 h
(10,4,3,2,1)’ 1 1 h
(6,5,4,3,2) 1
(6,5,4,3,2)' 1
ky k, ks cy ky Y Y,

Cs
Since (6,5,4,3,2) # (6,5,4,3,2)'on (11, a)-regular class and

(6,5,4,3,2) L S15 = ({6,5,4,3,1)*)is one of i.m.s in S;4(see appendix 1)
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and from (Table (1)) then k, splitsto dsqand dg.

Since (15,3,2) # (15,3,2)'on (11, a)-regular classes then either k; is split or there are two
columns. Suppose there are two columns such as Y; and Y, (Table (1)). To describe columns
Yiand Y5 :

1. (15,3,2) 1 S;9 = ((14,3,2)) + ({(15,3,1)*)*has 2 of i.m.s.soa € {0,1}.If a =1, k;
must have a conjugate p.s.so (15,3,2)have three m.s. contradiction since (15,3,2) has
at most two m.s.soa = 0 and k; split to giveds; = (15,3,2) + (14,4,2) and ds, =
(15,3,2)" + (14,4,2)".

2. (14,4,2) 1 S = ((13,4,2))' + ((14,3,2)")* + ((14,3,1)*)?has 4 of i.m.s. we have
b € {0,1}, if b = 2 we have a contradiction.

3. (13,4,3) 1 S;9 = ((12,4,3)")% + ((13,4,2)*)* has 3 of i.m.s.wehaved =0 (d =1
give a contradiction) so kssplits to
dss = (13,4,3) +(11,4,3,2)*andds4(13,4,3)" +(11,4,3,2)".

4. (11,4,3,2)* 1 S;9 = ((10,4,3,2) + ((10,4,3,2)")! + ((11,4,3,1))?
+({11,4,3,1)")?has 6 of i.m.s. we have f € {0,1}.

5. (10,4,3,2,1) | S;9 = ({9,4,3,2,1))% + ((10,4,3,2)*)*has 3 of i.m.s. we have. h =
0so k, must splitto dsg = (10,4,3,2,1)+(6,5,4,3,2) and
dgo = (10,4,3,2,1)'+(6,5,4,3,2)'.

Since (14,4,2) # (14,4,2)'on (11, a)-regular classesthen either k, is split or there are two
columns . If we suppose that there are two columns such as Y;and Y,, with a=d =h =
O andb, f € {0,1}.

Ifb=1
Thereisnoi.m.s. in (14,4,2) | S;o N (11,4,3,2)* | S;o, then f =0 ;

We, get Y,=(14,4,2) , Y, = (14,4,2)'which is not p.s.since deg Y; # 0 and degY, # 0, so
b = 0and k, issplits to give ds; = (14,4,2)+(13,4,3) and ds, = (14,4,2)'+(13,4,3)'(also if
f = 1thenY;,Y,,=(11,4,3,2)"is not p.s.since deg ¥; # 0 and deg Y, # 0sof = 0)

So we havethe Brauer tree for the block Bgm.

Lemma(2.8)
The Brauer tree for the block B is:

(20) (10,9,1) _ (9,8,3)_(9,7,4)_(9,6,5)
> (11,9)" <

(20)' (10,9,1)'_(9,8,3)'_(9,7,4) _(9,6,5)

Proof:

deg{(20),(20)',(10,9,1), (10,9,1)", (9,7,4),(9,7,4)'}= 6,
deg{(11,9)*, (9,8,3), (9,8,3)",(9,6,5),(9,6,5)'}= —6.

By using (r, 7)-inducing of p.i.s. for S;9t0 Sy :
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ds 763 Sy0 = ks,

dy 103 Sa0 = k3ds 103 S20 = ks,

(10,9) 140 5, = ¢, (10,9) 110 5, = ¢,

k,must be split to ¢; andc,[12].we get the matrix (Table (2))

Table (2)
P1 P2 P3 Pa ¥, Ws WY, P9 P10
(20) 1
(20)’ 1
(11,9)* 1 1 1 1 a a
(10,9,1) 1 1 b
(10,9,1)’ 1 1 b
(9,8,3) 1 1 d
(9.83) 1 1 d
(9,7,4) 1 1 f
(9,74 1 1 f
(9,6,5) 1 h
(9,6,5) 1 h
[ cy c3 Cy4 ko ks ky Y; Y,

Since (9,6,5) # (9,6,5)'on(11, a)-regular classes,then either k, is splits or there are two
columns. Suppose there are two columns Y; and Y, (as in Table (2)), We, now, describe these
columns Y; and Y,

1.

(11,9)* 1 S;9 = ({(10,9) + ((10,9))* + ((11,8))% + ({11,8)")?has 6 of i.m.s. and
form (Table(2)) we have a € {0,1},a # 2 since (11,9)" at most six of m.s..

(10,9,1) { S;9 = ((10,8,1)*)% + ((10,9)*)* has 3 of i.m.s.s0 b = 0 and k,split to
ds =(10,9,1) + (9,8,3) and d, = (10,9,1)' + (9,8,3)’

(9,8,3) 1 S19 = (¢9,7,3))* + ({9,8,2)*)%has 3 of i.m.s. so d = 0 and k5 split to

d, = (9,83) +(9,7,4) and dg = (9,8,3) + (9,7,4)".

This block B; has ten columns and we
determined nine columns so there is only
one column which means k, must split to

gived, = (9,7,4) + (9,6,5) and

dyo =(9,7,4) + (9,6,5)".Hence, we have

the Braure tree for this block B, m.

From lemmas above we can find the 11-
decomposition matrix for the spin
characters of S,, .We write this
decomposition matrix in appendix Il

Appendix I (taken from [S.A.Taban and A. H. Jassim] in appear)

The decomposition matrix for the spin characters of S19,p = 11

The spin characters

The decomposition matrix for the block B,

1
1 1
1 1
1 1
1 1
(8,7,4)" 1 1
1
Dy D, D Dy Ds
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The spin characters

The decomposition matrix for the block B,

(18,1)

(18,1)'

(12,7)

(12,7)

(11,7,1)

(9,7,2,1)

(9,7,2,1)

(8,7,3,1)

(8,7,3,1)

(7,6,5,1)

(7,6,5,1)'

De | Dy | Dg | Dy | Diyg | Dy | Dyp | Dy3

The spin characters

The decomposition matrix for the block Bs

(17,2)

(17,2

(13,6)

(13,6)'

(11,6,2)

(10,6,2,1)

(10,6,2,1)’

(8,6,3,2)

(8,6,3,2)'

(7,6,4,2)

(7,6,4,2)

D16 D17 D18 D19 DZO D21 D22 D23

The spin characters

The decomposition matrix for the block B,

(16,3)

(16,3)'

(14,5)

(14,5)

(11,5,3)"

(10,5,3,1)

(10,5,3,1)’

(9,5,3,2)

(9,5,32)

(7,54,3)

(7,54,3)
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The spin characters

The decomposition matrix for the block Bs

(16,2,1)

1

(13,5,1)"

1

(12,5,2)"

(11,5,2,1)

(11,5,2,1)'

(85,3,2,1)"

(7,54,2,1)

D36

D37

D38

The spin characters

The decomposi

tion matrix for the block Bg

(15,3,1)"

1

(14,4,1)

1

1

(12,4,3)

1

(11,43,1)

[y

(11,43,1)

[y

(94,32,1)"

(6,54,3,1)"

D41

D42

D43

D44-

The decomposition matrix for the spin characters of Sy, p = 11

Appendix 11

The spin characters

The decomposition matrix for the block B;

(20)

(20)'

(11,9)*

(10,9,1)

(10,9,1)'

(9,8,3)

(9,83)

(9,7,4)

9,74)

(9,6,5)

(9,6,5)

ds | dy | ds

ds

ds

dg

The spin characters

The decomposition matrix for the block B,

(19,1)*

(12,8)

(11,8,1)

(11,8,1)’

(8,7,4,1)"

(8,6,5,1)"

d12

d13

d14

The spin characters

The decomposition matrix for the block Bs

(18,2)*

(13,7)*

(11,7,2)

(11,7,2)'

(10,7,2,1)"

(8,7,3,2)"

(7,6,5,2)"
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The decomposition matrix for the block B,

(17,3)*
(14,6 )*

(11,6,3)

[y
[y

(11,6,3)'
(10,6,3,1)"

(9,6,3,2)"
(7,6,4,3)"

d22 d23 d24 d25

The spin characters

(17,2,1)

The decomposition matrix for the block Bg

(17,2,1)’

(13,6,1)

(13,6,1)’

(12,6,2)

(12,6,2)’

(11,6,2,1)"

(8,6,3,21)

(8,6,3,2,1)’

(7,64,2,1)

(7,6,4,2,1)’

The spin characters

(16,4)"

The decomposition matrix for the block By

(15,5 )"

(11,54)

(11,5,4)'

[y
[uny

(10,54,1)"

(9,5,4,2)

(8,5,4,3)

d37 d38 d39 d40

The spin characters

(16,3,1)

The decomposition matrix for the block B,

(16,3,1)’

(14,5,1)

(14,5,1)’

(12,5,3)

(12,53)’

(11,53,1)"

(9,5,3,21)

(9,5,3,2,1)

(7,5431)

(7,5431)
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The spin characters

The decomposition matrix for the block Bg

(15,3,2) 1

(15,3,2)’ 1

(14,4,2) 1

(14,4,2)’ 1

(13,4,3)

(13,4,3)’

(11,4,3,2)"

(10,4,3,2,1)

(10,4,3,2,1)'

(6,54,3,2)

(6,54,3,2)’
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