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ABSTRACT

Soft set theory has recently gained significance for finding rational and logical solutions to
various real-life problems, which involve uncertainty, impreciseness and vagueness. In this
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paper, we introduced an algorithm to find permutation algebras using soft topological space.

Moreover, this class of permutation algebras is called even (odd) permutation algebras if its
permutation is even (odd). Furthermore, new concepts in permutation algebras are
investigated such as splittable permutation algebra and ambivalent permutation algebra.
Furthermore, several examples are given to illustrate the concepts introduced in this paper.

1. Introduction

The concept of soft sets is a novel notion was introduced
by Molodtsov [1]. Next, Shabir and Naz [2] introduced
the notion of soft topological spaces. Some notions of
this concept with its applications fundamental concepts
of fuzzy soft topology and Intuitionistic fuzzy soft
topology are studied by many mathematicians see the
following references [3-15]. BCK-algebra as a class of
abstract algebras is introduced by Imai and Iseki
[16,17]. Next, the concept of d-algebras, which is
another useful generalization of BCK-algebras, is intro-
duced (see refs [18-20]). Also, the notion of d*-algebras
is investigated [21]. After then, the concepts of p-alge-
bras and p/p-ideals are introduced and studied [22]. In
2009, the concept of soft d-algebras is introduced (see
Jun et al. [23]). Also, some extensions using power set
are introduced such as soft p-algebra and soft edge
p-algebra of the power set [24], soft BCL-algebras of
the power set [25] and soft BCH-algebra of the power
set [26]. Next, the notion of I'-fuzzy d-algebra is given
[27]. In this paper, we introduced an algorithm to find
permutation algebras using soft topological space.
Moreover, this class of permutation algebras is called
even (odd) permutation algebras if its permutation is
even (odd). Furthermore, new concepts in permutation
algebras are investigated such as splittable permutation
algebra and ambivalent permutation algebra. Further-
more, several examples are given to illustrate the con-
cepts and introduced in this paper.

2. Preliminaries

In this section, we recall basic definitions and results
that are needed later.
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Soft set theory; symmetric
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Definition 2.1: We call the partition a = a(B) =
(1(B), aa(B), ..., acp)(B)) the cycle type of B [28].

Definition 2.2: Let « be a partition of n. We define
C* C S, to be the set of all elements with cycle type
a [28].

Definition 2.3: Let B8 € C% where B is a permutation
in alternating group A,. A(B) conjugacy class of Bin A,
is defined by [29]

AB) = {y € Ay =tBt™"; for somet € A,}
Cc*, (if BE& H,)

’

CetorCe, (if B € H,)

where C*F are two classes of equal order in alternating
group A, such that C* = C** U C*~ and H,, ={C*of S|
n > 1, with all parts ax of « different and odd}.

Proposition 2.4: The conjugacy classes C*% of A, are
ambivalent if 4|(a; — 1) for each part «; of « [30].

Definition 2.5: Suppose B is permutation in a sym-
metric group S, on the set QO ={1,2, ..., n} and the
cycle type of B is a(B) = (a1, oz, ..., aqp), then B
composite of pairwise disjoint cycles {/\,-},-C(:ﬁ) where
A= (b}, b, ..., b)) 1 <i<c(B). For any k-cycle A =
(b, bs, ..., by) in S, we define B-set as A=

{b1, by, ..., by} and is called B-set of cycle A. So the
Bsets of (AY® are defined by {\f=
{b, b5, ..., LI <i<c(B}I31].
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Remark 2.6: Suppose that /\fg and /\f are B-sets in (),
where |A;| = o and |Aj| = v Then, the known defi-
nitions will be written as follows.

Definition 2.7: We call )\B and /\B are disjoint B-sets in
Q, if and only if >7_, b = Zk , b, and there exists
1<d <o, foreach 1 <r < vsuch that b, # b [311.

Definition 2.8: We call /\}8 and /\/48 are equal B—-sets in
Q, if and only iffor'each 1 <d<othereexists1 <r <
v such that b, = b} [31].

Definition 2.9: We call )\B is contained in /\B if and
only if 17, bl < Zk 1b’ [311.

Definition 2.10: Let AP ={b;, by, ..., b} and 7P =
{a1, ay, ..., a,} be two subsets of () [32]. Then, we call
AP and 7P are similar B-setsin ), ifand only if >} _, by =
Y k=1 ak and one of them contains at least two points
say b;, bj € AP such that b; € nf and b; & nP. Let AP =

{b1, by, ..., b} and WP ={ay, az ...,a,} be similar
B-sets in Q and A = Max{Max{n? — o}, Max{A\¥ — w}},
where w=1{by, by, ..., b3N{a,,a, ...,a,}. Then
MEWY fAEE, 7PEN fAE N, 7PAN=

)\B, IfAET] B B _ 7]3, IfAE’qB
(nﬁ, ifaeas N MVAT=108 ifaeas

For any AP = {by, by, ..
two subsets of (). Then,

L bland nf ={ay, ay ..., a}

MApf=

r v
A, if (Z b < Y ak> Or (\P&nP are similarand A € 1)
k=1 k=1

P, if (Z by > Z ak) Or (\P&nP aresimilarand A € AP)

MB i AP = b — P
¢, if \P&nP aredisjoint

and

MAnf=

M,if (Z by > Z ak) Or (\P&nP aresimilarand A € AP)
k=1 k=

ne, if (Z b < Z ak> Or (\P&nP are similarand A € 7f)

Mﬁ AP = mf — P
Q, if \P&nP are disjoint

Definition 2.11: For any collection of not disjoint B-sets
AP = (b, b, ..., bl, ie). We define the union (respect-
ively, |ntersect|on) of {)\ Yier by \E/ )\B )\B where
i 1 =sup{) , ,bi;i €N and A A )\B = )\B where
Yoo bl =inf{> bj(,/ enpin.’

Definition 2.12: Let 3 be permutation in a symmetric
group S,, and B composite of pairwise disjoint cycles
AP, where [\ = a;, 1 <i < c(B), then (Q, tP) per-
mutation topological space (PTS), where Q=
{1,2, ...,n} and tff is a collection of B-set of the
family {)\f}fiﬁ) union Q and empty set [31].

Definition 2.13: Let (Q, 7°) be a PTS. Then (Q, ) is
called permutation single space (PSS) if and only if
each proper open B-set is a singleton [32].

Definition 2.14: Let ((), Tﬁ) be a permutation topolo-
gical space. Then (), Tﬁ) is called permutation indis-
crete space (PIS) if and only if each open B-set is
trivial B-set [32].

Definition 2.15: Let U be an initial universe set and let
E be a set of parameters [1]. A pair (F, A) is called a soft
set (over X) where A C E and F is a multivalued func-
tion F:A — P(X). In other words, the soft set is a para-
meterized family of subsets of the set X. Every set
F(e), e € E, from this family may be considered as the
set of e-elements of the soft set (F, A), or as the set of
e-approximate elements of the soft set. Clearly, a soft
set is not a set. For two soft sets (F, A) and (G, B) over
the common universe X, we say that (F, A) is a soft
subset of (G, B) if AC B and for all e € A, F(e) and
G(e) are identical approximations. We write
(F, AC(G, B). (F,A) is said to be a soft superset of
(G, B), if (G, B) is a soft subset of (F, A). Two soft sets
(F, A) and (G, B) over a common universe X are said
to be soft equal if (F, A) is a soft subset of (G, B) and
(G, B) is a soft subset of (F, A). A soft set (F, A) over X
is caIIed a null soft set, denoted by ® =(¢,¢), if for
each F(e) = ¢, Ve € A. Similarly, it is called universal
soft set, denoted by (X, E), if for each
F(e) = X, Ve € A. The collection of soft sets (F, A) over
a universe X and the parameter set A is a family of
soft sets denoted by SS(Xa).

Definition 2.16: The union of two soft sets (F, A) and
(G, B) over X is the soft set (H, C), where C = AU B and
foralle € C, He) = Fle)ife € A—B,G(e)ife € B— A,
F(e) U G(e) if e€ANB [33]. We write
(F, A]]1(G, B) = (H, C). The intersection (H, C) of (F, A)
and (G, B) over X, denoted (F, A)[] (G, B), is defined
asC=ANB, and H(e) = F(e) N G(e) for all e € C [21].

Definition 2.17: Let (F, A) be a soft set over X [2]. The
complement of (F, A) with respect to the universal soft

set (X, E), denoted by (F, A), is defined as (F¢, D),
where D = E — backslashie € A|F(e) =X} ={e €
A|F(e) = X}, and for all e € D,
e | X—Fl, ife€A
Fle) = { X, Otherwise.



Definition 2.18: Let 7 be the collection of soft sets
over X [2]. Then 7 is called a soft topology on X if 7
satisfies the following axioms:

(i) ® and (X, E) belong to .
(i) The union of any number of soft sets in 7 belongs
toT.
(iii) The intersection of any two soft sets in 7 belongs
toT.

The triplet (X, E, 7) is called a soft topological space
over X. The members of 7 are called soft open sets in
X and complements of them are called soft closed
sets in X. Furthermore, (X, E, 7)is said to be a soft indis-
crete space over X, if 7={®, (X, E)}. Also, (X, E, 7) is
said to be a soft discrete space over X, if 7is the collec-
tion of all soft sets which can be defined over X.
Some results on permutations 2.19: [29]

(1) B=1(by, by, ..., b)iseven & ris odd.
(2) BE S,iseven < n — c(P) is even,
(3) B = (1)(Identity) & B = (b) forsomeb € ().

Remark 2.20: In this work, for any set D=
{d1, da, ..., di} of k distinct objects and for any cycle
B=(b;y, by, ..., by), we will use the same symbol (||)
to refer to the cardinality of set X and to refer to the
length of the cycle B. Hence |D| = k and |B| = m.

Definition 2.21: A d-algebra is a non-empty set X with
a constant 0 and a binary operation* satisfying the fol-
lowing axioms [18]:

(i) xxx=20
(i) Oxx =0
(iii) xxy = 0andy=xx = Oimplythaty = xforallx,yinX.

Definition 2.22: A d-algebra (X, %, 0) is said to be BCK
algebra if X satisfies the following additional axioms [21]:

(1) (Oeky)*k(xx2))x(zxy) = O,
(2) Ocrlxxy))xy =0, for all x, y € X.

Definition 2.23: A d-algebra (X, %, 0) is said to be
p-algebra if X satisfies for all y # x € X — {0} imply
that xxy = y*xx # 0 [22].

Definition 2.24: Let (X, x, 0) be a d-algebra [21]. Then
X is called a d*-algebra if it satisfies the identity
(xxy)xx = 0, for all x, y € X.

Definition 2.25: Let (X, E, I') be a soft topological
space, where X ={sy, 55, ..., sk}, E={ey, ey ..., en}
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and TI'={®, (X, E),{(F, "} [34l. Now, Ilet
T = {Fi(e1) ;11, L= {Fi(eZ)},"Z'p oIy = {Fi(en)},m=1- For
each 1<i<n, let T,={BET/B# ¢}. For each
(1 <i<n),let §:X — N be a map from X into natural
numbers N defined by &i(s;)) =j + (i — 1)k, for all 5; €
X and (1 <i < n) where k = |X|. Then o =[], 0; is
called permutation in a symmetric group Sy where
for all 1 <i<n, oy =[],", (8i(55)3(sg,) . .. 8i(5g,,) s
permutation which is the product of |T]| cyclic factors
of the length |w|, where w; = {s4,, 5g,, -~-159\wu} eT
and 1 <L < |T/|. Furthermore, o; = (§;(s) if T, = ¢.
Then (€, t)r is called permutation topological space
induced by soft topology I', where O ={1,2, ..., h},
h =nk and t7 is a collection of o-set of the family
{0}, together with () and the empty set. Also, if
(X, E, I') is a soft indiscrete topological space. Then
(Q, t)r is called PIS induced by soft topology T,

where o= (1, 2,3, ..., h). Finally, for any non-indis-
crete soft topological space (X, E, I'), where X =
{s1,5, ...,skL, E=1{er, e ..., en} and I'=

{®, (X, E), {(Fi, E}",} we can generate permutation

topological space (Q, t{)r as follows:
(1) Find T; = {Fj(e) ’]?":1, forall1 <i<n,

(2) Find T ={w E Tj/w # ¢}, forall 1 <i<n,

(3) Find 8i(s;) =j+ (i — 1k, for all (1 <j<k) and

(1<i<n),

(4) Find o; for all 1<i<n,
(i(s)),  IfT] = ¢,

I (31(56,)81(s35,) .- Bi(sg,)

1 Sgu,} € T/, ifO.W., .

where o =

where w; = {sg,, Sg,, ..
(5) Find o =[], o,
Find the disjoint cycle factors including the 1-
cycle of o-say Ay, Ay, ...
Find the o-sets of {A}{'7
Find Q, where Q ={1, 2, ...h} and h = nk,
Find t;, where t; = {¢, O, AT, AJ, ..., A}
Then (€, t7)r is PTS.

S

’ /\C(O')l

—
_ N~~~
O VO 00 N
== ==

Remark 2.26: For all 1 <i<n, let 7*',»={d>, XU T

Here we used normal union (U), normgkl intersection

(M) and empty set (¢) then we have (X, T;) is a topolo-

gical space for each (1 <i < n) [34].

/

(1) We consider that §;:(X, *F*i) — (X, 7*',-) is isomo,[phic,
where X; = 6(X) and T, ={Y|Y = 6§(2); Z € T;}. In
other words, for each 1<t <mk, we have

8,_1(1‘) =5, Wwhere c =t — k(i + 1).

(2) For any (1<i#qg=<n) and (1 <j<k), we
have §i(s;) & X; (since &(s) =j+(i— Tk #j
+g—"1k, Vj=1,2 .,k

(3) If&is) & |J ¢, forsome (1 <i<n)and

/

VET, — %)



302 (&) S.M.KHALILAND F.H. KHADHAER

Definition 2.27: Let (), t%)r be a permutation space

induced by soft topology I, A’ C Q and T,B:

AP ANP, for each proper AP €th, then TP =
b}, bh, ..., b}, if AP&Afare not disjoint iy

&, if \P&AP are disjoint

Let R:{EB|7}B non-empty open p-set}. For each
TPER,  let b =Maxib, b, ...,bi}  and

iy

m = Max{b,; T° € R}. Let B= ) (' —T") where
TPeER

Q' ={1,2, ..., m}h Here we used normal intersection

(N) between pairwise sets to find the set B. For each

T,.B € R, we have T, = (b}, b}, ...,bjﬁk) is i, cycle in
Sm- Then the disjoint cycles decomposition of new per-

mutation in a symmetric group Sm induced by AP

saying Y where ¥’ = [ T; ]_[ Dand Y =[] T,

TBER r=1 TI_BER

whenever B = ¢. Hence ((V, t%\ﬁ)[‘ is called permu-
tation subspace induced by soft topology I' where

t,}j‘ﬁ is a family of all y"ﬁ—sets of disjoint cycles decompo-
sition of y)‘ﬁ together with Q" and the empty set.

3. An algorithm to generate permutation
algebras from soft spaces

In this section, we will introduce an algorithm to gener-
ate permutation algebra by analysis soft topological
space and this class of permutation algebra is called
even (odd) permutation algebra if its permutation is
even (odd). Moreover, some basic properties of permu-
tation spaces are studied.

Steps of the work 3.1:
topological space, where X ={s1,s5, ..., s}, E=
{er, €2, ..., ep} and I' = {®, (X, E), {(F;, E)}’”1} Now, let
Ty = {File ¥y, T, = {Fie2l}y, ..., To = {Filen)},. For
each 1<i<n, let T,={B€ET;/B+# ¢}. For each
(1 <i<n), let §:X — N be a map from X into natural
numbers N defined by &i(s)) = j + (i — 1)k, for all 5; €
X and (1 <i < n) where k = |X|. Then o =[], 0; is
called permutation in a symmetric group Spx where
T
forall1 <i<n, o = L‘lji (81(55,)81(sg,) - -

Let (X, E, T) be a soft

8,»(59le|)) is per-
mutation which is the product of |T,f| cyclic factors of

the length |w.|, where w ={s4, Sg, ..., 5g,,} € T

and 1 <L < |T;|. Furthermore, o; = (§(s) if T, = ¢.
Hence, by Definition 2.5, we consider that:

(Q, t7)r is permutation topological space induced by
soft topology I', where QO ={1,2, ..., h}, h = nk and
t7 is a collection of o-set of the family {o;}]_, together
with Q) and the empty set. Now, we need to follow
these steps:

(1) Defend binary operation #: t8 xt8 — t8 on
permutation topology t? by #(A, B) = A#B,
V(A B) € tf x tB.

(2) Find #: t? x t8 — tf which is holed as follows:

(i) A#B = ¢, (ii) ¢p#B = ¢, (iii) A#B = ¢ and BH#A =
¢ imply that A = Bfor all A, B € t5.

(3) Then (t5, #, ¢)r is a permutation d-algebra induced
by soft topologyT'.

Definitions 3.2:

(1) Let (t5, #, ¢)r be a permutatlon d-algebra induced
by soft topology I'. Then (t, #, ¢)r is called permu-
tation BCK-algebra induced by soft topology T, if t?

satisfying the following axioms: (i)
((BHCOWH(BHD))#(D#C) = ¢, (ii) (B#(B#C)) #C = ¢, for
all B,C,D € th.

(2) Let (t5, #, ¢)r be a permutatlon d-algebra induced
by soft topology I'. Then (t, #, ¢)r is called permu-
tation d*-algebra induced by soft topology T, if it
satisfies the identity (B#C)#B = ¢, for all B, C € tA.

(3) Let (t5, #, ¢)r be a permutatlon d-algebra induced
by soft topology I'. Then (t, #, ¢)r is called permu-
tation p-algebra induced by soft topology T, if it
satisfies the identity (B#C) = (C#B) # ¢, for all
B # Ceth—{¢}

(4) Let (t8,# ¢)r be a permutation d-algebra
(p-algebra, BCK-algebra, d*-algebra) induced by
soft topology I' and H = {h}ic) C tﬁ be a collection
of some random subsets of t5. Then H is called per-
mutation  d-subalgebra (resp. p-subalgebra,
BCK-subalgebra, d*-subalgebra) induced by soft
topology T, if hp#hy € H, for any hp,, hy € H.

Permutation subalgebras induced by soft topology
I3.3:

Let (€, tﬁ)p be a permutation space induced by soft
topology I and A? C (). By Definition 2.7, we consider
that (), t”\ﬁ)r is called permutatlon subspace induced
by soft topology I' where t”‘ is a famlly of all y"-sets
of disjoint cycles decomposition of y)‘ together with
) and the empty set. Also, (t ,’,;\ﬁ, #, q’) r is called permu-
tation d/d*/BCK/psubaIgebra of (t8, #, ¢)r induced by
soft topology T if (tf#, d) is permutation
d/d*/BCK/p algebra and t”\B cth with
#AB e, VAB et xtr.



Remarks 3.4: If there are two permutatlon subspaces

B
«, rv” )rand (Q, 8] )r of (Q, tA)r, and (), #, P)r is
permutation d/d*/BCK/[rsubaIgebra of (t5, #, P)r

induced by soft topology I', then ( tk , #, d)r need

not be permutation
(t8, #, d)r too.

d/d*/BCK/p-subalgebra of

Example 3.5: Let the set of houses under consider-
ation be X = {a;, a;, as}. Let E={big (e;); with pool
swimming (e,); with garden (e3); old (es)} be the set
of parameters framed to buy the best house.
Suppose that the soft set (F, A) describing the Mr X
opinion to choose the best house was defined by

A ={ey, es, e4},

F(eq) = {a1, as}, Fes) = {ay}, Fles) = X.

In addition, we assume that the “best house” in the
opinion of his friend, say Mr Y, is described by the
soft set (G, B), where

B = {e1, eq},
Gl(ey) = {as}, G(es)

Consider that:

={®d, (U, E), (F, A), (G, B)} is a soft topology. Find per-
mutation space (£, tJ)r induced by soft topology I.
Also, find (), t}rf”)r and (Q), t,“{f)p where A7 = {1, 4}
and 77 = {10}.

= {021 03}.

Solution: We consider that

T = {F(e1), Gle1)}, T, = {F(e2), Gley)}, Tz =

{F(e3), G(e3)}, T4 = {F(es4), Gles)} =

T ={ay, a3}, {ashh, T = {, ¢}, Tz = {{ax), ¢}, Ts =
X, {az, asl} =

T ={m, as} {a3}}, T)
X, {az, asl} =

ﬁ — (¢, X, {as}, {a1, ash,
— (X T3 = (o, X, lall, Ta = (b X, (@, a3}l

Hence we have (X, T ) is a topological space for each

= d)r T/3 = {GZ}I T/ =

/

*
(1 <i < 4). Now, we consider that (X, T;) is a topologi-
cal space for each (1 <i < n). where

/ /
(Xh T1 ) = ({11 2! 3}1 {¢I {11 2! 3}1 {3}1 {11 3}})1 (X2I TZ)
= ({4, 5,6} {¢, {4, 5, 6}}),

/

Xz, T5) = (7, 8,9, {, {7, 8, 9}, 181),
!
(Xa, T4) = ({10, 11,12}, {¢, {10, 11, 12}{11, 12}}).
Moreover, for all 1<i=<n, o=
||

1= (8i(ag,)di(ag,) . ..
the product of |T,.'|cyclic factors of the length |w|,

&i(ag,, ) is permutation which is
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where w; € T; and 1 < L < |T;|. Hence we have
a1 = (81(a2), 61(a3))(1(a3)) =

oy = (6(a2)) = (5),

o3 = (83(a2)) = (8),

04 = (84(a3)04(az))(8a(a)da(ay) da(az))
= (11 12)(10 11 12).

(1 3)3)

Then o =[], 0;=(1 3)(3)(5(8)(11 12)(10 11 12)
_(1234567891011 12)i
321 456 7 8 9 12 11 10
a permutation in a symmetric group S;,. For any per-
mutation can be decomposed essentially uniquely
into the product of disjoint cycles. So we can write
TE S, as Ay, Ay, ..., Agey- With A; disjoint cycles
of length |A;] and c(o) is the number of disjoint
cycle factors including the 1-cycle of o. Hence
123 45 6 7 8 9 10 11 12
:<3214567891211 10)_

(1 3)(2) @) (5) (6) (7) (8)(9) (11)(10 12).

Therefore, (€2, t7) is a permutation space induced by
soft topology T, where tr=1ty, =
{Q, ¢, {1, 3}, {23, {4}, {5}, {6}, {7}, {8}, {9}, {11}, {10, 12}}
and 0 =1{1,2,3,4,56,7,8,9,10, 11, 12}. Now to find
the permutation subspace for A7 = {1, 4}, we consider
that
TV ={1,3, Ty =2, T{ =@ T =T =
(1,4, 77 =0,4,T7=0,4,T ={1,4,T] =
1L,4Ty=00,48T=014TH,={1,4=R=
{1, 35, {21, {4, (1, 4} =
Max{Max{1, 3}, Max{2}, Max{4}, Max{1, 4}} =

Max{3,2,4l=4=m= Q1 =1{1,2,3, 4},
B= N @1 =T =¢. Then Y =
T7ER
1 2 3 4

(13 @0 4):<4 2 3 3):(1 432 is a
permutation in a symmetric group S4 induced by

A7 ={1, 4} and (9’1, t;/a) is a permutation subspace
induced by soft topology T, where

t”\ = t4 = {0, ¢, {2}, {1, 3, 4} Now to find the per-

mutation subspace for 77 = {10}, we consider that:

W={1,3t T7y=1{2}, T9={4,T]=1{} T={6}
={7} Ty =1{8}, Ty =1{9%, Ty ={10},

T =110} =-

R ={{1, 3}, {2}, {4}, {5}, {6}, {7}, {8}, {9}, {10}} =-

m=10=0,={1,2,...,100 > |T|=s=10 and

T°ER
B= N @,-T) =
T7ER
(1 3)(2)(4)(5)(6)(7)(8)(9)(10) is a permutation in a sym—

metric group Sy induced by 77 = {10} and ({2 tm r
is a permutation subspace induced by soft

¢. Therefore, we have y™ =

g

topology T, where 7 = trgn -
{Q), ¢, {1, 3}, {23, {43, {5}, {6}, {7}, {8}, {9}, {10} Now,
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define #tl, x tf, - tf, by
¢, IfANB=A,
#A B =A#B=1A IfANB#A&ANB=¢, -

B, ifANB #A&ANB # ¢.
VA, B € t,.Then (t7,, #, $)r is permutation d-algebra,
since # satisfies conditions for d-algebra. Also,
(] % P s
(t7,, #, ¢)r.But tf J# Pris not permutation d-subal-

permutation  d-subalgebra  of

gebra of (t7,, #, ¢)r since t4 (Z t7,

4. Some notions of permutation algebras

Definition 4.1: Let (t5,# ¢)r be a permutation
d/BCK/d*/p-algebra induced by soft topology T.
Then (t8,#, ¢)r is called even (odd) permutation
d/BCK/d*/p-algebra if its permutation B is even
(odd) in S,.

Example 4.2: Let ( t #, d)r be a permutation d-algebra
induced by soft topology I', where 8 = (1 3 5 6)(2 4) in
Example 3.1.7. Then (tg, #, d)r is an even permutation d-
algebra since B € S¢ is an even.

Definition 4.3: Let (t5,# ¢)r be a permutation
d/BCK/d*/p-algebra induced by soft topology T.
Then (t5,#, ¢)r is called splittable permutation
d/BCK/d*/p-algebra if its permutation B satisfies
B € H,.

Example 4.4: Let ((), tg'B)[‘ be a permutation topologi-
cal space induced by soft topology I', where tf =
{Q, $,{1,4,9},1{6},{2,3,57,8} and O ={1,2, ...,9},
let #: t& x tf — t¥ be a binary operation defined in

the following table:

# ¢ {1, 4,9 {6} 2,3,57,8 Q

¢ ¢ ¢ ¢ ¢

{1,4,9 {1,4,9 ¢ [0} 2,3,57,8 Q
{6} {6} Q ¢ 2,3,57,8 Q
{2,3,57,8 {2,3,57,8 {23,578 {23,578 ¢ Q
Q Q Q Q Q ¢

Then (tg, #, d)r is splittable permutation d/p-algebra
since B=(149)6)(23578) € H,.

Remark 4.5: It is clearly that every even (odd) permu-
tation BCK/d*/p-algebra is even (odd) permutation
d-algebra, but the converse need not be true, see
Example 3.5 (t7,,# ¢)r is an even permutation
d-algebra but is not even permutation p-algebra.

Definition 4.6: Let (t5,# ¢)r be a permutation
d/BCK/d*/p-algebra induced by soft topology T.
Then (t8,# ¢)r is called ambivalent permutation
space if (tP,# ¢)r is splittable permutation
d/BCK/d*/p-algebra and for each part «; of «(B)
satisfies 4|(c; — 1).

Example 4.7: Let (), tfﬁ)r be a permutation topologi-

cal space induced by soft topology I, where
th ={Q, ¢ a,bcdefla={1},b=123,...,6}-
c=1{7,8,...,15},d ={16,17, ..., 28}, -
e=1{29,30, ...,45}, f ={46,47, ..., 66} and
Q={1,2,...,66} Let # t& x t& — t& be a binary
operation defined in the following table:
# [ a b 4 d e f QO
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
a a b a a ) ¢ a ¢
b b b é b & b & &
c c c c ¢ c ¢ ¢ ¢
d d b a d ¢ b a &
e e c e a 4 [ a [
f f f 4 b C b ¢ o)
Q QO f e d 4 b a [
Then (tg6, #, ¢d)r is an ambivalent permutation

d/BCK/d*-algebra induced by soft topology I'.

The maps induced by soft topologies 4.8: Suppose
that (X, E, 71), (X, E, 7») and (X, E, 73) are three soft topo-
logical spaces over the common universe X the par-
ameter set E with their permutations 3, w and é in a
symmetric group S,, and let &:(€), tff)T1 — (Q, t,‘,’“)TZ be
a map, where for each B-set A =1{by, by, ..., by}, the
image of A’ under §is said to be u-set and defined by
the rule 8(AP) = {8(by), 8(b2), ..., 8(by)}. In another
side, let n* ={a;,a,, ..., a,} be u-set, the inverse
image of n* under & is called B-set and defined by the
rule §'(n*) = {6 '(a,), 6 '(a,), ..., 8 (a,)}. Then §'is
called a permutation map induced by soft topology 7.

Definition 4.9: Suppose that (X, E, 7), (X, E, ») and
(X, E, 13) are three soft topological spaces over the
common universe X the parameter set £ with their per-
mutations B, u and & in a symmetric group S,. Then
5:(Q), tﬁ)71 — (Q, 1‘,‘,L)72 is called a permutation continu-
ous induced by soft topology 3, if §'(A*) E€tf under
5" of any open u-set in tf is an open B-set in th when-
ever \* €th.

Theorem 4.10: Let (X = {xJi_,, E={eJ}_,,I) be a
soft topological space. If for any pair w;, # w;, €
T(1<i<n) such that o, Nw,=¢ and
six)e U for any (1<i<n) and
/
VET, (X

(1 <j<k).Thenc(B) = :|» where (£, t,’fk)r is a per-

mutation space induced by soft topology T'.

Proof: Let i, = {Xg,) Xg,, - -1 Xg5, b
i, = Xn,, Xy - - xh__ e T, 1<i<n) and
Dj=jay |s ji=1, 2 Since any pair w, # wj, € T (1<
i<n) such that wi, N w;, = ¢. Then
(8i(xg,)Gi(xg,) . - 3(Xg_ ) and  (8i(xn,)8i(xn,) . .. §i(xn, ))
are disjoint cycles in a symmetric group §,,k
(since  Gilxg,) # Gilxp,), for any xg # xp € X).

Also, for any wiz{xgw,xgz,...,xgzi}eﬂ and



th,} €T, (1<i#1<n), we con-
sider that (8ilxg,)Bilxg,) . . . 8ilxy_)) and
(6,(xh1)6,(xh2)...6/(xh6,)) are disjoint cycleé in a sym-
metric group Sn (since §;(x)) # &(x¢), for any 1 <i #
I<n - and X, xr € X). But B=
T (T (800, )810xs,) - By, ) € Su s 2 permu-
tation for the permutation space Q, t Jr- Therefore,
we consider that Y, |T;| is the number of disjoint
cycle factors of [T, ( ]_[llr‘1 (3i(xg,)8i(Xg,) ... BilXgy, ).
Furthermore, c(B) is the number of disjoint cycle
factors including the 1-cycle of B. Hence c(B) >
ST .IT/| in general. That means either c(B) =
Yo ITil or c(B) > 3L, IT;|. If <(B) > 37, IT;|, then
there is at least 1-cycle say (5;(x))) for some (x; € X, 1 <
i<n) with &) & (J ¢ and this contradiction
with our hypothesis.¢l-éérin_(i)%}c(ﬁ) =371 17

o = Xy Xnys -y

Theorem 4.11: Let nk, #, d)r be a permutation
d/BCK/d*/p-algebra induced by soft topological space
X = {)(j}’/‘.:1, = {eJ7_,, I') and for any pair w;, # w;, €
T.(1<i<n) such that w, Nw, =¢ and &(x) €

U & for any (1 <i<n) and (1 <j <k).Then
/

YET, —X)

(tfk, #, d)r is an even permutation

d/BCK/d*/p-algebra, if 2|(nk — 3", |T;|).

Proof: Let nk,# dr be a permutation
d/BCK/d*/p-algebra induced by soft topological

space (X {x,}] vE=1{e}_,, ) and for any pair
d/BCK/d*/p such that w, Nw, =¢ and &) €

U ¢ for any (1

YET, —(X}

<i<n)and (1 <j<k). Then

by Theorem 4.10), we consider that (), t° ) is a permu-
tation space induced by soft topology I'" and its permu-
tation B in a symmetric group Sy satisfies
cB)=>",T|. However, 2|(nk—3",IT;) and
hence nk — ¢(B) is even. This implies that B is even per-
mutation in a symmetric group Spx. Then (tfk, #, d)r is
an even permutation d/BCK/d*/p-algebra.

Lemma 4.12: Let (t5,# ¢)r be a permutation
d/BCK/d*/p-algebra induced by soft topological space
X,E,T). Then (t5,#, ¢)r s odd permutation
d/BCK/d*/p-algebra, if (X, E, I') is a soft indiscrete topo-
logical space and 2|n.

Proof: Let  (tf,#, ¢)r be a  permutation
d/BCK/d* / p-algebra induced by soft indiscrete topolo-
gical space (X, E, I') and 2|n.Hence 8 =(1,2,3, ..., n)
(since (X, E, T') is soft indiscrete space), thus c(B) = 1.
Also, since 2|n , Then there is a positive integer

JOURNAL OF TAIBAH UNIVERSITY FOR SCIENCE . 305

number g such that n =2q and hence n—c(B)=
(even) — (odd)=(odd). Hence B is odd permutation
in Sp. Then (t8, #, ¢)r is odd permutation space.

Lemma 4.13: Let (t?, #, ¢)r be a permutation p-algebra
and H C tB. Then H is permutation d-subalgebra induced
by soft topology T, if H is permutation p-subalgebra
induced by soft topology T'.

Proof: Suppose that (t5,# ¢)r is permutation
p-algebra and H is permutation p-subalgebra induced
by soft topology I'. Then we consider that (t?, #, ¢)r
is permutation d-algebra induced by soft topology T'.
Also, H satisfies h#h, € H whenever h; € H and
h, € H. Hence H is permutation d-subalgebra of
d-algebra induced by soft topology I.

Lemma 4.14: let (tfk, #, d)r be a permutation
d/BCK/d*/p-algebra induced by soft topological space

X {X,}/ v E={e}_, ). Then (tfk, #, d)r is an even
permutation d/BCK/d*/ p-algebra, if
lwil =1, Va; €T, where (1 <i < n).

Proof: Let (tfk, #, dr be a permutation

d/BCK/d*/p-algebra induced by soft topological

space X =Yy, E={ed,, T) and
lwjl =1, VY €T, where (1 <i<n). This implies
that w; ={x;} for some x; € X. Therefore B=

-, (]_[ljzl1 (8i(xg,))) for some x5 € X. Then (), tBr is
(PSS) (since each proper open B-set is a singleton).
Thus, B composite of pairwise disjoint cycles {)\,-},.Cﬁ)
where A; = (§;(xg)), for some x; €X and 1<i=<

c(B) (since each proper open B-set is a singleton).

However, B8 =[], ( 1‘['” (8i(xg)) = e € Sp. But e is
an identity element in Sk - Thus
B=e=(1) (2) (3)...(nk) and hence c(B) = nk. This
implies nk — c(B) = 0 (even). Hence (tfk, #, d)r is an
even permutation d/BCK/d*/p-algebra.

Theorem 4.15: Let (t°,# #)r be a permutation
d/BCK/d*/p-algebra induced by soft topological space
X = {)(,-}’/":1, E ={e};_,, I') and for any pair v, # w;, €
T.(1 <i<n) such that w, Nw,=¢ and &) €

U ¢ for any (1
veT, ~X)
(2, # dr is a splittable permutation
d/BCK/d*/p-algebra, if the following are hold.

<i<n)and (1 <j<k). Then

(M 2|l — 1), Yo ET;(1 <i <n),
) If w # @, then |w;| # |wj| , where w; € T; and
o €T <ji<n).
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Proof: Let  (t°,# ¢)r be a  permutation
d/BCK/d*/p-algebra induced by soft topological
space (X = {xj}'f

- E= {e)_,, I') and for any pair w;, #
w, € T,(1 <i < n)suchthat o, N w, = ¢and §x) €

U ¢ forany (1 <i<n,1<j<k) with the fol-
/

yeT, —x)
lowing are hold.

(1) 2[(joi] = 1), Yo € T,(1 < i < n),
(2) If o # w , then |wi| # |wj| , where w; € T; and

Then by Theorem 4.10, we consider that ({2, tfk)r is a
permutation space induced by soft topology I' and
its permutation B in a symmetric group Sy satisfies
c(B) =1, T/|. Moreover, B =[], a; where for all

1<i<n o=

D O = ‘LT:L (Si(xg1)6i(ng)...Bj(Xg‘wiL‘)) is permu-

tation which is the product of |T;| cyclic factors of the
length |w;|, where w;, € T, and 1 <L < |T,|. For any
permutation B8 € S, can be decomposed essentially
uniquely into the product of disjoint cycles. Thus, we
can write B as A1, Ay, ..., Aqg. With A; disjoint cycles
of length |Aj| = a; and ¢(B) is the number of disjoint
cycle factors including the 1-cycle of B. Then
a = alf) =(a, o, ..., aqg) is the cycle type of B.

since B =[], [1,) oy and c(B) = Y0, [T;|. Then

for any \; there exists oj, satisfies A; = g, where

(1<i<n). The length of any cycle o, =

(8i(xg,)0i(xg,) . .. Gilxg,, ) is |wj| and this implies that
L

(alr Az, ... aC(B)) - (|w11|l |w12|r R |w‘|”_/‘|l |(U21|,
1

lwa, s ..., |a)2|T,‘|, coer |on | l@nyls sy |(u,,‘T,‘|) Now, if
2 n

|wj,| is even number for some (1 <ji<n)and 1 <L <
|7',f| , thus (Jw;, | — 1) is odd and this contradiction with
(1) of our hypothesis which states that 2|(|w;| — 1),
Yo € T,(1 <i<n). Then |w,| are odd numbers for
all (1 <i<n)and (1 <L <|T;|). Also, for any (i # j)
or (g # h), we have W, # wj, where (1 <i,j<
n),(1<g<|T]) and (1 <h <|T)). Then {w;|1 <i <
nl<L< |T,f|} are different sets and by (2) of our
hypothesis we consider that {|w;||1 <i<nl <L <
IT;|} are different too. Therefore B € H, and hence
(ot o is  a
d/BCK/d*/p-algebra.

splittable permutation

Theorem 4.16: Let (tﬁk, #, d)r be a permutation
d/BCK/d*/p-algebra induced by soft topological space
X = {)(,-}’;:1, E ={e};_,, I') and for any pair w;, # w;, €

7

T;(1 <i<n) such that w, Nw,=¢ and &lx) E

1

U # for any (1 <i<n)and (1 <j<k). Then
/

YeT, —X}
(tfk, # dr is an ambivalent  permutation
d/BCK/d*/ p-algebra, if the following are hold.

(M) 2/l = 1), Ve, ET,(1 <i<n),

) If o # w; , then |w;] # |wj|, where & € T; and
w ET(1<ji<n),

3) If4|(joy| — 1), Yo E T,(1 <i < n).

Proof: Let (tﬁk, #, dr be a permutation

d/BCK/d*/p-algebra induced by soft topological

space (X:{xj}';zw E={e}_,, I) and for any pair

w, # w, € T,(1 <i<n) such that w;, N w;, = ¢ and

)€ U o forany (1 <i<n,1<j<k) with
/

YT~}
the following are hold.

M 2wl — 1), VYo €T,(1 <i<n),

) If o # w;, then || # |wj| , where w; € T, and
w €ET(1<ji<n),

(3) If4|(jwi| — 1), VY € T,(1 <i < n). Then from (1)
and (2), we consider that (tfk, #, d)r is a splittable
permutation d/BCK/d*/p-algebra (by Theorem
4.15). Also, from (1) and (2) that easy to show that

(a1l Az, oony aC(B)) - (|w11|l |w12|l Ry |w1‘r/‘|l
1

|y, |, |2, ], - .. |w2m|, oo |on |y lon,l, ooty
2

Soft Topological Space
(X, E,TI)

l

Permutation in Symmetric Group

B

l

Permutation Topological Space

2,1,

Permutation Algebra

() #.0),

Figure 1. Generating permutation algebra from soft topologi-
cal space.



|w”m|)‘ That means for any part «; of «a(B), there

exists w, € T, for some (1 <i<n)and (1 <L <
|T,'|) satisfies «; = |w;,| and hence from (3) we
have 4|(a; — 1), V(1 <i <c(B)). Then (tﬁk, #, dr
is an ambivalent permutation d/BCK/d*/p-algebra.

5. Methodology flowchart

The flow of this work is explained by using the chart in
Figure 1 to generate permutation algebras from soft
topological spaces.

6. Conclusions and open problems

In this work, an algorithm has been introduced to find
the permutation algebra using soft topological space.
Furthermore, the aim of this work was to delve into
the aspects of a symmetric group that has a link with
soft topological space in terms of permutation in sym-
metric. This would aid authors to appreciate the role it
plays in the theories and applications of soft topologi-
cal space and deal with these in permutation algebras.
Assume that (X, E, .1), (X, E, 72) and (X, E, 73) are three
soft topological spaces over the common universe X
the parameter set E with their permutations 8, w and
6 in a symmetric group S,. Hence the questions can
be summarized as follows:

Is necessarily true, if (tﬁ, #, ), is an even (res. odd,
splittable, ambivalent) permutation algebra induced by
soft topology 7, and &:((), tff)T1 — (Q, t}),, is continu-
ous permutation map. Then (8(t§), #, ¢);, is even (res.
odd, splittable, ambivalent) permutation algebra
induced by soft topology .

Is necessarily true, if (tﬁ, #, ¢),, and (th, #, d),, are
two permutation algebras induced by soft topologies
m and 7, respectively. Then (t2 x th, #, ¢)r is a per-
mutation algebra induced by soft topology T, where
T=mx7 and # is defined by #((A B), (C, D))
= (A#C, B#C), V(A, B), (C, D) € tB x tf.
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