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1.  Introduction: 

Recently there are four famous methods for solving nonlinear problems, ADM, VIM, HPM and HAM. 

In this section we will give short review for these methods. We start with the oldest one, it is ADM, which 

discovered firstly by Adomian [2, 3] in the early eighties of the last century. The method was applied for a 

wide class of nonlinear problems. The convergence of ADM discussed by Abbaoui and Cherruault [1]. 

VIM introduced by He [5] the method was impressive in applications, and it is easy in computations. Also 

He introduced HPM and proved its Convergence [6], it was a practical method for solving nonlinear 

problems and a wonderful application for homotopy ideas.  

Finally, Liao [7] introduced the HAM, It is used successfully for solving many nonlinear problems, it is also 

based on homotopy method, also Liao proved the convergence of HAM [7]. These methods are semi 

numerical methods because they are produced series solution. In this paper, we apply VIM, HPM and HAM 

for solving the nonlinear wave-like Equations with variable coefficient [8], in the following form, 

Comparative study to some semi numerical methods for solving nonlinear Wave-like 
Equations with variable coefficient 

 

Mohanad Riyadh Saad 

Department of Mathematics - College of Science - University of Basra 

 

:Abstract 

 In this paper we solve the nonlinear wave-like Equations with variable coefficient by three Semi 

numerical methods, varational iteration method (VIM), homotopy perturbation method (HPM) and 

homotopy analysis method (HAM). The solution obtained by these methods are Compared with the solution 

obtained by Adomian decomposition method (ADM) and the exact solution [8]. 
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431 

J.Thi-Qar Sci.                           Vol.3 (2)                                Feb./2012 

 

              
       

   tXSutXH

uG
x

utXGuuF
xx

utXFu
iji xip

i

pn

ji

ixxijm

j

k

i

mkn

ji

ijtt

,,,

,,,,, 2

,

12

,

1











 



            (1) 

with the initial conditions                  XaXuXaXu t 10 0,,0,  . 

Here    ),...,,( 21 nxxxX  ,    ijF1   and  iG1      are nonlinear functions of   X , t  and u .  ijF2   and  iG2      

are nonlinear functions of derivatives of    ix     and    jx ,    whilst   H   and  S   are nonlinear functions. k  , 

m , p  are integers, and compared the result with the exact solution and ADM solution [8]. In the next three 

sections we introduced the procedures  for these methods.  

To apply VIM, HPM and HAM for Nonlinear wave-like Equation with variable coefficient, we write 

Equation (1) in the operator form as; 

 

                                                   tXStXuNtXuL ,,,                                          (2) 

where  

         utXHuG
x

utXGuuF
xx

utXFuN
iji xip

i

pn

ji

ixxijm

j

k

i

mkn

ji

ij ,,,,,,,)( 2

,

12

,

1 








 



 

and        
2

2

)(
t

u
uL




   . 

We use Maple 13 software for computations. 

:like Equation-2. VIM for nonlinear wave 

In this section, a description of the VIM is given to handle the nonlinear problem (2). According to 

He's VIM, we can construct a correction functional as follows, 

                                dssXSsXuNsXLustXutXu

t

nnnn  

0

1 ,,~,)(,,                 (3) 

where     is a general Lagrange multiplier which can be identified optimally via variational theory. Here 

nu~  is considered as a restricted variation which means 0~ nu . Therefore, we first determine the Lagrange 

multiplier     that will be identified optimally via integration by parts. The successive approximation 

0,),( ntXun  of the solution ),( tXu   will be readily obtained upon using the obtained Lagrange 

multiplier and by using any selective function 0u . The zeroth approximation 0u  may be selected any 
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function that just satisfies, at least, the initial and boundary conditions. With     determined, then several 

approximations   0,),( ntXun    follow immediately. Consequently, the exact solution may be obtained 

as,     ),(),( tXuLimtXu n
n 

 . 

:like Equation-3. HPM for nonlinear wave 

In this section, we shall demonstrate the application of HPM to solve Equation (2). By the homotopy 

perturbation method, we construct a homotopy as Rprv  ]1,0[),( ,  Which satisfy the following 

Equation: 

                                      0)()()()(1, 0  vNvLpuLvLppvH  

or,                                   0)()()()(, 00  vNuLpuLvLpvH                            (4) 

Where  1,0p  the embedding parameter and 0u  the initial approximation satisfying the boundary 

conditions. Now from Equation (4) we have: 

  0)()(0, 0  uLvLvH     and      0)()(1,  vNvLvH . 

In topology this is called deformation, also   )()(0, 0uLvLvH  and   )()(1, vNvLvH  are called 

homotopic. By the homotopy perturbation theory, we can first use the embedding parameter   p   as a small 

parameter and  assume that  nth  solution of Equation (2) can be written as a power series in   p  as followed: 

                                                                






0n

n

nvpv

                                                       (5) 

Setting    p = 1   we have the approximate solution of  Equation (2) in following form: 

                                                               






0

1
,

n

n
p

vvLimtXu                                          (6) 

 

:tionlike Equa-4. HAM for nonlinear wave 

In order to show the basic idea of HAM, we rewrite problem (2) in the following form, 

            

   tXSutXH

uG
x

utXGuuF
xx

utXFtXutXuN
iji xip

i

pn

ji

ixxijm

j

k

i

mkn

ji

ijtt

,,,

,,,,,,, 2

,

12

,

1











 



 



 

 

 

 
 

431 

J.Thi-Qar Sci.                           Vol.3 (2)                                Feb./2012 

 

where N  is a nonlinear operator. For simplicity, we ignore all boundary or initial conditions, which can be 

treated in the similar way. By means of the HAM, we first construct the so called zeroth-order deformation 

Equation                             qtXNtXhHqtXuqtXLq ;,,,;,1 0                         (7) 

where q  is the embedding parameter, 0h  is an auxiliary parameter,  tXH ,  non zero auxiliary  function, 

L  is an auxiliary linear operator,   qtX ;,   is an unknown function and   tXu ,0   is an initial solution 

obtaining from the initial conditions and the remaining term. It is obvious that when the embedding 

parameter  0q  and 1q , Equation (7) becomes,    0,0;, XutX  ,    tXutX ,1;,       

respectively. Thus as   q    increases from   0   to   1 ,  the solution   qtX ;,    varies from the initial guess  

 tXu ,0   to the solution    tXu , . Expanding    qtX ;,   in Taylor series with respect to   q ,   one has    

      k

k

k qtXutXuqtX 





1

0 ,,;,    where     
 

0

;,

!

1
,







q

k

k

k
q

qtX

k
tXu


. 

The convergence of the above series depends upon the auxiliary parameter h . If it is convergent at  1q  , 

we have,           





1

0 ,,,
k

k tXutXutXu     which must be one of the solutions of the original nonlinear 

Equation, as proven by Liao [7].  

Define the vectors             tXutXutXutXu nn ,,...,,,,, 10


 

Differentiating the zeroth-order deformation Equation k-times with respect to q  and then dividing them by 

k!  and finally setting  0q  , we get the following kth-order deformation Equation: 

  

        11 ,,,   kkkkk uRhtXHtXutXuL
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It should be emphasized that   tXuk ,   for  1k   is governed by the linear kth-order deformation Equation 

with linear boundary conditions that come from the original problem. Note that we define the linear 

operator as, 

  
 

2

2 ;,
;,

t

qtX
qtXL







  , with the property    0)()( 21  tXCXCL  ,  where   21 , CC   are integral 

constants. 
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Liao [7], proved that the ADM is a special case of HAM under the assumptions     ),(, 1

0 tXSLtXu   , 

1),( tXH    and   1h  . In HAM we have a great freedom to choose the initial  guess    tXu ,0    and the 

auxiliary  function  ),( tXH  , also the auxiliary parameter   h    provides us with a simply way to adjust and 

control convergence region and rate of solution series. 

5. Test problems: 

In this section, we apply VIM, HPM and HAM for two test problems [8], and compared the approximate 

analytical solution obtained for the nonlinear wave-like problems by the three methods with solutions 

obtained by ADM [8] and the exact solutions. We use six terms for the series solution for both problems. 

5.1.  problem 1. 

Let us consider the 2-dimensional nonlinear wave-like Equation with variable coefficients 

                                                uuuyx
yx

uu
yx

u yxyyxxtt 










22

                                 (8) 

With the initial conditions     xyeyxu 0,,    and     xy

t eyxu 0,,  

The exact solution is       ttetyxu xy cossin,,   

 

5.1.1. VIM 

We assume that the zeroth term is     txyetyxu ,,0  , also   we set  ts    [2],   so we have,             

             dssyxusyxuNsyxLutstyxutyxu

t

nnnn  

0

1 ,,,,~,,,,,,  

Hence we have the following solutions, 

For  0n ,     teeu txy 221  . 

For  1n ,   







 32

2
3

1
tteeu txy . 

For  2n ,    







 54

3  
60

1

12

1
22 ttteeu txy . 

For  3n ,    







 7632

4  
2520

1
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1

3

1
tttteeu txy . 

And so on. 
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5.1.2. HPM 

We apply HPM for problem (8) by using Equations (4 - 6), with )1(0 teu yx  . We get the following 

solutions, 

 teu xy  10 , 









 32

1
6

1

2

1
tteu xy , 









 54

2
120

1

24

1
tteu xy , 
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3
5040

1
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1
tteu xy , 











 98

4
362880

1

40320

1
tteu xy

. 

For   6n , we have the following approximate solution for Equation (8), 
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5.1.3. HAM 

We define the nonlinear operator as,     uuuyx
yx

uu
yx

uuN yxyyxxtt 










22

)( . 

To solve Equation (8) by means of the HAM, the initial approximation will be,  
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0  . 

Using the above definition, and chose  1),,( tyxH  we construct the zeroth-order deformation Equation, 

         qtyxNhqtyxuqtyxLq ;,,,,;,,1 0    
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So, for   1q    we have         





1

0 ,,,,,,
k

k tyxutyxutyxu  

Now define the vectors             tyxutyxutyxutyxu nn ,,,...,,,,,,,, 10


.    

Differentiating the zeroth-order deformation Equation k-times with respect to q and then dividing them by 

k! and finally setting q=0, we get the following kth-order deformation Equation:       

      11 ,,,,   kkkkk uRhtyxutyxuL


  ,    with the boundary conditions  

0)0,,(

0







t

k
k

t

u
yxu        where     










1,1

1,0

k

k
k . 

and the solution of the kth-order deformation Equation becomes,  

      tyxutyxuRhLtyxu kkkkk ,,),,(,, 11

1



  


   for   ,3,2,1k  

Now, we successively obtain, 
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The series solution for 6n   is, 
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As pointed by Liao [7], the auxiliary parameter   h   can be employed to adjust the convergence region of 

the homotopy analysis solution. To investigate the influence of   h on the solution series, we plot the so 

called h-curve of   )0,5.0,5.0(ttu    obtained from the six terms of HAM approximation solution as showed in 

Figure (1). According to this h-curve, it is easy to discover the valid region of  h which corresponds to the 

line segment nearly parallel to the horizontal axis. It is clear that the series of solutions for this case is 

convergent when 6.04.1  h . For this we chose   9.0h .  

The Maximum error for   5.0 yx   showed in Figures (3-6), also tables (1-4) shows the absolute errors 

when x, y  and  t  vary from 0.1 to 0.9 . 

 

5.2. problem 2. 

Consider the following one dimensional nonlinear wave-like Equation 

                            0,10,
22 












 txuuuu

x
xu xxxxxtt                       (9) 

with the initial conditions     00, xu    and     20, xxut   and boundary conditions     0,0 tu  and   

  ttu sin,1  . The exact solution is      txtxu sin, 2 . 

 

5.2.1. VIM 

We start the iterations with   txtyxu 2

0 ,,   and ts  . The procedure will continue with the 

following iterations, 

             dssyxusyxuNsyxLutstyxutyxu

t

nnnn  

0

1 ,,,,~,,,,,,  

We obtain the following solutions for   six terms. 

For  1n ,   
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For  2n ,   
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For  4n ,  
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5.2.2. HPM 

By applying HPM and using Equations (4 - 6), we have the following solutions, 

txu 2

0  , 

32

1
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1
txu  , 

52

2
120

1
txu  , 
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1
txu  , 
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1
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, 

For   6n , the approximate solution for Equation (9), will be as followed, 
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5.2.3. HAM 

Define the nonlinear operator as      uuuu
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Now, chose  1),( txH ,  then the zeroth-order deformation Equation is, 
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In the similar way we have the following, 
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The solution of the kth-order deformation Equation becomes,  

      txuuRhLtxu kkkkk ,, 11

1



  


   for   ,3,2,1k  

Then we have the following solutions, 
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1
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The following solution for   6n   will be obtained, 
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To find a proper value of h the h-curves of    )0,5.0(ttu    given by the six terms of HAM approximation is 

drawn in Figure (2) that’s shows the valid region of   h  is the interval     5.0,5.1  , so we chose   

9.0h . Tables (5 - 8) shows the absolute errors with six terms for  x  and  t  vary from 0.1 to 0.9, also the 

Maximum error for   5.0x   showed in Figures (7 - 10). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table (1): Absolute errors with six terms for Problem (1) by ADM 

 



 

 

 

 
 

411 

J.Thi-Qar Sci.                           Vol.3 (2)                                Feb./2012 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table (2): Absolute errors with six terms for Problem (1) by VIM 

 

Table (3): Absolute errors with six terms for Problem (1) by 

HPM 

 

Table (4): Absolute errors with six terms for Problem (1) by 

HAM 
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Table (5): Absolute errors with six terms for Problem (2) by ADM 

 

Table (6): Absolute errors with six terms for Problem (2) by VIM 

 

Table (7): Absolute errors with six terms for Problem (2) by HPM 

 

Table (8): Absolute errors with six terms for Problem (2) by HAM 
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Figure (1): The h-curve of   )0,5.0,5.0(ttu    

based on the six terms of HAM. 

Figure (2): The h-curve of   )0,5.0(tttu    

based on the six terms of HAM. 

Figure (3): Errors between the solutions 

obtained using HPM with six terms and 

exact solution at   5.0, yx  

 

Figure (4): Errors between the solutions 

obtained using HAM with six terms and 

exact solution at   5.0, yx  
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:ions6. Conclus 

In this paper, we presented the application of the VIM, HPM and HAM in solving nonlinear wave-like 

Equations with variable coefficients. These methods was tested on two different examples where the 

numerical solutions clearly demonstrated that the VIM, HPM and HAM produces very accurate results 

which are very close to the exact solutions, also from tables (1-8) and figures (1-8) we conclude that HPM is 

Figure (5): Errors between the solutions 

obtained using ADM with six terms and 

exact solution at   5.0x  

 

Figure (6): Errors between the solution 

obtained using VIM with six terms and 

exact solution at   5.0x  

Figure (8): Errors between the solutions 

obtained using HAM with six terms and 

exact solution at   5.0x  

Figure (7): Errors between the solutions 

obtained using HPM with six terms and 

exact solution at   5.0x  
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more accurate in applications than VIM, HAM and ADM. But HPM and VIM are easer in applications 

since ADM and HAM need the integrations in every iterations and the number of integrations are equal to 

the order of Equations, while The VIM and HPM deforms a difficult problem in to a simple problem which 

can be easily solved, also the VIM depends on the proper selection of the initial approximations  tXu ,0 . 

Thus, these methods are capable of providing fast solutions that are highly accurate and reliable in solving 

this type of Equations. 

:References 
[1]Abbaoui K. and Cherruault Y., Convergence of Adomian’s method applied to differential Equations, Comp. Math. 

Applic., 28, No. 5 (1994), 103-109. 

[2]Abdul-Majid Wazwaz, Partial differential Equations and solitary waves theory, Higher education press, Beijing 

and Springer-Verlag Berlin Heidelberg, 2009. 

[3] Adomian, Solving frontier problems of physics: The decomposition method, Kluwer Academic Publishers, 

Dordrecht, (1994). 

[4]Adomian, The Fifth-order KORTEWEG-DE VRIES Equation, Internat. J. Math. & Math. Sci., VOL. 19 NO. 2 

(1996) 415. 

[5]J. He, Variational iteration method A kind of non-linear analytical technique: Some Problems, International 

Journal of Non-linear Mechanics 34 (1999) 699- 708. 

[6]J. He. Homotopy perturbation technique. Computer methods in applied mechanics and engineering, 178 (1999) 

257-262. 

[7]Liao S.J. 2003. Beyond Perturbation: Introduction to the Homotopy Analysis Method. Boca Raton: CRC Press. 

[8]Mohammad Ghoreishi, Adomian Decomposition Method (ADM) for Nonlinear Wave-like Equations with 

Variable Coefficient, Applied Mathematical Sciences, Vol. 4, 2010, no. 49, 2431 - 2444. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 عادلات شبه الموجة اللاخطية بمعاملات متغيرةدراسة مقارنة طرائق شبه عددية لحل م

 

 مهند رياض سعد

 جامعة البصرة -كلية العلوم  -قسم الرياضيات 

 المستخلص

.  الحل HAMو    VIM   ,HPMبثلاثة طرائق مختلفة وهي  معادلة شبه الموجة بمعاملات متغيرةفي هذا البحث حل تناولنا 
 .ADM [1]قارنته مع الحل التحليلي والحل الناتج من تطبيق طريقة  الناتج من استعمال الطرائق الثلاث تمت م
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