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Abstract:

In this paper, we prove the existence of the fixed points for ciric's contractive
condition combing with Berinde condition the class of so called ciric strong almost
contraction in b-metric spaces. The ciric strong almost contraction appear to be one of the

most general metrical condition for which the set of fixed points is not a singleton.

Our results extend and unify a multitude of fixed point theorems for multivalued

maps.
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1-Introduction: closed subset of X and CB(X) denotes

The concept of b-metric space was the class of all nonempty closed bounded

introduced by Czerwik((1998), since then subset ofx . For A,B,Cwe consider

several papers deal with fixed point d(x,B)=inf{d(x,y);y <B},the distance

theory for singlevalued and multivalued between x andB. For anyA,B eCL(X),
operators in b-metric see Singh et define a function
al.(2005),Boriceanu (2009) and Hashim H :CL (X )xCL (X )—[0,]

(2011) . Our purpose is to show that

some well-known fixed point theorems H (A,B ) =max {Elifd (X’B)’i‘iEd(y’A)}’

are valid in b-metric spaces. then,His said to be the generalize
Let(x d)be a metric space and Housdorffmetric on CL(X)induced by

the metricd, see for instance Czerwik S.
CL (X )denotes the class of all nonempty

Theorem (1.1):Czerwik(1998)

Let(X ,d) be a complete b-metric space. If T :X —CL(X), satisfies the inequality

H(Tx,Ty) <ad(xy), xyeX, where 0<a<b™, Then

(1) for everyx, eX, there exist a sequence
{x.}=X andueX suchthat x, ,6eTx, ,n=0123...,and limx, =u,

n—oo

(i1) the pointu is a fixed point ofT,ie ueTu.

Theorem (1.2): Berinde et al.(2007)

Let (x,d) be a complete metric SILrtqsupa(s)<1 for allt €[0,0). Then
space, T :X —CB(X)be a multivalued FT)=owhereF(T), the set of fixed
map and L=>0. Assume that point of T.  As known, a mapping
H (Tx.Ty) <e(d (x,y))d (x,y )+Ld (y,Tx), ¢:R, >R, is called a comparison

for all x,y eX,where a is a function _ S )
function if it is increasing and

from 0, into 0, satisfyin
[0:) [0:) ing ¢"(t)—>0,n >, forany t eR,
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Lemma (1.3):Rus(2001)

Ifp:R* —R*is a comparison function, then;

1) each iterate p*of ¢, k >1, is also a comparison function:

2) @ IS continuous at zero;

3)  o(t)<t, foranyt>0.

LetT :X —CL (X )and consider the following condition for all x,y eX :
1)H (Tx,Ty)<a(d(x,y))+Ld(y.Tx),whereL >0and 0<a <1

2) H(Tx,Ty)<aM(x,y),

where M (x,y):{d (x,y),d(x,Tx),d(y.Ty), [d Ty )+d( yTx)]}

3) H(Tx,Ty)<aM (x,y )+Ld (y,Tx),

4) H(Tx,Ty )<eM, (x,y)+Ld (y,Tx).

Where M, (x,y )={d (x,y),d (X ,Tx),d(y,Ty),%[d (x,Ty)+d (y.Tx) [}, where ¢ is

b-comparison function withg(z ) = ;— ,¢(0)=0,b >1.

Remark (1.4):
Condition (1) is a very general contraction, see Berinde et al.(2007)
contractive condition that allows the .Condition (1) and (2) are independents.

operator T to have more than one unique . .
P q Condition (3) introduced by

fi int it incl
xed point and it includes many Berinde(2009) and by replacing the term

contractive conditions from Rhoade's

ad (x,y)in (1) by oM, (x,y)we get
classification Rhoade(1977) and it is

: contractive condition (1). It is obvious
called a multivalued weak (almost) @)

that condition (4) is more general
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contractive condition than (1) ,(2) and

(3).

2. Preliminaries
Consistent with Hashim(2011) and
Czerwik(1998) we use the following

notations and definitions.
1)d(x,y)=0iff x =y,
2)d(x,y)=d(x,y),
3)d(x,z)<b[d(x,y)+d(y,z)].

The pair (X ,d)is called a b-metric
space. We remark that a metric space is
evidently a b-metric space. However,
Czerwik [1] has shown a b-metric on X

need not be a metric space onX.
Example (2.2):Czerwik(1998).

Let X ={X,,X,,X,}yand

Definition (2.1): Czerwik(1998).
Let Xbe a nonempty set and b >1a
Afunction

given real number.

d : X xX — R"(nonnegative real
numbers) is called a b-metric space

provided that, for all x,y,z e X,

The following example show b-metric

on X not be a metriconx .

d: X xX = R"such that

d(x,x;)=a=2d(x,,x;)=d(x,,x;)=1and d(x,,x,)=0, d(x,,x,)=d(x,,x,)for

n,k =1,2,3...,. Then,d(xn,xk)s%[d (XX )+d (X, )], n,k,i =1,2,3.Then (X ,d) is

a b-metric space. And if a > 2, the ordinary triangle inequalitydoes not hold.

Definition (2.3):Boriceanu (2009)

Let (X ,d) be ab-metric space. Then a sequence {x .}, in X is called
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a) Cauchy if and only if for every >0 there exists n(_)eN such that for each
n,m>n(_)we haved (x,,X,)<._.

b) Convergent if and only if there exists x X such that for all _ >0there exists

n(.)eN such that for all n >n(_)we haved (x,,x) < ..

c)  The b-metric space is complete if every Cauchy sequence converges.

Lemma (2.4):Czerwik(1998).
ForanyA,B,C eCL(X).

(i) d(x,B)<d(x,y),foranyy eB.

(i) d(A,B)<H(AB),

(iii) d(x,B)<H(A,B), X €A

(i) H(AC)<s[H(A,B)+H(B.C)]

(iv) d(x,A)<sd(x,y)+sd(y,A), x,yeX.

Lemma (2.5)]Czerwik(1998).:

Let (X ,d) be a b-metric space andA,B €CL(X ). Then for each « >0and for all
b B there exists a € A such thatd (a,b)<H (A,B)+a.

Lemma (2.6): Singh et al. (2008).

Let (X,d) be a b-metric space and {y, } is a sequence in X such that

d (yn+1’yn+2)qu (yn;yn+1), n 20,1,2,...

Then the sequence inX {y_} is a Cauchy sequence inX , provided that sq <lwhere

ge(0)and s>1
Lemma 2.7: Pacurar(2010)

Any b-comparison function is a comparison function.
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3. Main Results
Theorem (3.1):
Let (X ,d) be a complete b-metric space with constant b >1and T : X —CL(X )a

: : : : z
multivalued operator. Suppose that there exists a continuous ¢@:R" — R*Wlthgo(z )=—,

b
¢(0)=0, and for allx,y eX . We have H (Tx Ty )<eM,(x,y )+Ld (y,Tx ),with strict

inequality ifM ,(x,y)=0. Where

M, (x,y)=Max {d (x,y).d(x,Tx),d(y Ty )%[d (x, Ty )+d (y,Tx )]} Then T has a
fixed point.

Proof:

Let x,eX andx, eTx,. IfH (Tx,,Tx,)=0. ThenTx,=Tx,; that isx, eT,, which
implies that Fix (T ) # .

LetH (Tx,Tx,) =0. Since H (TX,,Tx,) <@(M,(X,,X,)+Ld (x,,Tx,), by Lemma (2.5) we

may choose _ >@with
H (TX0.Tx,)+. <o(M (XX, ))+Ld (X, TXp) < (M, (XX, ),
Next we choose x, €Tx, such that

d (X,,%X,)<H (Tx,Tx,)+ . <p(M,(Xg,X,)) < pmax{d (x,,X,),

d (X,,TX,).d (xl,Txl),%[d (X0 Txy)+d (x,,Txo) [}

There is 4 cases,

1) M (X4.%,)=d (X4, X,). Then,

d(X;,%,)<ed (Xq,X,), (3.1)
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2) If M (x,,X,)=d(X,,TX,), then we have,
d (X, %,)<H (T, TX,)+. <M (Xg,%,)+Ld (X, TX,) < gd (X4,%;) <d (X, X,),
3) If M, (x,,x,)=d (x,,Tx,), then,

d(x,,X,)<ed (X, Tx,)+Ld (X, TX,) < @d (X,,Tx, ) <d (X,,X,),

1 1
4) If Ml(xo,xl):%[d (X, TX,)+d (X;,TX,) ] :%d (x,,Tx,), then,
d(X,,X )S(/)[id (X, T )]<id(x Tx )sid(x X )sl[d (Xg:%p)+d (X4,X,)
1+ 2 2b 0’ 1 2b 0 1 2b 02 2 01 12

Hence d (xl,x2)<%d (X0.%,).

Thus (3.1)is true in all cases,d(x,,x,)<e¢d(x,X,)<d(x,,x,). Next we assume

M, (x,,X,) #0choose § > 0 withH (Tx,,Tx,)+5 <M, (X,,X,)+Ld (x,Tx,)
Let x, eTx, such that,d (x,,x;)<H (Tx,;,Tx,)+5 <M, (x,,X,).

1M, (x,.x,)=0, then Fix (T ) =&

IfM,(x,,x;)>0. Then, we will show that

d (X,,X;) <o (X, X,) <@ (X,,X,), (3.2)
Now if M (x;,x,)=d(x,,x,), then (3.2) is true.

If M, (x,,x,)=d(x,,Tx,), then we have

d(X,,%5)<gd (X,,Tx;)+Ld (x;,Tx,)<ed (x,,X,),thus (3.2) is true.

If M, (x,,x,)=d(x,,Tx,)),then

d(X,,X5) <e(d(X,,TXx,)<d(x,,Tx,) <d (x,,X,), which is a contraction.
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If Ml(xl,xz):%d (X,,Tx,), then, we have

1 1 1 1
d (xz,xg)Sgo(%d (Xl’TXZ)j<Ed (xl,sz)ggd (xl,x3)£§[d (X0 X,)+d (x,.%;5) ],

Thusd (x,,x,)<d (x,,x, ), which is a contraction. Thus (3.2) is true.

Hence in all cases (3.2) is true.

By an inductively procedure we will obtain x ., eTx , for n=3,4,...with

The argument above guarantees that

d (X, X,0) S (x4, X, ) S 0" (d (X, X,).

Next we will prove that {x,,} is a Cauchy sequence

d (XX ) <b (XX, ) 407 (X 00X )+ 407 (X X,y ),

n+p n+l

d(x. X, )<be'd(x,,x,)+0b%""d (Xy,X,)+...+b°@"""7d (X,,X,),
n n+p 01 01 01

Which can also be written as

d (xn,xmp)ngl_l[b”go”d (Xg:X;)+b™ 0™ (Xg,X, ) +h " P " (xo,xl)]

1

< n_libjgojd (Xg,X;)— 0,85 N — 0.
J=n

b

Thus {x,} is Cauchy sequence in the complete b-metric space(X ,d).So there isx " e X

such that x ™ =limx, .

n—oo
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In the following we prove that x* is a fixed point of Ti.e. x* € Tx".

d(x"Tx")<b[d (x",x,)+d (x,,Tx "JI<b[d (x ",x, )+ H (Tx ., Tx )] <b[d (x",x )+

go(M 1(xn_l,x*)]+ Ld (x*,Txn_l):bd (x*,xn )+b((pM 1(x*,xn_1)).

n — oo,

For

d(x",Tx ") <bgp(max{0,0,d (x*,Tx*),%(d (x*,Tx *)}gbgad (x " TX ) <d (x “TX )

Which implies that d (x*,Tx*)zo, so thatx eTx =Tx, (T is the closure of T ).

Remark (3.2):

(1) If L=0in condition then we obtain
theorem (3.1) of Boriceanu(2009).

(2)
we obtain corollary(3.1) of Singh et
al.(2008) withy =x andf =1 .

If @(z)=az in condition (4) then

(3)

results

Theorem (3.1) generalize the main
(2010),Pacurar
(2013)and Singh et al.(2012).

ofPacurar
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