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Abstract:

In this paper, we define and study a Philips form of Szasz-Kantorovich type operators.
We prove that these operators are converge to the function being approximated. Also, we
discuss a Voronovaskaja-type asymptotic formula for these operators.
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1. Introduction

For a function f € C[0,0) and n € N = {1,2,...}. The classical Szasz operators are
defined as [1]:

(nx)"

Su(fix) =e™ f(—)
k=0

and the modified of the classical Szasz operators are deflned as [2]:
Ru(f(0);) = "Z e f Gun(OF (O,

and the Kantorovich-Szasz operators are known as [3]
k+1

S, (PO =1y qu@ | f(Od,
k=0 k

n

k
where g, ,(x) = e‘”x%, x € [0,0).

In this paper, we introduce a new sequence of linear positive operators K, (f(t); x) of
Phillips Szasz — Kantorovich operators to approximate a function f belongs to the space
C,[0,) = {g € C[0,):|g(t)| < M(1+ t)Y forsome M > 0,y > 0},

as follows:
k+1

KaF 5 =1 ) auiC) [ F@de + F o)
k=1 k

n

Lemmal.l
For the operator K, (f;x) and m € N°: = {0,1,2, ...}, we have:
(@) K,(1;x) =1,
(b) Kn(t; %) =x+——(1—e™),
2. =42+ 240 1 (1 _ -
(€) K,(t%;x) =x tot (1—-e™™),
(d) K,(t™; x) = x™ + ™ ym=1 4 T L. P (o) + &)
n ! 2n D nm(m+1) "’

where T.L.P.(x) means Terms in Lower Powers of x.

Proof: By direct computation, we have:

k+1

(@) Kn(1;%) = n Yy qnpe(x) ™ 1dt + 7™
= Ykeo Qnik(x) = 1.

k+1

(b) Kn(t;x) = nYgiq qni(x) fETt dt

= Nt Gn i () (e? + 2k + 1 = k?)
(€) Kn(t%x) = nZ,‘f G () fthz it
~ 502 Z:k 1an(X)((k +1)3 — k%)
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= L{3(n2x2 + 3nx + (1 — e ™)}
=x*+= x+—(1—e‘"x)
k+1

(d) Kn(t™x) = n X5 qr (%) fth’" dt

_mZk 1an(x)((k+ D™ — |
= T () {(m + DR+ PRy (m + Dk

nm(m+1)
+ (1—e™™)

nm(m+1)
_ xm-1 (1-e™)
=x™ + +T.L.P.(x) + r—

_nank
Y

nm(m+1)

=x™ + m1+TLP()+

Definition 1.1
For x € [0, ) and m € N°, the functions @,, ,,(x) are defined as [2]:

Q)n,m(x) = Z Qn,k(x)km
k=0

Lemmal.2 [2]
For the functions @,, ,,, (x) defined above, we have @, o(x) =1, @, 1(x) = nx

®n,m+1(x) = x(b;l,m(x) + nan,m(x):m =23 ..

Definition 1.2
For m € N°, we define the m-th order moment T,, ., (x) of the operators K, (f (t);x) as

follows:
k+1

Tn,m(x) =K ((t—x)™;x) = nz An,k (%) J (t—x)Mdt + (—x)™e ™.
k= k

n

Theorem 1.1
For the function T, ,, (x), we have the following property:

—i m? (1—e™™) -
Tom(x) = X26(T) (=)™ l{xm +—x™1+ TLP(x) + o +1)} + (=x)"e ™™,

for m € N°.

Proof: By direct computation, we have:

k+1

Tom () = N Epy () [ (t— )™ dt + (—x)Me™

k+1
= X7 Gn k() [t EZo(T)t' (=)™ dt + (—)me ™™
" k+1

= XM (=)™ N i Gnpe () [ thdt } + (—x)Me ™

] 2 —TLX
Ro(D) M {4 T A TP () i+ (e

nm(m+1)
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2. Main Result
Here, we introduce the VVoronovaskaja-type asymptotic formula for the operator

K, (f (t); x). Next, we give an error of approximation by the terms of modulus of continuity.
First, we give a theorem of VVoronovaskaja-type asymptotic formula as:

Theorem 2.1
Let f € C,[0,) forsomey > 0. If f" exists at a point x € (0, o), then

lim (K, (F(032) — £()) = 31() + 33" (2)

Proof: By Taylor's expansion of f(t), we have
£ = £6) + F00 e — ) + 2

2
where £(t,x) -0 ast— x. Hence

Kn(f(£); %) = fOOKR (L) + £ (0K, ((t = x); %) +
+ K, (e(t, x)(t — x)?; %)
lim (K, (F(0 ) — £GO) = lim ' )+ Lo (L4 )
+ nK, (e(t, x)(t — x)% %)}
= 2F () + 5 xf"(x) + limyy 0 E
where E = nK, (s(t, x)(t — x)?; x).

k+1

El= In? Xy qnpe(®) i e(t,x)(t — x)? dt + £(0,x)e ™ |

k+1
o — |€(0,x)]
< 02 B G [ le(t 01t — )% dt + 502
n

(t —x)? + &(t, x)(t — x)?

f"(x)
2

Kn((t = x)% x)

< 1 B Gnic (0 [y 5 16 01(E = 07 dt

k+1

< n2e Ny Gnge(X) [ (= %)% dt
x 1 "
= en{;+ﬁ} =¢ex = o(1).
Now, since € > 0 is arbitrary, it follows that E — 0 asn — oo.

Theorem 2.2
Let f € C,[0,0) for some y > 0 and 0 < g < 2. If f(@ exists and is continuous on
(a—n,b+n) c(0,0),n > 0, then for sufficiently large n,

KW (F (0 ) = FOlctap) < Cint SEllf Ol oy + Con? 0y (07 5 (@ =1, b +1)
+0(n"?),

where C;, C, are constants independent on f and n.

Proof: By our hypothesis

PTG @z — @
f(t)=zf (x) i+f (E)q!f (x)

q =)

(t—x)9x(@®) + h(t,x)(1 — x (D)),

=0
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where & lies between t, X, and y(t) is the characteristic function of the interval (a —n,b +

n).
Fort € (a—n,b+n)and x € [a, b], we get

@ @gy — Fl@
f(t)_zf Dy + L2OUD g,
i=0

Fort € [0,0)/(a—n,b +n) and x € [a, b], we define
q .
_ zf“)(x) :
h(t,x) = f(t) — 2, T (t—x)\

Now,
c f@ ) .
K, (f(£);x) — f(x) = Kn((t—x)%52x) — f(x)
(q) (@)
+K (f (f) p [T (t = x)'x(t); x)
+K, (h(t, x)(1 — x(2)); x)
=2+ X+ X,

By using Lemma 1.1, we get

2, = zf m(x)Z() ) (e 2) - F()

f®<x> 4 - (1—e™)
Z Z( )(—x)f {x +ox 1+T.L.P.(x)+—nm(m+1)}.

Consequently,
”21”C a,b] =< Cl n 1(2 Ollf(l)llc[ab
To estimate X, we proceed as follows:

) + 0(n~2), uniformly on [a,b].

(@ —_ fl@
1Z,] < Kn(f 76 q!f T (t = x)'x(®); x)
We(@ (6;(@a—n,b+m) |t — x|
< P K.({1+ HE — x| x)
k+1

wf(Q) (5' (a -n b+ 77))
q!

© n
(n ) 10000 f (It = x]|7 + 67| — x|9+1)dt
k=1 k

n
+ {|—x|?+ 67 — x|t }e ™}
Now, s=0, 1, 2, ..., we have
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k+1

(o) n
nz Gn i (X) J. |t —x|°dt + | — x|Se™™
k=1 k

n
k+1 k+1

Sn;qn,km( kf de )V ( kf (t— 2% dt )z +o(1)

n
k+1

< k@I (1) uiC) | (=% de+ (=) )7+ 0()
k=1 k=1 k

n

< (1= e™™)2 (Typs (1) )2 +0(1)
< 0(n2) uniformly on [a,b].

Choosing 6§ = nz , then
-1
W@ <n7 ; (@=mn,b+ n)>

q!

-q 1 —(g+1)
1221l clap < [0 (n 2 ) +nz 0 (n 2 )]

_q _1
SGn2wi <n7; (@a—nb+ n))-
Since t € [0,0)/(a—n,b + 1), we can choose § > 0 in such a way that |t — x| = § for all
x € [a,b].

k+1

[o'e] n
%5 lctasy < 7Y aniG) [ TG0 de+ [ RO, 0™
k=1 k

n
For|t — x| = &, we can find C > 0 such that |h(t,x)| < Ce?t.
k+1

[ee] n
|Z;] < C nz: G (X) f e* dt + o(1)
k=1 k

n
k+1

< Cni qn,k(x)(fn dt )%(
k=1 k

=

+1

1
e2?t dt)z + o(1)

:Iw\:|

=
+
=

<€ auil) 2 (1) 4ueC) [ e dr )2 +0(1)

:lw\:|

<CA-e™)20n +o0(1)
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< 0(n™®) forany s > 0, uniformly on [a,b].

Combining the estimates of Z,, 2,, 25 the required result is immediate.
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