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1. Introduction 

         For a function 𝑓 ∈ 𝐶[0, ∞)  and 𝑛 ∈ ℕ = {1,2, … }. The classical Szὰsz operators are 

defined as [1]: 

𝑆𝑛(𝑓; 𝑥) = 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!
 𝑓(

𝑘

𝑛
)

∞

𝑘=0

, 

and the modified of the classical Szὰsz operators are defined as [2]: 

𝑅𝑛(𝑓(𝑡); 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑞𝑛,𝑘(𝑡)𝑓(𝑡)𝑑𝑡,

∞

0

∞

𝑘=0

 

 and the Kantorovich-Szὰsz operators are known as [3]: 

𝑆𝑛(𝑓(𝑡); 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑓(𝑡)𝑑𝑡

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=0

, 

where 𝑞𝑛,𝑘(𝑥) = 𝑒−𝑛𝑥 (𝑛𝑥)𝑘

𝑘!
, 𝑥 ∈ [0, ∞) . 

         In this paper, we introduce a new sequence of linear positive operators 𝐾𝑛(𝑓(𝑡); 𝑥) of 

Phillips Szὰsz – Kantorovich operators to approximate a function 𝑓 belongs to the space 

𝐶𝛾[0, ∞) = {𝑔 ∈ 𝐶[0, ∞): |𝑔(𝑡)| < 𝑀(1 + 𝑡)𝛾 for some 𝑀 > 0 , 𝛾 > 0}, 

as follows: 

𝐾𝑛(𝑓(𝑡); 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑓(𝑡)𝑑𝑡 + 𝑓(0)𝑞𝑛,0(𝑥).

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

 

Lemma 1.1 

         For the operator 𝐾𝑛(𝑓; 𝑥) and  𝑚 ∈ ℕ0: = {0,1,2, … }, we have: 

(a) 𝐾𝑛(1; 𝑥)  = 1, 

(b) 𝐾𝑛(𝑡; 𝑥)   = 𝑥 +
1

2𝑛
(1 − 𝑒−𝑛𝑥), 

(c) 𝐾𝑛(𝑡2; 𝑥) = 𝑥2 +
2

𝑛
+

1

3𝑛2
(1 − 𝑒−𝑛𝑥), 

(d) 𝐾𝑛(𝑡𝑚; 𝑥) = 𝑥𝑚 +
𝑚2

2𝑛
𝑥𝑚−1 + 𝑇. 𝐿. 𝑃. (𝑥) +

(1−𝑒−𝑛𝑥)

𝑛𝑚(𝑚+1)
 , 

where 𝑇. 𝐿. 𝑃. (𝑥)  means Terms in Lower Powers of 𝑥. 

 

Proof:    By direct computation, we have:  

(a) 𝐾𝑛(1; 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 1 𝑑𝑡 + 𝑒−𝑛𝑥
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1  

                 = ∑ 𝑞𝑛,𝑘(𝑥) = 1.∞
𝑘=0   

 

(b) 𝐾𝑛(𝑡; 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑡 𝑑𝑡 
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1  

                       =
𝑛

2𝑛2
∑ 𝑞𝑛,𝑘(𝑥)(𝑘2 + 2𝑘 + 1 − 𝑘2) ∞

𝑘=1   

                    = 𝑥 +
1

2𝑛
(1 − 𝑒−𝑛𝑥). 

(c) 𝐾𝑛(𝑡2; 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑡2 𝑑𝑡
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1  

                  =
1

3𝑛2
∑ 𝑞𝑛,𝑘(𝑥)((𝑘 + 1)3 − 𝑘3)∞

𝑘=1   
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                  =
1

3𝑛2 {3(𝑛2𝑥2 + 3𝑛𝑥 + (1 − 𝑒−𝑛𝑥)}  

                  = 𝑥2 +
2

𝑛
𝑥 +

1

3𝑛2
(1 − 𝑒−𝑛𝑥).  

  

(d) 𝐾𝑛(𝑡𝑚; 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑡𝑚 𝑑𝑡
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1  

=
𝑛

𝑛𝑚+1(𝑚+1)
∑ 𝑞𝑛,𝑘(𝑥)((𝑘 + 1)𝑚+1 − 𝑘𝑚+1)∞

𝑘=1   

            =
1

𝑛𝑚(𝑚+1)
∑ 𝑞𝑛,𝑘(𝑥) {(𝑚 + 1)𝑘𝑚 +

𝑚(𝑚+1)

2
𝑘𝑚−1 + ⋯ + (𝑚 + 1)𝑘}∞

𝑘=0   

                 +
1

𝑛𝑚(𝑚+1)
(1 − 𝑒−𝑛𝑥)  

            = 𝑥𝑚 +
𝑚2

2𝑛
𝑥𝑚−1 + 𝑇. 𝐿. 𝑃. (𝑥) +

(1−𝑒−𝑛𝑥)

𝑛𝑚(𝑚+1)
   

            = 𝑥𝑚 +
𝑚2

2𝑛
𝑥𝑚−1 + 𝑇. 𝐿. 𝑃. (𝑥) +

1−∑
(−𝑛𝑥)𝑘

𝑘!
∞
𝑘=0

𝑛𝑚(𝑚+1)
  

Definition 1.1  

         For 𝑥 ∈ [0, ∞) and  𝑚 ∈ ℕ0 , the functions ∅𝑛,𝑚(𝑥) are defined as [2]: 

∅𝑛,𝑚(𝑥) = ∑ 𝑞𝑛,𝑘(𝑥)𝑘𝑚 .  

∞

𝑘=0

 

 

Lemma 1.2   [2] 

         For the functions ∅𝑛,𝑚(𝑥) defined above, we have ∅𝑛,0(𝑥) = 1, ∅𝑛,1(𝑥) = 𝑛𝑥  

  ∅𝑛,𝑚+1(𝑥) = 𝑥∅𝑛,𝑚
′ (𝑥) + 𝑛𝑥∅𝑛,𝑚(𝑥), 𝑚 = 2, 3, …   

 

Definition 1.2 
         For 𝑚 ∈ ℕ0, we define the m-th order moment 𝑇𝑛,𝑚(𝑥) of the operators 𝐾𝑛(𝑓(𝑡); 𝑥) as 

follows:  

𝑇𝑛,𝑚(𝑥) = 𝐾𝑛((𝑡 − 𝑥)𝑚; 𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ (𝑡 − 𝑥)𝑚𝑑𝑡 + (−𝑥)𝑚𝑒−𝑛𝑥 .

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

 

Theorem 1.1 

         For the function 𝑇𝑛,𝑚(𝑥), we have the following property: 

𝑇𝑛,𝑚(𝑥) = ∑ (𝑚
𝑖

)(−𝑥)𝑚−𝑖 {𝑥𝑚 +
𝑚2

2𝑛
𝑥𝑚−1 + 𝑇𝐿𝑃(𝑥) +

(1−𝑒−𝑛𝑥)

𝑛𝑚(𝑚+1)
} + (−𝑥)𝑚𝑒−𝑛𝑥𝑚

𝑖=0 ,  

for 𝑚 ∈ ℕ0. 
 

Proof: By direct computation, we have: 

   

 𝑇𝑛,𝑚(𝑥) = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ (𝑡 − 𝑥)𝑚 𝑑𝑡 + (−𝑥)𝑚𝑒−𝑛𝑥
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1   

               = 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ ∑ (𝑚
𝑖

)𝑡𝑖(−𝑥)𝑚−𝑖 𝑑𝑡 + (−𝑥)𝑚𝑒−𝑛𝑥𝑚
𝑖=0

𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1   

               = ∑ (𝑚
𝑖

)(−𝑥)𝑚−𝑖{𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑡𝑖  𝑑𝑡 } + (−𝑥)𝑚𝑒−𝑛𝑥
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1

𝑚
𝑖=0   

               = ∑ (𝑚
𝑖

)(−𝑥)𝑚−𝑖 {𝑥𝑚 +
𝑚2

2𝑛
𝑥𝑚−1 + 𝑇. 𝐿. 𝑃. (𝑥) +

(1−𝑒−𝑛𝑥)

𝑛𝑚(𝑚+1)
} +  (−𝑥)𝑚𝑒−𝑛𝑥.𝑚

𝑖=0   
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2. Main Result 
        Here, we introduce the Voronovaskaja-type asymptotic formula for the operator 

𝐾𝑛(𝑓(𝑡); 𝑥). Next, we give an error of approximation by the terms of modulus of continuity.  

        First, we give a theorem of Voronovaskaja-type asymptotic formula as:  

 

Theorem 2.1  
        Let 𝑓 ∈ 𝐶𝛾[0, ∞) for some 𝛾 > 0. If 𝑓′′ exists at a point 𝑥 ∈ (0, ∞), then 

lim
𝑛→∞

𝑛(𝐾𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥)) =
1

2
𝑓′(𝑥) +

1

2
𝑥𝑓′′(𝑥) 

 

Proof: By Taylor's expansion of  𝑓(𝑡), we have  

𝑓(𝑡) = 𝑓(𝑥) + 𝑓′(𝑥)(𝑡 − 𝑥) +
𝑓′′(𝑥)

2
(𝑡 − 𝑥)2 + 𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2 

where 𝜀(𝑡, 𝑥) →0   as t → 𝑥. Hence 

𝐾𝑛(𝑓(𝑡); 𝑥) = 𝑓(𝑥)𝐾𝑛(1; 𝑥) + 𝑓′(𝑥)𝐾𝑛((𝑡 − 𝑥); 𝑥) +
  𝑓′′(𝑥)

2
𝐾𝑛((𝑡 − 𝑥)2; 𝑥)

+ 𝐾𝑛(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥) 

lim
𝑛→∞

𝑛{𝐾𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥)} = lim
𝑛→∞

{𝑓′ (𝑥)
𝑛

2𝑛
+ 

  𝑓′′(𝑥)

2
𝑛 (

1

𝑛
𝑥 +

1

3𝑛2
) 

+ 𝑛𝐾𝑛(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥)}  

                                               =
1

2
𝑓′(𝑥) +

1

2
𝑥𝑓′′(𝑥) + lim𝑛→∞ 𝐸 

where E = 𝑛𝐾𝑛(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥). 

|E| =  |𝑛2 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2 𝑑𝑡 + 𝜀(0, 𝑥)𝑒−𝑛𝑥
𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1 | 

        ≤   𝑛2 ∑ 𝑞𝑛,𝑘(𝑥) ∫ |𝜀(𝑡, 𝑥)|(𝑡 − 𝑥)2 𝑑𝑡 +
|𝜀(0,𝑥)|

𝑒𝑛𝑥

𝑘+1

𝑛
𝑘

𝑛

∞
𝑘=1   

       ≤  𝑛2 ∑ 𝑞𝑛,𝑘(𝑥) ∫ |𝜀(𝑡, 𝑥)|(𝑡 − 𝑥)2 𝑑𝑡
|𝑡−𝑥|<𝛿

∞
𝑘=1   

        ≤ 𝑛2𝜀 ∑ 𝑞𝑛,𝑘(𝑥) ∫ (𝑡 − 𝑥)2
𝑘+1

𝑛
𝑘

𝑛

  𝑑𝑡 ∞
𝑘=1   

       = 𝜀𝑛 {
𝑥

𝑛
+

1

3𝑛2} = 𝜀𝑥 = 𝑜(1).  

Now, since 𝜀 > 0 is arbitrary, it follows that E → 0 as 𝑛 → ∞. 

 

Theorem 2.2  

        Let 𝑓 ∈ 𝐶𝛾[0, ∞) for some 𝛾 > 0 and 0 ≤ 𝑞 ≤ 2. If 𝑓(𝑞) exists and is continuous on 

(𝑎 − 𝜂 , 𝑏 + 𝜂) ⊂ (0, ∞), 𝜂 > 0 , then for sufficiently large n, 

  

 ‖𝐾𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥)‖𝐶[𝑎,𝑏] ≤  𝐶1𝑛−1  ∑ ‖𝑓(𝑖)‖
𝐶[𝑎,𝑏]

+ 𝐶2 𝑛
−1

2 𝜔𝑓(𝑞) (𝑛
−1

2  ;𝑞
𝑖=0 (𝑎 − 𝜂 , 𝑏 + 𝜂) 

                                                +𝑂(𝑛−2) , 

where 𝐶1, 𝐶2 are constants independent on 𝑓 and 𝑛. 

Proof: By our hypothesis  

 

𝑓(𝑡) = ∑
𝑓(𝑖)(𝑥)

𝑖!

𝑞

𝑖=0

(𝑡 − 𝑥)𝑖 +
𝑓(𝑞)(𝜉) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝑥)𝑞𝜒(𝑡) + ℎ(𝑡, 𝑥)(1 − 𝜒(𝑡)), 
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where 𝜉 lies between t, x, and 𝜒(𝑡) is the characteristic function of the interval (𝑎 − 𝜂 , 𝑏 +
𝜂). 
For 𝑡 ∈ (𝑎 − 𝜂 , 𝑏 + 𝜂) and 𝑥 ∈ [𝑎, 𝑏], we get 

 

𝑓(𝑡) = ∑
𝑓(𝑖)(𝑥)

𝑖!

𝑞

𝑖=0

(𝑡 − 𝑥)𝑖 +
𝑓(𝑞)(𝜉) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝑥)𝑞𝜒(𝑡) . 

 

For 𝑡 ∈ [0, ∞)/(𝑎 − 𝜂 , 𝑏 + 𝜂) and 𝑥 ∈ [𝑎, 𝑏], we define 

ℎ(𝑡, 𝑥) = 𝑓(𝑡) − ∑
𝑓(𝑖)(𝑥)

𝑖!

𝑞

𝑖=0

(𝑡 − 𝑥)𝑖. 

 

Now, 

𝐾𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥) = {∑
𝑓(𝑖)(𝑥)

𝑖!

𝑞

𝑖=0

𝐾𝑛((𝑡 − 𝑥)𝑖; 𝑥) − 𝑓(𝑥)} 

                                   +𝐾𝑛(
𝑓(𝑞)(𝜉) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝑥)𝑖𝜒(𝑡); 𝑥) 

           +𝐾𝑛(ℎ(𝑡, 𝑥)(1 − 𝜒(𝑡)); 𝑥) 
 

:= 𝛴1 + Σ2 + Σ3. 

       By using Lemma 1.1, we get 

Σ1 = ∑
𝑓(𝑖)(𝑥)

𝑖!

𝑞

𝑖=0

∑ (
𝑗

𝑚
) (−𝑥)𝑗−𝑚{𝐾𝑛(𝑡𝑚; 𝑥) − 𝑓(𝑥)}

𝑗

𝑚=0

 

= ∑
𝑓(𝑖)(𝑥)

𝑖!

𝑞

𝑖=0

∑ (
𝑗

𝑚
) (−𝑥)𝑗−𝑚{𝑥𝑚 +

𝑚2

2𝑛

𝑗

𝑚=0

𝑥𝑚−1 + 𝑇. 𝐿. 𝑃. (𝑥) +
(1 − 𝑒−𝑛𝑥)

𝑛𝑚(𝑚 + 1)
}. 

Consequently, 
‖Σ1‖𝐶[𝑎,𝑏] ≤ 𝐶1 𝑛−1(∑ ‖𝑓(𝑖)‖

𝐶[𝑎,𝑏]
)𝑞

𝑖=0 + 𝑂(𝑛−2), uniformly on [a,b]. 

To estimate Σ2 we proceed as follows: 

 

|Σ2| ≤  |𝐾𝑛(
𝑓(𝑞)(𝜉) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝑥)𝑖𝜒(𝑡); 𝑥)| 

             

≤
𝜔𝑓(𝑞)  (𝛿; (𝑎 − 𝜂, 𝑏 + 𝜂))

𝑞!
   𝐾𝑛({1 +

|𝑡 − 𝑥|

𝛿
}|𝑡 − 𝑥|𝑞; 𝑥) 

≤
𝜔𝑓(𝑞)  (𝛿; (𝑎 − 𝜂, 𝑏 + 𝜂))

𝑞!
 {𝑛 ∑ |𝑞𝑛,𝑘(𝑥)| ∫ (|𝑡 − 𝑥|𝑞 + 𝛿−1|𝑡 − 𝑥|𝑞+1)𝑑𝑡  

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

+ {|−𝑥|𝑞 + 𝛿−1| − 𝑥|𝑞+1}𝑒−𝑛𝑥 }. 
Now, s=0, 1, 2, ..., we have  
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𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ |𝑡 − 𝑥|𝑠𝑑𝑡 +

𝑘+1
𝑛

𝑘
𝑛

| − 𝑥|𝑠𝑒−𝑛𝑥

∞

𝑘=1

 

≤ 𝑛 ∑ 𝑞𝑛,𝑘(𝑥)(∫ 𝑑𝑡 )1/2 ( ∫ (𝑡 − 𝑥)2𝑠  𝑑𝑡 )
1
2

𝑘+1
𝑛

𝑘
𝑛

+ 𝑜(1) 

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

 

≤ ( ∑ 𝑞𝑛,𝑘(𝑥) )
1
2 (𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ (𝑡 − 𝑥)2𝑠   𝑑𝑡 + (−𝑥)2𝑠 𝑒−𝑛𝑥

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

∞

𝑘=1

 )
1
2 + 𝑜(1) 

≤ (1 − 𝑒−𝑛𝑥)
1
2 (𝑇𝑛,2𝑠 (𝑥)  )

1
2 + 𝑜(1) 

 

≤ 𝑂(𝑛
−𝑠

2 ) uniformly on [a,b]. 

 

Choosing 𝛿 = 𝑛
−1

2  , then 

‖Σ2‖𝐶[𝑎,𝑏] ≤

𝜔𝑓(𝑞)  (𝑛
−1
2  ;  (𝑎 − 𝜂, 𝑏 + 𝜂))

𝑞!
[𝑂 (𝑛

−𝑞
2 ) + 𝑛

1
2  𝑂 (𝑛

−(𝑞+1)
2 )]  

 

≤ 𝐶2 𝑛
−𝑞
2 𝜔𝑓(𝑞)  (𝑛

−1
2  ;  (𝑎 − 𝜂, 𝑏 + 𝜂)). 

 

Since 𝑡 ∈ [0, ∞)/(𝑎 − 𝜂 , 𝑏 + 𝜂), we can choose 𝛿 > 0 in such a way that |𝑡 − 𝑥| ≥ 𝛿 for all 

𝑥 ∈ [𝑎, 𝑏]. 
 

 ‖Σ3‖𝐶[𝑎,𝑏]  ≤  𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ | ℎ(𝑡, 𝑥)| 𝑑𝑡

𝑘+1
𝑛

𝑘
𝑛

+ | ℎ(0, 𝑥)|𝑒−𝑛𝑥

∞

𝑘=1

 

For|𝑡 − 𝑥| ≥ 𝛿, we can find 𝐶 > 0 such that |ℎ(𝑡, 𝑥)| ≤ 𝐶𝑒𝛼𝑡. 

|Σ3| ≤ 𝐶 𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑒𝛼𝑡  𝑑𝑡 + 𝑜(1)

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

 

≤ 𝐶 𝑛 ∑ 𝑞𝑛,𝑘(𝑥)(∫ 𝑑𝑡  )
1
2 (∫ 𝑒2𝛼𝑡

𝑘+1
𝑛

𝑘
𝑛

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

 𝑑𝑡)
1
2 + 𝑜(1) 

≤ 𝐶  (∑ 𝑞𝑛,𝑘(𝑥))1/2 (𝑛 ∑ 𝑞𝑛,𝑘(𝑥) ∫ 𝑒2𝛼𝑡 𝑑𝑡 )1/2 + 𝑜(1)

𝑘+1
𝑛

𝑘
𝑛

∞

𝑘=1

∞

𝑘=1

 

≤ 𝐶 (1 − 𝑒−𝑛𝑥)1/2 𝑂(𝑛−𝑠) + 𝑜(1) 
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≤ 𝑂(𝑛−𝑠) for any 𝑠 > 0, uniformly on [a,b]. 

 

Combining the estimates of Σ1, Σ2, Σ3 the required result is immediate. 
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 المستخلص:

تقارب  . برهناSzὰsz-Kantorovichمن نوع لمؤثرات  Phillipsفي هذا البحث، قمنا بتعريف ودراسة صيغة 

 لهذه المؤثرات. Voronovaskajaالصيغة المشابهة لـ  ناناقشكذلك،  المؤثرات للدالة المراد تقريبها.هذه 
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