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Abstract.

The purpose of this paper is to introduce and study a sequence of linear and positive
operators to approximate unbounded functions in the interval [0, ) of growth2*.Our aim is
to study the convergence of this sequence and introduce some approximation properties which

lead us to provide proof that discusses Voronovskaja-type asymptotic formula for this
sequence.
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1. Introduction
In [1] Lupas studied this identity

1 (@ ak
(1-a)“ Zk 0 ki |a| < 1

where (a), = {a(a +1) ...1(a +k—-1) i EI(\)I = {1,2, ...}.
For more details, see [2],[3],[4]and '[5].
Putting @ = nx and x = Owe have the foIIowing linear positive operators.

Ln(f32) = (1 — @)™ Eiiso "2k ak £,
for f: R, — R be a continuous functlon Prescribing the condition L,,(1; x) = 1, he found that

= ~([2] and [4])
C,: The set of all continuous functions fand unbounded such that ( (t) = 0(2**) for some
p > 0) defined on R, satisfying

( )
Ifll, = Supren L5, where p(x) = 2%,
Therefore L, (f; x) =27y 0(:,2"‘ f(;), x>0 (1.2)
where x € Ry, n € N, R, = [0, ), observe that these operators have a form very similar
with Szasz-Mirakyan operators.
In this paper we define new operators (2.1) which represented a generalization of the previous
operators L, (f; x) defined in (1.2).
2. Main Results
Now we work on the following operators :

(1.1)

~ 1 _ 0 MX) 41 k+r

Ln(f; X) = 27" Zk:o 2k (llcc:-r)! f( n ) (2.1)
(nx) - o (MX)je+r

where G, = P M Bkmogig OF G = 27 Eiso gt oy

' = Dk=0 dpi(x) OF Gyi= Y=o dpsr(X)
So, we can write the operator (2.1) as follows:
k+r

L.(f;x) = —Zk 0 dne+r(X) (=) (2.2)
where x € ]RO, n€N, Ry =[0,0), N:={1,2,..}andr € N.
Observe that the new operators (2.1)if we put r = 1 we get the operators (1.2) also its
consequences. So consider the operators L, (f; x) defined in (2.2) which represent a
generalization for the operators L, (f; x) which defined in (1.2).
In this part, we prove the following lemma before applying Korovkin conditions and
then we find VVoronoviskija —type formula .
Remark: For L, (f(t);x),r € Nand f € C, we have
suppose L; = Y_o dpjer ) (k + 1)/ where j = 1,2,3,4
Lemma (2.1): For L,(f(t);x),r € Nand f € C,we have
Ly =2rdy . (x) + nxG,
L, =7rd,,(x) [emxgﬂ] + n%x%G, + 2nxG,
Zg _ grdn’r(x) [7"2 n (nx+7r)(Br+nx+5)+21+nx(33+7nx)+4r(nx+3)

4
onxG, .
L, = n*x*G, + 12n3x3G, + 36n%x2%G, + 26nxG,
g 1.8214n°x® + 15.3362n%x? + 34.6249nx + 1.4285 + r° + 1.6071r?
+ 57 (%) +11.5892r + 0.4999r%nx + 0.75rn?x? + 5.9642rnx

] + n3x3G, + 6n%x2G, +
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Proof:

7 — 00 (NX)+r
1) L= 27™ Zk:OW]_:_l)!
— 2—nx{ (nx)r 0 (NX)g+r }

27 (r-1)! k=12k+7 (k4r—1)!
— 00 (NX) +r

=rdp,(x)+ 27 Zk=02k++t;::r)!
we have := E; + E,

Ey =7 dn,r(x)
_ - o) (nx)k T
ande, = 2 ank:OZHTJE,:r)!
_ — 1) v X+ i i i
E, =nx 270+ )Zkzom, (in view equation (1.1))
_ . - Dyvoo  MX+Dgsr
= nxly; where [, = 2-(x+ )Zkzom
— 27 Hoo (nX) 47 27 S (X ke r
E, = nx{ 7 Zik=0 35w eyt T 2w 2k=0Zerrgerry: (6 T r)}
Ez — nxG, + ﬂ ’
2 2

then L, = 2rd,, . (x) + nxG,
7 - 00 (nX) je+r

2) LZ = 2 nx Zkzom(k + T')
_ e (00w (e (k1)
= 2 {zr (r—1)! + Lk=1r (k+r—1)!}
we have : = E; + E,
observe that E3 = r?d,, ,(x)

_ _ +1) voo  (Mx+D) g (k+7+1)
E4 =nx 2 (nx )Zkzo 2k+r(k+7')! [l

_ w (Mx+1D)pir _ o (Mx+Dgir

= ~(nx+1) (Mxt Dy —(nx+1) yo (nx+Dgsr
nx { 2 7 T Lic=0 2k+r(k+r—1)!} +nxly

Tdp () (nx+7) —(nx+2) voo  (MX+2)pir . .
o +nx(nx+1)2 nx Zkzom + nxl (using equation

(in view equation (1.1))

E, =nx

(1.1))

_ w (Mx+2)psr
let [, = 2-(x+2) Zk:owk-l::)!

Ey =rd, (%) [mﬁ;”] + nx(nx + 1)I, +nxl;
_ 2—nx w MX)gsrnx+k+r)(nx+k+r+1)
note that I, = anx(nx+1) “k=0 2K4T (Je+1)!

By some computations on I, and substituting it in E,, then we get:

L, =rd, (%) [emxzﬂ] + n2x2G, + 2nxG,
7 - o (nx)k+7' 2

3) Ly = 27" ko pmrreqry (K T 1)

= o [Ty | v (ke (kAT

= 2 {zr (r—1)! F Lk=1"0er (k+r—1)!}

so we have : = Eg + E¢

Es = 7"E;dn,r(x)

E, =nx 2™ Z?=1% (k +1)?, (using equation (1.1))

_ o (MxX+D)gsr
=nx 2 (nx+1) Zk:OWk-f:)!(k +r+ 1)2

r _ w (Mx+2)pyr—
= rd,,(x) [(nx +7r)(1+ E)] + nx(nx + 1)2-(x+D Zkzlwf:_l;(k +7)

+2nx(nx + 1)2-@x+D 2?:1% + 2nx(nx + DI, + nxI,
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r+2 nx+r+1

E¢ =rd, (x) [(nx + r)( )] + nx(nx + 1)(nx + 2)I5 + +5nx(nx + 1)1, +

nxl,
— 9—(nx+3) v (Mx+3)p+r
when I3=2 nx Zk:O 2K+ (7)1
_ 27X © (nx)k+r(nx+k+r)(nx+k+r+1)(nx+k+r+2)
observe that I5 = 8nx(nx+1)(nx+2) Zk 0 2k+T (ke+1)!

So, by some computations we have
5= grdnr(x) [Tz n (nx+7r)(Br+nx+5)+21+nx(33+7nx)+4r(nx+3)
7 )

4
onxG, .
4) L= 27 Fiico grremtis (k +7)?
— 2—nx{7’ (nx)r o  (MX)g4r (k+7‘)3}
2T (r—1)! k=1 2k+r (k4r—1)!
we have : = E; + Eg.
E; = r4dnr(x)

Eg = nx 2-(x+D g o%(l{ + r + 1)3 (using equation (1.1)).

(nx+1) (x+Dgetr 2 (nx+1) (nx+Djetr
Eg = nx 270 Y ey (k)2 4 3nx 2 e (k1)

(Mx+1D)p4r (nx+Vpsr .
+3nx 27D B e b 27D B e (by using equation.1))

[+ () 1 )

+n3x3G, + 6n%x2G, +

8
+nxly + 7nx(nx + 1)1, + 6nx(nx + 1)(nx + 2)I5 + nx(nx + 1) (nx + 2)(nx + 3)I,
o= (nx+4) voo (Mx+4)pir
when [, =2~ )Zkzom :
27X Zoo (X)) g4r(nx+k+r)(nx+k+r+1)(nx+k+r+2)(nx+k+r+3)
k=0

observe that Ly = 16 nx(nx+1)(nx+2)(nx+3) 2k4T (le+1)!

Therefore, by some computations we get
_ 16 1.8214n3x3 + 15.3362n%x? + 34.6249nx + 1.4285 + r3 + 1.6071r?
Ly =5rdn,(x) +11.5892r + 0.4999r%nx + 0.75rn?x? + 5.9642rnx

+n*x*G, + 12n3x3G, + 36n%x%G, + 26nxG, . [

Theorem (2.2) (Korovkin Theorem):
For x € Ry, f € C, and by applying Korovkin Theorem on the operator L,(f;x), we
have:

DL, (Lx)=1
2) Ln(t; x) = x + =~ dur (2).
3) L, (t?%;x) = x? + =+ rdnr( ) [6nx:22g+6]

4)L, (t3 x) =x3+ % +—
2 (nx+r)(3r+nx+5)+21+nx(33+7nx)+4r(nx+3)
+ —7n3Gx rd, - (X) [ + " ]

~ 28x3  3511x%2 . 158x
5L, (t*x) = x* + +
) n( ! ) 5n 105 n? 7 n3

1.8214n3x3 + 15.3362n2x? + 34.6249nx + 1.4285 + r3 + 1.607 112

+ g, T () +11.5892r + 0.4999r2nx + 0.75rn?x? + 5.9642rnx
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Proof:
Using direct computations, we get the consequence (1)and(2).
Then, to prove (3)

L,(t%x) = 2—G =22+ Z 4 rd,, () [T
So, by the samLe proceedings we get (4)
7 3
Ln(t3; x) = n3G,
(nx+7r)(Br+nx+5)+21+nx(33+7nx)+4 +3 6x 6
7n3G rdnr(x)[ 24 nx+r)(3r+nx 4.nx nx)+4r(nx )] 43 +T+n—;€.
Finally, we get (5)
12x3 36x% 268x
Ln(t%2) = G_x4+ n +n2 n3
1.8214n3x3 + 15.3362n%x? + 34.6249nx + 1.4285 + 13 + 1.6071r?
toa o 15n4 5. Tlnr () +11.5892r + 0.4999r2nx + 0.75rn?x? + 5.9642rnx

The next Lemma(2.3) explains some properties of the m-th order momentT,, ,,, (x)to the
operators L, (f (t); x)where Ty, , (x) = L, ((t — x)™; x).
Lemma (2.3):Let r € N, then for all x € Ryandn € N, we have
~n0(x) = 1
n, 1(x) - nr(x)

6nx+2r+6

n,2 (x) = rdn,r( ) (W + nGx) +—
- 2
Toa () =r dm (x) (Sr +2(nx+7‘)(3r+nx+5);-:32;21196(33+7nx)+8r(nx+3) _ 27‘:;6;;(6) Z_Z'
_ 2
Tralx) =7d, 3’“6 +4.8 ”‘G +0.3618 - =
+ 1.5237 >
TL X X
2
901428 = 9.1428"— —9.4285—— — 19,4285 ; - ] + 12’2‘ + ﬁ.
Nn=Gy NGy n<Gy n>Gy Nn>Gy n n

Theorem (2.4):( Voronovskaja theorem)
Letf € C,,be a continuous in every subinterval [a, b] S (0, ).Suppose thatf "(x) exists at a
some point x > 0, then

limy o I (3 ) = F (O} = =T GOF () + £ () {reln (o) (F55

Proof: By using Taylors expansion for f(t) about x, we have;[6]

f@®) =fx)+ f'(x) (t—x)+% f7(x) (t—x)> +&(t, x) (t—x)°

where t € (0,) and &(t, x) is a function belonging toC, € [0, ) and £(t,x)=0whent - x
forn € N.

Hence by linearity of L,,(f; x), we have

Lo(f(£); %) = f(x) + f () Ln((t = x); x) + éf"(x)in((t — %)% x) + Ly (e(t; ) (¢ —

%)% x).

By Lemma (2.3), we get

Ln(f (£ = G + F () {F22 45700 {Z 4 7, () P - 20} +

L, (e(t; 0)(t — %)% x).

3nx+r+3 2x
X

Gx
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My 1L (f5) = £} = £ () {Z 7y GO} + £1C0) [ 4 7l (0 (For 2 = Z) +
limnL,, (e(t; x)(t — x)%; x) .
%;wCauchy-Schwartz inequality, we have:
| L (e(t; %) (¢ -
< 2(t; x). (L, ((t — x)%; x))l/z — 0asn — oo. (in view of lemma (3.3))
7li_r}(r)lonf,n(e(t; x)(t —x)?x) = 0.

So limn_mo n{zn(f, x) — f(X)} = Gixrdn,r (x)f’(x) +f’l (x) {Tdn'r(x) (3Tlx+r+3) P

3NnGy

2x
o
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