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Abstract 
In this paper, we introduce and study a general family of summation 

integralBaskakov-type operators. Firstly, we prove that thisfamily converges to the functions 
beingapproximated by applying Korovkin's Theorem for a sequence of algebraic linear 
positive operators. Secondly, we establish a Voronovaskaja–type asymptotic formula for this 
family. Finally, we obtain an estimation of the error for this family in terms of the modulus of 
continuity. 
Keywords: Linear positive operators,Voronovaskaja-typeasymptotic formula, Simultaneous 
approximation,Modulus of continuity. 
 
 

1. Introduction 
In 1985,Sahai and Prasad [6] defined and studied the summation- integral Baskakov- 

type operatorsdefined as: 

𝑃𝑛(𝑓; 𝑥) = (𝑛 − 1)�𝑝𝑛,𝑘(𝑥)� 𝑝𝑛,𝑘(𝑡)𝑓(𝑡)𝑑𝑡,                           𝑥 ∈ [0,
∞

0

∞

𝑘=0

∞)                     

where𝑝𝑛,𝑘(𝑥) = �𝑛 + 𝑘 − 1
𝑘 � 𝑥𝑘(1 + 𝑥)−𝑛−𝑘 .                        

In 1998, Agrawal and Thamer[1] introduced and studied the summation integral Phillips 
Baskakov-type operators defined as: 

𝛢𝑛(𝑓; 𝑥) = (𝑛 − 1)�𝑝𝑛,𝑘(𝑥)� 𝑝𝑛,𝑘(𝑡)𝑓(𝑡)𝑑𝑡
∞

0

∞

𝑘=1

+ 𝑓(0)𝑝𝑛,0(𝑥). 

Next, in 2003Srivatava and Gupta [7] introduced the summation integral Beta-type operators 
defined as: 

𝑈𝑛(𝑓; 𝑥) =
1
𝑛
�𝑏𝑛,𝑘(𝑥)� 𝑏𝑛,𝑘(𝑡)𝑓(𝑡)𝑑𝑡,   𝑥 ∈ [0,∞)

∞

0

∞

𝑘=0

 

where 𝑏𝑛,𝑘(𝑥) = (𝑛+𝑘)!
𝑘!(𝑛−1)!

𝑥𝑘(1 + 𝑥)−𝑛−𝑘−1 = (𝑛+𝑘)
(1+𝑥) 𝑝𝑛,𝑘(𝑥). 

After that, in 2005 Gupta and Doğru [3] defined the Phillips summation integral Beta-type 
operators as: 
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𝐵𝑛(𝑓; 𝑥) =
1
𝑛
�𝑏𝑛,𝑘(𝑥)� 𝑏𝑛,𝑘−1(𝑡)𝑓(𝑡)𝑑𝑡 + (1 + 𝑥)−𝑛−1𝑓(0)

∞

0

∞

𝑘=1

. 

Recently, in 2012 Mohammad and Hassan [4] were defined and studied a generalization form 
of  𝛢𝑛(𝑓, 𝑥)as: 

𝑆𝑛,𝑣(𝑓; 𝑥) = (𝑛 − 1)�𝑝𝑛,𝑘(𝑥)� 𝑝𝑛,𝑘−𝑣(𝑥)𝑓(𝑡)𝑑𝑡 + 𝑓(0)�𝑝𝑛,𝑘(𝑥)
𝑣−1

𝑘=0

∞

0

∞

𝑘=𝑣

, 

where 𝑣 ∈ 𝑁0 = {0,1,2, … }. 
In this paper, we define and study a general family of the Phillips summation 

integralBaskakov-type operators. The study of eachsequence in the above isa special case of 
our study here. Our family is restrict to all these sequences and more by a suitable choice of 
the values 𝑟1, 𝑟2 ∈ 𝑁0.  

Suppose that 𝐶[0,∞) denotes the space of all continuous real-valued functions on the 
interval [0,∞).The subspace 𝐶∝[0,∞)of the space 𝐶[0,∞) is defined as 
𝐶∝[0,∞) = {𝑓 ∈ 𝐶[0,∞): 𝑓(𝑡) = 𝑂((1 + 𝑡)∝), � for some �∝> 0}.The subspace 𝐶∝[0,∞) is 
normed by the norm  

‖𝑓‖𝐶∝ = 𝑠𝑢𝑝
𝑡𝜖[0,∞)

|𝑓(𝑡)|(1 + 𝑡)−∝ . 

First, for 𝑓 ∈ 𝐶∝[0,∞), 𝑟 ∈ 𝑁0, we define the operators 𝐵𝑛,𝑘,𝑟(𝑓; 𝑥) as: 

𝐵𝑛,𝑘,𝑟(𝑓; 𝑥) =
1

(𝑛)𝑟
�𝛽𝑛,𝑘,𝑟(𝑥)𝑓 �

𝑘
𝑛
�

∞

𝑘=0

.                                          (1.1) 

Where 

𝛽𝑛,𝑘,𝑟(𝑥) =
(𝑛 + 𝑘)𝑟
(1 + 𝑥)𝑟 𝑝𝑛,𝑘(𝑥), 

and (𝑥)𝑘 = �𝑥(𝑥 + 1)(𝑥 + 2)(𝑥 + 3) … (𝑥 + 𝑘 − 1), 𝑘 = 1,2, …
1                                                 ,                𝑘 = 0  �. 

Note that  𝛽𝑛,𝑘,0(𝑥) = 𝑝𝑛,𝑘(𝑥) and 𝛽𝑛,𝑘,1(𝑥) = 𝛽𝑛,𝑘(𝑥). 
We define the operators 𝑀𝑛,𝑣,𝑟1,𝑟2(𝑓; 𝑥) as: 

𝑀𝑛,𝑣,𝑟1,𝑟2(𝑓; 𝑥)  =
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)𝑓(𝑡)𝑑𝑡 
∞

0

∞

𝑘=𝑣

 

  +
1

(𝑛)𝑟1
�𝛽𝑛,𝑘,𝑟1(𝑥)𝑓
𝑣−1

𝑘=0

(0),𝑥 ∈ [0,∞),                                      (1.2) 

where 𝑟1, 𝑟2 ∈ 𝑁0 and 𝑓 ∈ 𝐶∝[0,∞). 
Wecan write the operators  𝑀𝑛,𝑣,𝑟1,𝑟2(𝑓; 𝑥) as: 

𝑀𝑛,𝑣,𝑟1,𝑟2(𝑓; 𝑥) = � 𝑊𝑛,𝑣(𝑡, 𝑥)𝑓(𝑡)
∞

0

𝑑𝑡 , 

where 

 𝑊𝑛,𝑣(𝑡, 𝑥) =
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

𝛽𝑛,𝑘−𝑣,𝑟2(𝑡) + �𝛿(𝑡)𝛽𝑛,𝑘,𝑟1(𝑥)
𝑣−1

𝑘=0

, 

where 𝛿(𝑡) being the Dirac-delta function. 
It is easily verify that the operators 𝑀𝑛,𝑣,𝑟1,𝑟2defined above are linear positive 

operators. In this paper, we study some direct results include theconvergence, Voronovaskaja-
type asymptotic formula and error estimate in terms of modulus of continuity of the function 
beingapproximated. 
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2. Preliminary Results 
In this section, we establish some lemmas which help us in proving the main results of 

this paper. For 𝑚 ∈ 𝑁0,  the m-thorder moment of the operator (1.1)is defined as  

𝑇𝑛,𝑚(𝑥) =
1

(𝑛)𝑟
�𝛽𝑛,𝑘,𝑟 �

𝑘
𝑛
− 𝑥�

𝑚

.
∞

𝑘=0

 

2.1Lemma.For the function 𝑇𝑛,𝑚(𝑥), we have 𝑇𝑛,0(𝑥) = 1, 𝑇𝑛,1(𝑥) = 𝑟𝑥
𝑛

. 
Furthermore, we have the following recurrence relation for  𝑇𝑛,𝑚(𝑥): 
𝑛𝑇𝑛,𝑚+1(𝑥) = 𝑥(1 + 𝑥)�𝑇′𝑛,𝑚(𝑥) + 𝑚𝑇𝑛,𝑚−1(𝑥)� + 𝑟𝑥𝑇𝑛,𝑚(𝑥),𝑚 ≥  1                (2.1) 
Consequently, we have 𝑇𝑛,𝑚(𝑥) = 𝑂�𝑛−[(𝑚+1) 2⁄ ]�. 
Proof:By direct computation, we have 𝑇𝑛,0(𝑥)=1, 𝑇𝑛,1(𝑥) = 𝑟𝑥

𝑛
. 

To prove (2.1). It is clear that the relation is true at 𝑥 = 0. 
Now, for 𝑥 ∈ (0,∞), we have: 

𝑇𝑛,𝑚(𝑥) =
1

(𝑛)𝑟
�𝛽𝑛,𝑘,𝑟(𝑥) �

𝑘
𝑛
− 𝑥�

𝑚∞

𝑘=0

 

𝑇´𝑛,𝑚(𝑥) =
−𝑚
(𝑛)𝑟

�𝛽𝑛,𝑘,𝑟(𝑥) �
𝑘
𝑛
− 𝑥�

𝑚−1

+
1

(𝑛)𝑟
�𝛽´𝑛,𝑘,𝑟(𝑥) �

𝑘
𝑛
− 𝑥�

𝑚∞

𝑘=0

∞

𝑘=0

 

 
 
𝑥(1 + 𝑥)𝑇´𝑛,𝑚(𝑥) = −𝑚𝑥(1 + 𝑥)𝑇𝑛,𝑚−1(𝑥) 

                                  +
1

(𝑛)𝑟
�[𝑘 − (𝑛 + 𝑟)𝑥]𝛽𝑛,𝑘,𝑟(𝑥) �

𝑘
𝑛
− 𝑥�

𝑚∞

𝑘=0

 

𝑥(1 + 𝑥)�𝑇𝑛,𝑚(𝑥) + 𝑚𝑇𝑛,𝑚−1(𝑥)� = 
𝑛

(𝑛)𝑟
�𝛽𝑛,𝑘,𝑟(𝑥) �

𝑘
𝑛
− 𝑥�

𝑚+1∞

𝑘=0

−
𝑟𝑥

(𝑛)𝑟
�𝛽𝑛,𝑘,𝑟(𝑥) �

𝑘
𝑛
− 𝑥�

𝑚

.
∞

𝑘=0

 

From which (2 .1) is immediate. 
From the above lemma, we get: 

�𝛽𝑛,𝑘,𝑟(𝑥)(𝑘 − 𝑛𝑥)2𝑗
∞

𝑘=𝑣

=  𝑛2𝑗 �𝑇𝑛,2𝑗(𝑥) −�𝛽𝑛,𝑘,𝑟(𝑥) �
𝑘
𝑛
− 𝑥�

2𝑗𝑣−1

𝑘=0

� 

                                             = 𝑛2𝑗�𝑂�𝑛−𝑗�� + 𝑂�(𝑛−𝑢)}    (for 𝑢 > 0) 
                                             = 𝑂�𝑛−𝑗�, (for 𝑢 ≥ 𝑗 ).                                                      (2.2) 
2.2Lemma. Let the function 𝑌𝑛,𝑚(𝑥),𝑛 > 𝑚  and 𝑚 ∈ 𝑁0, be defined as: 

𝑌𝑛,𝑚(𝑥) =
(𝑛 + 𝑟2 − 1)

(𝑛)𝑟1(𝑛)𝑟2
�𝛽𝑛,𝑘,𝑟1(𝑥)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡 +

𝑓(0)
(𝑛)𝑟1

�𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥).
∞

0

∞

𝑘=𝑣

 

Then𝑌𝑛,0(𝑥) = 1, 

𝑌𝑛,1(𝑥) =
�(𝑟1 − 𝑟2) + 2�𝑥 + (1 − 𝑣)

𝑛 + 𝑟2 − 2
+
∑ (𝑣 − 1 − 𝑘)𝛽𝑛,𝑘,𝑟1(𝑥)𝑣−1
𝑘=0

(𝑛)𝑟1(𝑛 + 𝑟2 − 2) . 

 And there holds the recurrence relation 
[(𝑛 + 𝑟2) − (𝑚 + 2)]𝑌𝑛,𝑚+1(𝑥) = 𝑥(1 + 𝑥)𝑌′𝑛,𝑚(𝑥)  + 2𝑚𝑥(1 + 𝑥)𝑌𝑛,𝑚−1(𝑥) 
         +[(1 + 2𝑥)(𝑚 + 1) − 𝑣 + (𝑟1 − 𝑟2)𝑥]𝑌𝑛,𝑚(𝑥) 
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−  
1

(𝑛)𝑟1
�(𝑘 − 𝑣 + 1)(−𝑥)𝑚𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥).                                                     (2.3) 

Consequently for each 𝑥 ∈ [0,∞), we have from this recurrence relation that  
𝑌𝑛,𝑚(𝑥) = 𝑂�𝑛−[(𝑚+1) 2⁄ ]�. 
Proof.The values of 𝑌𝑛,0(𝑥)and 𝑌𝑛,1(𝑥)are easily follow. We prove the recurrence relationas 
follows: 
 
 

𝑥(1 + 𝑥)𝑌′𝑛,𝑚(𝑥) 

= 𝑥(1 + 𝑥) �
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽′𝑛,𝑘,𝑟1
(𝑥)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡

∞

0

∞

𝑘=𝑣

� 

−𝑚�𝛽𝑛,𝑘,𝑟1(𝑥)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚−1𝑑𝑡 +
1

(𝑛)𝑟1
�𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥)(−𝑥)𝑚
∞

0

∞

𝑘=𝑣

 

−
𝑚

(𝑛)𝑟1
�� 𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥)(−𝑥)𝑚−1�. 

Now using the identities 𝑥(1 + 𝑥)𝛽′𝑛,𝑘,𝑟1(𝑥) = 𝛽𝑛,𝑘,𝑟1(𝑥)[𝑘 − (𝑛 + 𝑟1)𝑥], we obtain   

𝑥(1 + 𝑥)�𝑌′𝑛,𝑚(𝑥) + 𝑚𝑌𝑛,𝑚−1(𝑥)� =
(𝑛 + 𝑟2 − 1)

(𝑛)𝑟1(𝑛)𝑟2
�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

 

× ��[(𝑘 − 𝑣) − (𝑛 + 𝑟2)𝑡]𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡
∞

0

� + 𝑣� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡
∞

0

 

�+(𝑛 + 𝑟2)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡 + (𝑟2 − 𝑟1)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡
∞

0

∞

0

� 

+
1

(𝑛)𝑟1
�𝑘(−𝑥)𝑚𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥) +
1

(𝑛)𝑟1
�(𝑛 + 𝑟1)(−𝑥)𝑚𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥). 

=
(𝑛 + 𝑟2 − 1)

(𝑛)𝑟1(𝑛)𝑟2
�𝛽𝑛,𝑘,𝑟1(𝑥)� 𝑡(𝑡 + 1)𝛽′𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)𝑚𝑑𝑡 + 𝑣𝑌𝑛,𝑚(𝑥)

∞

0

∞

𝑘=𝑣

+ (𝑛 + 𝑟2)𝑌𝑛,𝑚+1(𝑥) + (𝑟2 − 𝑟1)𝑌𝑛,𝑚(𝑥) +
1

(𝑛)𝑟1
�(𝑘 − 𝑣)(−𝑥)𝑚𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥). 

Integrating by parts, we get: 
[(𝑛 − 𝑟2) − (𝑚 + 2)]𝑌𝑛,𝑚+1(𝑥) = 𝑥(1 + 𝑥)𝑌′𝑛,𝑚(𝑥) 
                                          +2𝑚𝑥(1 + 𝑥)𝑌𝑛,𝑚−1(𝑥)[(1 + 2𝑥)(𝑚 + 1) − 𝑣 + (𝑟1 − 𝑟2)𝑥]𝑌𝑛,𝑚(𝑥)  

−  
1

(𝑛)𝑟1
�(𝑘 − 𝑣 + 1)(−𝑥)𝑚𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥). 

From the values of  𝑌𝑛,0(𝑥),𝑌𝑛,1(𝑥),using the indication on 𝑚, the recurrence relation above 
and the fact that ∑ (𝑘 − 𝑣 + 1)𝛽𝑛,𝑘,𝑟1

𝑣−1
𝑘=0 (𝑥) = 𝑜(1) 𝑎𝑠 𝑛 → ∞ we can easily prove that 

 𝑌𝑛,𝑚(𝑥) = 𝑂�𝑛−[(𝑚+1) 2⁄ ]�. 
From the above lemma , we have: 
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(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)2𝛾𝑑𝑡
∞

0

∞

𝑘=𝑣

   

= 𝑌𝑛,2𝛾(𝑥) −
1

(𝑛)𝑟1
�𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥)(−𝑥)2𝑢 = 𝑂(𝑛−𝛾) + 𝑂(𝑛−𝑢) 

                                   = 𝑂(𝑛−𝛾),𝑢 ≥ 𝛾                                                                               (2.4) 
Now usinglemma 2.2 we get that 𝑀𝑛,𝑣,𝑟1,𝑟2(𝑡𝑚, 𝑥)is a polynomial in 𝑥 of degree exactly m for 
all 𝑚 ∈ 𝑁0,Further we can write it as: 
 

𝑀𝑛,𝑣,𝑟1,𝑟2(𝑡𝑚, 𝑥) =
(𝑛 + 𝑟1 + 𝑚 − 1)! (𝑛 + 𝑟2 − 𝑚 − 2)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
𝑥𝑚 

                     +𝑚(𝑚− 𝑣)
(𝑛 + 𝑟1 + 𝑚 − 2)! (𝑛 + 𝑟2 − 𝑚 − 2)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
𝑥𝑚−1

+ 𝑜(1)                                                                                                (2.5) 
2.3 Lemma Let 𝛿, 𝛾 be any two positive real numbers and[𝑎, 𝑏] ⊂ (0,∞) we have: 

� � 𝑊𝑛,𝑣(𝑥, 𝑡)𝑡𝛾𝑑𝑡  
|𝑡−𝑥|≥𝛿

�

𝐶[𝑎,𝑏]

= 𝑂(𝑛−𝑢), 𝑢 = 1,2,3, … 

Making use of Schwarz inequality for integration, summation and (2.4), the proof of the 
lemma easily follows.  
2.4 Lemma There exist a polynomials 𝑄𝑖,𝑗,𝑠(𝑥) independent of 𝑛 and 𝑘 such that 

{𝑥(1 + 𝑥)𝑠}
𝑑𝑠

𝑑𝑠𝑥
�𝛽𝑛,𝑘,𝑟1(𝑥)� = � 𝑛𝑖

2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

(𝑘 − (𝑛 + 𝑟1)𝑥)𝑗𝑄𝑖,𝑗,𝑠(𝑥)𝛽𝑛,𝑘,𝑟1(𝑥). 

3. Main Results 
     In this section we study the rate of pointwise convergence of an asymptotic formula and an 
error estimation in terms of modulus of continuity in simultaneous approximation for our 
operators . 
3.1 Theorem Let 𝑓 ∈ 𝐶∝[0,∞),∝> 0 and 𝑓(𝑠) exists at a point 𝑥 ∈ (0,∞), then 
𝑀𝑛,𝑣,𝑟1,𝑟2

(𝑠) (𝑓, 𝑥) = 𝑓(𝑠)(𝑥) + 𝑜(1)as 𝑛 → ∞.                                                              (3.1) 
Further, if  𝑓(𝑠) exist and is continuous on (𝑎 − 𝛤, 𝑏 + 𝛤) ⊂ (0,∞), 𝛤 > 0,then (3.1) hold 
uniformly in[𝑎, 𝑏]. 
Proof By Taylor’s expansion of 𝑓, we have  

𝑓(𝑡) = �
𝑓(𝑖)(𝑥)
𝑖!

𝑠

𝑖=0

(𝑡 − 𝑥)𝑖 + 𝜀(𝑡, 𝑥)(𝑡 − 𝑥)𝑠, 

where 𝜀(𝑡, 𝑥) → 0 as 𝑡 → 𝑥. 

𝑀𝑛,𝑣,𝑟1,𝑟2
(𝑠) (𝑓; 𝑥) = � 𝑊𝑛,𝑣

(𝑠)(𝑡, 𝑥)
∞

0

𝑓(𝑡)𝑑𝑡 

     = �
𝑓(𝑖)(𝑥)
𝑖!

𝑠

𝑖=0

� 𝑊𝑛,𝑣
(𝑠)(𝑡, 𝑥)

∞

0

(𝑡 − 𝑥)𝑖𝑑𝑡 + � 𝑊𝑛,𝑣
(𝑠)(𝑡, 𝑥)

∞

0

𝜀(𝑡, 𝑥)(𝑡 − 𝑥)𝑠𝑑𝑡 

    ∶= ℋ1 + ℋ2. 
First to estimate ℋ1 using binomial expansion of (𝑡 − 𝑥)𝑠, and lemma  2.2, we have: 
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ℋ1 = �
𝑓(𝑖)(𝑥)
𝑖!

𝑠

𝑖=0

��𝑖𝑗� (−𝑥)𝑖−𝑗
𝑖

𝑗=0

� 𝑊𝑛,𝑣
(𝑠)(𝑡, 𝑥)

∞

0

𝑡𝑗𝑑𝑡 

=
𝑓(𝑠)(𝑥)
𝑠!

�
(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 − 𝑠 − 2)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
𝑠!                     

+ 𝑡𝑒𝑟𝑚𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥� 

Using lemma 2.4, we obtain: 

|ℋ2| ≤ � 𝑛𝑖
�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠

(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

|(𝑘

− (𝑛 + 𝑟1)𝑥)|𝑗 � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)
∞

0

|𝜀(𝑡, 𝑥)||𝑡 − 𝑥|𝑠𝑑𝑡 

          +
1

(𝑛)𝑟1
� 𝑛𝑖

�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠

2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

�𝛽𝑛,𝑘,𝑟1(𝑥)
𝑣−1

𝑘=0

�(𝑘 − (𝑛 + 𝑟1)𝑥)𝑗�|𝜀(0, 𝑥)|𝑥𝑠 

≔ℋ3 + ℋ4. 
Since 𝜀(𝑡, 𝑥) → 0 as 𝑡 → 𝑥, then for a given 𝜀 > 0 there exists 𝛿 > 0 such that |𝜀(𝑡, 𝑥)| < 𝜀 
whenever 0 < |𝑡 − 𝑥| < 𝛿.For |𝑡 − 𝑥| ≥ 𝛿,there exists a constant 𝐶 > 0 such that 
|𝜀(𝑡, 𝑥)(𝑡 − 𝑥)𝑠| ≤ 𝐶|𝑡 − 𝑥|𝛾. 

ℋ3 ≤ � 𝑛�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

|𝑘 − (𝑛 + 𝑟1)𝑥|𝑗
2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

�𝜀 � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)|𝑡 − 𝑥|𝑠𝑑𝑡
|𝑡−𝑥|<𝛿

+ � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)|𝑡 − 𝑥|𝛾𝑑𝑡
|𝑡−𝑥|≥𝛿

� : = ℋ5 + ℋ6. 

Where 

𝑠𝑢𝑝
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠 =:𝑀(𝑥) = 𝐶 , 𝑥 ∈ (0,∞) 

Now, by applying the Cauchy-Schwarz inequality for integration and summation respectively, 
we have : 

ℋ5 ≤ 𝜀𝐶 � 𝑛𝑖�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

�
1

(𝑛)𝑟1
�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

|𝑘 − (𝑛 + 𝑟1) + 𝑥|2𝑗�
1 2⁄

2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

 

× �
(𝑛 + 𝑟2 + 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)(𝑡 − 𝑥)2𝑠𝑑𝑡
∞

0

�

1 2⁄

. 

Using (2.4), we have: 
ℋ5 ≤ 𝜀𝐶 𝑂�𝑛−𝑆 2⁄ � � 𝑛𝑖𝑂�𝑛𝑗 2⁄ �

2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

= 𝜀𝑂(1). 

Again using the Schwarz inequality for integration and then for summation, in view of  (2.2) 
and (2.4) we have : 
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ℋ6 ≤ 𝐶 � 𝑛𝑖
2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

(𝑛 + 𝑟2 + 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

|𝑘 − (𝑛 + 𝑟1)𝑥|𝑗 

× � � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)𝑑𝑡
|𝑡−𝑥|≥𝛿

�

1 2⁄

� � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)𝑡2𝛾𝑑𝑡
|𝑡−𝑥|≥𝛿

�

1 2⁄

 

≤ 𝐶 � 𝑛𝑖 �
1

(𝑛)𝑟1
�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

|𝑘 − (𝑛 + 𝑟1)𝑥|2𝑗�
1 2⁄

2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

 

                                         × 𝑛𝑖 �
(𝑛 + 𝑟2 + 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑥)𝑡2𝛾𝑑𝑡
∞

0

�

1 2⁄

 

ℋ6 = � 𝑛𝑖
2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

𝑂�𝑛𝑗 2⁄ �𝑂�𝑛−𝛾 2⁄ � = 𝑂�𝑛(𝑠−𝛾)/2� = 𝑜(1) . 

Thus, due to arbitrariness of 𝜀 > 0, it follows that ℋ3 = 𝑜(1). Also ℋ4 → 0 as 
𝑛 → ∞ and hence ℋ2 = 𝑜(1). Collecting the estimates of  ℋ1 and ℋ2,we have 
𝑀𝑛,𝑣,𝑟1,𝑟2

(𝑠) (𝑓, 𝑥) = 𝑓(𝑠)(𝑥) + 𝑜(1)as 𝑛 → ∞. 
To prove the uniformly assertion, it is sufficient to remark that 𝛿(𝜀) in above prove can be 
chosen to be independent of 𝑥 ∈ [𝑎, 𝑏]and also that the order estimates holds uniformly in 
[𝑎, 𝑏]. 
𝟑.𝟐.𝐓𝐡eorem 

Let 𝑓 ∈ 𝐶𝛼[0,∞), 𝛾 > 0. if 𝑓(𝑠+2) exists at a point 𝑥 ∈ (0,∞), then  
lim
𝑛→∞

𝑛�𝑀(𝑠)
𝑛,𝑣,𝑟1,𝑟2(𝑓, 𝑥) − 𝑓(𝑠)(𝑥)� = [𝑠(𝑠 + 1) + (𝑠 − 1)(𝑟1 − 𝑟2)]𝑓(𝑠)(𝑥) 

+[𝑥(2𝑠 + 2 + 𝑟1 − 𝑟2) + (𝑠 − 𝑣 + 1)]𝑓(𝑠+1)(𝑥) + 𝑥(1 + 𝑥)𝑓(𝑠+2)(𝑥).       (3.2)  
Further, if  𝑓(𝑠+2) exist and is continuous on (𝑎 − 𝛤, 𝑏 + 𝛤) ⊂ (0,∞), 𝛤 > 0,then (3.2) hold 
uniformly in [𝑎, 𝑏]. 
Proof .Using Taylor’s expansion of 𝑓, we have 

𝑓(𝑡) = �
𝑓(𝑖)(𝑥)
𝑖!

𝑠+2

𝑖=0

(𝑡 − 𝑥)𝑖 + 𝜀(𝑡, 𝑥)(𝑡 − 𝑥)𝑠+2, 

where 𝜀(𝑡, 𝑥) → 0 as 𝑡 → 𝑥 and 𝜀(𝑡, 𝑥) = 𝑂(𝑡 − 𝑥)𝛾, 𝑡 → ∞ 𝑓𝑜𝑟 𝛾 > 0. 
𝑛�𝑀(𝑠)

𝑛,𝑣,𝑟1,𝑟2(𝑓, 𝑥) − 𝑓(𝑠)(𝑥)�

= 𝑛 ��
𝑓(𝑖)(𝑥)
𝑖!

𝑠+2

𝑖=0

� 𝑊𝑛,𝑣
(𝑠)

∞

0

(𝑡, 𝑥)(𝑡 − 𝑥)𝑖𝑑𝑡 − 𝑓(𝑠)(𝑥)

+ � 𝑊𝑛,𝑣
(𝑠)(𝑡, 𝑥)

∞

0

𝜀(𝑡, 𝑥)(𝑡 − 𝑥)(𝑠+2)𝑑𝑡�                 =:𝛹1 + 𝛹2 

𝛹1 = 𝑛�
𝑓(𝑖)(𝑥)
𝑖!

𝑠+2

𝑖=0

��𝑖𝑗�
𝑖

𝑗=0

(−𝑥)𝑖−𝑗 � 𝑊𝑛,𝑣
(𝑠)

∞

0

(𝑡, 𝑥)𝑡𝑖𝑑𝑡 − 𝑛𝑓(𝑠)(𝑥) 

       =
𝑓(𝑠)(𝑥)
𝑠!

𝑛�𝑀(𝑠)
𝑛,𝑣,𝑟1,𝑟2(𝑡𝑠, 𝑥) − (𝑠!)� 

       + 𝑓(𝑠+1)(𝑥)
(𝑠+1)!

𝑛�(𝑠 + 1)(−𝑥)𝑀(𝑠)
𝑛,𝑣,𝑟1,𝑟2(𝑡𝑠, 𝑥) + 𝑀(𝑠)

𝑛,𝑣,𝑟1,𝑟2(𝑡𝑠+1, 𝑥)� 
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       +
𝑓(𝑠+2)(𝑥)
(𝑠 + 1)!

𝑛 �
(𝑠 + 2)(𝑠 + 1)

2
𝑥2𝑀(𝑠)

𝑛,𝑣,𝑟1,𝑟2�𝑡
(𝑠), 𝑥�

+ (𝑠 + 2)(−𝑥)𝑀(𝑠)
𝑛,𝑣,𝑟1,𝑟2�𝑡

(𝑠+1), 𝑥� + 𝑀(𝑠)
𝑛,𝑣,𝑟1,𝑟2�𝑡

(𝑠+2), 𝑥�� 

By (2.5), we have 

𝛹1 = 𝑛𝑓(𝑠)(𝑥) �
(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 + 𝑠 − 1)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
− 1�

+ 𝑛
𝑓(𝑠+1)(𝑥)
(𝑠 + 1)!

�(𝑠 + 1)(−𝑥)
(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 + 𝑠 − 2)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
� 𝑠! 

                           +
(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 + 𝑠 − 2)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
(𝑠 + 1)! 𝑥 

                           + �(𝑠 + 1)(𝑠 + 1 − 𝑣)𝑠!
(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 + 𝑠 − 3)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
� 

 

                           +
𝑓(𝑠+2)(𝑥)
(𝑠 + 2)!

�
(𝑠 + 1)(𝑠 + 2)

2
𝑥2

(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 − 𝑠 − 2)!
(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!

𝑠!

+ (𝑠 + 2)(−𝑥)
(𝑛 + 𝑟1 + 𝑠)! (𝑛 + 𝑟2 − 𝑠 − 3)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
(𝑠 + 1)! 𝑥

+ (𝑠 + 1)(𝑠 + 1 − 𝑣)𝑠!
(𝑛 + 𝑟1 + 𝑠 − 1)! (𝑛 + 𝑟2 − 𝑠 − 3)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!

+
(𝑠 + 2)! 𝑥2

2
(𝑛 + 𝑟1 + 𝑠 + 1)! (𝑛 + 𝑟2 − 𝑠 − 4)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!

+ (𝑠 + 2)(𝑠 + 2 − 𝑣)(𝑠 + 1)! 𝑥
(𝑛 + 𝑟1 + 𝑠)! (𝑛 + 𝑟2 − 𝑠 − 4)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
� + 𝑜(1). 

In order to complete the proof of the theorem it is sufficient to show that 𝛹2 → 0 as 
𝑛 → ∞ by follows proceeding along the line of the proof of Theorem  3.1.  
To prove the uniformly assertion, it is sufficient to remark that 𝛿(𝜀) in above prove can be 
chosen to be independent of 𝑥 ∈ [𝑎, 𝑏] and also that the order estimatesholds uniformly 
in[𝑎, 𝑏]. 
3.3Theorem.  

Let 𝑓 ∈ 𝐶∝[0,∞) for some ∝> 0 and 𝑠 ≤ 𝑞 ≤ 𝑠 + 2. if 𝑓(𝑞) exists and is continuous 
on (𝑎 − 𝜏, 𝑏 + 𝜏) ⊂ (0,∞), 𝜏 > 0, then for sufficiently large 𝑛, 

 
�𝑀(𝑠)

𝑛,𝑣,𝑟1,𝑟2(𝑓, 𝑥) − 𝑓(𝑠)(𝑥)�
𝐶[𝑎,𝑏]

 

                   ≤ 𝑍1𝑛−1��𝑓(𝑖)�
𝐶[𝑎,𝑏] + 𝑍2𝑛−1 2⁄ 𝜔𝑓(𝑞) �𝑛−1 2⁄ ; (𝑎 − 𝜏, 𝑏 + 𝜏)�+ 𝑂(𝑛−2)

𝑞

𝑖=𝑠

, 

where 𝑍1,𝑍2 are constants independent of 𝑓 and 𝑛,𝜔𝑓(𝛿)is the modulus of continuity of  𝑓 on   
(𝑎 − 𝜏, 𝑏 + 𝜏)and‖. ‖𝐶[𝑎,𝑏] denotes the sup-norm on [𝑎, 𝑏]. 
Proof.By a finite Taylor׳s expansion of 𝑓, we have : 

𝑓(𝑡) = �
𝑓(𝑖)(𝑥)
𝑖!

(𝑡 − 𝑥)𝑖 +
𝑓(𝑞)(𝛤) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝑥)𝑞𝜑(𝑡) + 𝑔(𝑡, 𝑥)�1 − 𝜑(𝑡)�,

𝑞

𝑖=0

 

where 𝛤 lies between 𝑡 and 𝑥, and 𝜑(𝑡) is the characteristic function of the interval 
(𝑎 − 𝜏, 𝑏 + 𝜏). 
For 𝑡 ∈ (𝑎 − 𝜏, 𝑏 + 𝜏)and 𝑥 ∈ [𝑎, 𝑏], we get 
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𝑓(𝑡) = �
𝑓(𝑖)(𝑥)
𝑖!

(𝑡 − 𝑥)𝑖 +
𝑓(𝑞)(𝛤) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝛤)𝑞 .

𝑞

𝑖=0

 

For 𝑡 ∈ [0,∞) ∖ (𝑎 − 𝜏, 𝑏 + 𝜏)and 𝑥 ∈ [𝑎, 𝑏], we define 

𝑔(𝑡, 𝑥) = 𝑓(𝑡) −∑ 𝑓(𝑖)(𝑥)
𝑖!

(𝑡 − 𝑥)𝑖𝑞
𝑖=0  , now 

  𝑀(𝑠)
𝑛,𝑣,𝑟1,𝑟2(𝑓, 𝑥) − 𝑓(𝑠)(𝑥) = �

𝑓(𝑖)(𝑥)
𝑖!

� 𝑊(𝑠)
𝑛,𝑣(𝑡, 𝑥)

∞

0
(𝑡 − 𝑥)𝑖𝑑𝑡 − 𝑓(𝑠)(𝑥)

𝑞

𝑖=0

 

                       +� 𝑊(𝑠)
𝑛,𝑣(𝑡, 𝑥)

∞

0
�
𝑓(𝑞)(𝛤) − 𝑓(𝑞)(𝑥)

𝑞!
(𝑡 − 𝑥)𝑞𝜑(𝑡)�𝑑𝑡

+ � 𝑊(𝑠)
𝑛,𝑣(𝑡, 𝑥)

∞

0
𝑔(𝑡, 𝑥)�1 − 𝜑(𝑡)�𝑑𝑡. 

≔ 𝛶1 + 𝛶2 + 𝛶3. 
By using (2.5), we get 

𝛶1 = �
𝑓(𝑖)(𝑥)
𝑖!

𝑞

𝑖=𝑠

��𝑖𝑗�
𝑖

𝑗=𝑠

(−𝑥)𝑖−𝑗
𝑑𝑟

𝑑𝑥𝑟
�

(𝑛 + 𝑟1 + 𝑗 − 1)! (𝑛 + 𝑟2 − 𝑗 − 2)!
(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!

𝑥𝑗 � 

     +𝑗(𝑗 − 𝑣) �
(𝑛 + 𝑟1 + 𝑗 − 2)! (𝑛 + 𝑟2 − 𝑗 − 2)!

(𝑛 + 𝑟1 − 1)! (𝑛 + 𝑟2 − 2)!
𝑥𝑗−1� + 𝑂(𝑛−2) − 𝑓(𝑠)(𝑥). 

‖𝛶1‖𝐶[𝑎,𝑏] = 𝑍1𝑛−1 ∑ �𝑓(𝑖)�
𝐶[𝑎,𝑏] + 𝑂(𝑛−2)𝑞

𝑖=𝑠 uniformly on[𝑎, 𝑏]. 
Next, we estimate 𝛶2 as 

|𝛶2| ≤ � �𝑊(𝑠)
𝑛,𝑣(𝑡, 𝑥)�

∞

0
�
�𝑓(𝑞)(𝛤) − 𝑓(𝑞)(𝑥)�

𝑞!
|𝑡 − 𝑥|𝑞𝜑(𝑡)�𝑑𝑡 

≤
𝜔𝑓(𝑞)(𝛿)

𝑞!
� �𝑊(𝑠)

𝑛,𝑣(𝑡, 𝑥)�
∞

0
�1 +

|𝑡 − 𝑥|
𝛿

� |𝑡 − 𝑥|𝑞𝑑𝑡 

≤
𝜔𝑓(𝑞)(𝛿)

𝑞!
�
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(|𝑡 − 𝑥|𝑞 + 𝛿−1|𝑡 − 𝑥|𝑞+1)𝑑𝑡
∞

0

∞

𝑘=𝑣

+
1

(𝑛)𝑟1
�𝛽𝑛,𝑘,𝑟1

𝑣−1

𝑘=0

(𝑥)(|𝑥|𝑞 + 𝛿−1|𝑥|𝑞+1)� , 

Now, for 𝑢 = 0,1,2, …using Schwartz inequalityfor integration and then summation, 
( 2.2) and lemma 2.3 we have 
(𝑛 + 𝑟2 − 1)

(𝑛)𝑟1(𝑛)𝑟2
�𝛽𝑛,𝑘,𝑟1(𝑥)|𝑘 − (𝑛 + 𝑟1)𝑥|𝑗 � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)|𝑡 − 𝑥|𝑢𝑑𝑡

∞

0

∞

𝑘=𝑣

 

≤
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)|𝑘 − (𝑛 + 𝑟1)𝑥|𝑗
∞

𝑘=𝑣

 

× ��� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)𝑑𝑡
∞

0

�

1 2⁄

�� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)2𝑢𝑑𝑡
∞

0

�

1/2

� 

≤ �∑ 𝛽𝑛,𝑘,𝑟1(𝑥)|𝑘 − (𝑛 + 𝑟1)𝑥|2𝑗∞
𝑘=𝑣 �

1 2⁄
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× �
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

�𝛽𝑛,𝑘,𝑟1(𝑥)
∞

𝑘=𝑣

� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)(𝑡 − 𝑥)2𝑠𝑑𝑡
∞

0

�

1 2⁄

 

= 𝑂�𝑛𝑗 2⁄ �𝑂�𝑛−𝑢 2⁄ � = 𝑂�𝑛(𝑗−𝑢) 2⁄ �, uniformly on[𝑎, 𝑏].                              (3.3) 
Therefore, by (2.2),(2.4) andlemma 2.4,we get: 
(𝑛 + 𝑟2 − 1)

(𝑛)𝑟1(𝑛)𝑟2
��𝛽𝑛,𝑘,𝑟1

(𝑠) (𝑥)�� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)|𝑡 − 𝑥|𝑢𝑑𝑡
∞

0

∞

𝑘=𝑣

 

≤
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

� � |𝑘 − (𝑛 + 𝑟1)𝑥|
�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠

2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

𝛽𝑛,𝑘,𝑟1(𝑡)� 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)|𝑡 − 𝑥|𝑢𝑑𝑡
∞

0

∞

𝑘=𝑣

 

≤ � 𝑠𝑢𝑝
2𝑖+𝑗≤𝑟
𝑖,𝑗≤0

𝑠𝑢𝑝
𝑥∈[𝑎,𝑏]

�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠� � 𝑛𝑖

2𝑖+𝑗≤𝑟
𝑖,𝑗≤0

��𝛽𝑛,𝑘,𝑟1(𝑥)|𝑘
∞

𝑘=𝑣

− (𝑛 + 𝑟1)𝑥|𝑗 � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)|𝑡 − 𝑥|𝑢𝑑𝑡
∞

0

�. 

≤ 𝐶∑ 𝑛𝑖𝑂�𝑛(𝑗−𝑢) 2⁄ � = 𝑂�𝑛(𝑠−𝑢) 2⁄ �2𝑖+𝑗≤𝑟
𝑖,𝑗≤0

, uniformly on [𝑎, 𝑏],                         (3.4) 

where 

𝑀 =  𝑠𝑢𝑝
2𝑖+𝑗≤𝑟
𝑖,𝑗≤0

𝑠𝑢𝑝
𝑥∈[𝑎,𝑏]

�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠 . 

By choosing 𝛿 = 𝑛−1 2⁄  and making use of (3.4), we get  

‖𝛶2‖𝐶[𝑎,𝑏] ≤
𝜔𝑓(𝑞)�𝑛−1 2⁄ �

𝑞!
�𝑂�𝑛(𝑠−𝑞) 2⁄ � + 𝑛1 2⁄ 𝑂�𝑛(𝑠−𝑞−1) 2⁄ � + 𝑂(𝑛−𝑚)�. 

                   ≤ 𝑍2𝑛−(𝑞−𝑠) 2⁄ 𝜔𝑓(𝑞)�𝑛−1 2⁄ �. (𝑚 > 0) . 
Since 𝑡 ∈ [0,∞) ∖ (𝑎 − 𝜏, 𝑏 + 𝜏), we can choose 𝛿 > 0 in such a way that |𝑡 − 𝑥| ≥ 𝛿 for all 
𝑥 ∈ [𝑎, 𝑏]. Thus, by lemma2.4, we get: 

|𝛶3| ≤
(𝑛 + 𝑟2 − 1)
(𝑛)𝑟1(𝑛)𝑟2

� � 𝑛𝑖|𝑘
2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

∞

𝑘=𝑣

− (𝑛 + 𝑟1)𝑥|
�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠 𝛽𝑛,𝑘,𝑟1(𝑥) � 𝛽𝑛,𝑘−𝑣,𝑟2(𝑡)|𝑔(𝑡, 𝑥)|𝑑𝑡

|𝑡−𝑥|≥𝛿

+ � � 𝑛𝑖|𝑘 − (𝑛 + 𝑟1)𝑥|
�𝑄𝑖,𝑗,𝑠(𝑥)�
𝑥𝑠(1 + 𝑥)𝑠 𝛽𝑛,𝑘,𝑟1(𝑥)

2𝑖+𝑗≤𝑠
𝑖,𝑗≥0

𝑣−1

𝑘=0

|𝑔(0, 𝑥)|. 

For|𝑡 − 𝑥| ≥ 𝛿, we can find a constant 𝐾 such that |𝑔(𝑡, 𝑥)| ≤ 𝐾|𝑡 − 𝑥|𝜎, 
where 𝜎 is any integer greater than or equal to {∝, ��𝑞}. 
Now using Schwarz inequality for integration and then for summation, (2.2) and(2.4) 
it easyfollows that 𝛶3 = 𝑂(𝑛−𝑢)for any 𝑢 > 0,uniformlyon[𝑎, 𝑏].  
Combining the estimates of  𝛶1,𝛶2  and 𝛶3,  the required result is immediate. 
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 تكامل  من نوع مؤثر باسكسكوف -تعميم عائلة المجموع

 

 و امل خليل حسين   صفاء عبد الشهيدو      علي جاسم محمد
 

 كلية التربية للعلوم الصرفة /قسم الرياضيات
 جامعة البصرة/ كلية العلوم / قسم الرياضيات

 
 

 المستخلص
بأن هذه العائلة متقاربة  برهنا أولا, تكامل  من نوع مؤثر باسكسكوف -عائلة المجموعلتعميم  قدمنا, في هذا البحث       

قشنا صيغة ڤورونوڤسكي للتقارب لهذه اثانيا ن. بواسطة تطبيق مبرهنة كورفكن للمتسلسلة الجبرية لمؤثرات خطية موجبة
 .ريةلهذه العائلة باستخدام مقياس الاستمرا تخمين الخطأدنا أخيرا أوج. العائلة

 .مقياس الاستمرارية,التقارب النقطي ,صيغة فورونوفسكي للتقارب ,لخطي الموجب مؤثر اال: الكلمات الرئيسية    
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