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Abstract

In this paper, we introduce and study a general family of summation
integralBaskakov-type operators. Firstly, we prove that thisfamily converges to the functions
beingapproximated by applying Korovkin's Theorem for a sequence of algebraic linear
positive operators. Secondly, we establish a Voronovaskaja—type asymptotic formula for this
family. Finally, we obtain an estimation of the error for this family in terms of the modulus of
continuity.
Keywords: Linear positive operators,VVoronovaskaja-typeasymptotic formula, Simultaneous
approximation,Modulus of continuity.

1. Introduction
In 1985,Sahai and Prasad [6] defined and studied the summation- integral Baskakov-
type operatorsdefined as:

PuFi0) = (= 1) ) pui0) [ pas©F x € [0,0)
k=0 0

wherep,, , (x) = (n + ]lz B 1) xk(1 + x)™ 7k,
In 1998, Agrawal and Thamer[1] introduced and studied the summation integral Phillips
Baskakov-type operators defined as:

(i) = = 1)) P [ PracOF Ot + £ Opno @)
k=1

0
Next, in 2003Srivatava and Gupta [7] introduced the summation integral Beta-type operators
defined as:

1v r
Unf ) =5 D bui) [ bua@F O, x € [0,09)
k=0 0
(Tl+k)! k —n-k—-1 _ (Tl+k)
k=11 1 +x)™" T (140 P (X).
After that, in 2005 Gupta and Dogru [3] defined the Phillips summation integral Beta-type
operators as:

where by, . (x) =

B3
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1 [
Ba(fi ) =5 D b [ b (OF@de + (14 0 (0),
k=1

0
Recently, in 2012 Mohammad and Hassan [4] were defined and studied a generalization form
of A, (f,x)as:

© © v-1
Sup(fi3) = (0= 1) D PuiC0) [ PracsCAF e+ £ Y o)
k=v 0 k=0

where v € N° = {0,1,2, ... }.

In this paper, we define and study a general family of the Phillips summation
integralBaskakov-type operators. The study of eachsequence in the above isa special case of
our study here. Our family is restrict to all these sequences and more by a suitable choice of
the values 1,7, € N°.

Suppose that C[0, o) denotes the space of all continuous real-valued functions on the
interval [0, o). The subspace C[0, o)of the space C[0, o) is defined as
Cy[0,00) = {f € C[0,0): f(t) = 0((1 +t)*), for some x> 0}.The subspace Cx[0, ) is
normed by the norm

Iflle, = sup If(OIA+)7.
te[0,00)

First, for f € C«[0, ), € N°, we define the operators B, ;. -(f; x) as:

Buer () = %IZ B @ (%) (11)
Where
Brjer(x) = %Pn,k(x);
and (x);, = {x(x1+ Dx+2)(x+3)...(x +'k -1), ll{c : ;,2, }

Note that ﬂn,k,o (x) = pn,k(x) and ﬂn,k,l(x) = lgn,k(x)-
We define the operators M,, ,, .. ., (f; x) as:

s~ DY (
Mn,v,rl,rz (fr x) = %Z ﬁn,k,rl (x)f lgn,k—v,rz (t)f(t)dt
e Z Buser, (OF (0),x € [0,0), (1.2)

where 11,7, € N° and f € C, [0, ).
Wecan write the operators M, . ., (f; x) as:

Mn,v,rl,rz (f;x) = j Wn,v(t: x)f(t)dt,
0

n+r—-1) -

where
Wi (t,3) = = ;ﬁn,k,ﬁm B, © +;a(t>ﬁn,k,r1(x>,

where 6 (t) being the Dirac-delta function.

It is easily verify that the operators M, ,, . defined above are linear positive

operators. In this paper, we study some direct results include theconvergence, VVoronovaskaja-
type asymptotic formula and error estimate in terms of modulus of continuity of the function
beingapproximated.
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2. Preliminary Results
In this section, we establish some lemmas which help us in proving the main results of
this paper. For m € N°, the m-thorder moment of the operator (1.1)is defined as

k=0

2.1Lemma.For the function T, ,,,(x), we have Ty, o(x) = 1, Tj, 1 (x) = %
Furthermore, we have the following recurrence relation for T, ,, (x):

NTpme1(x) = x(1 4+ )T pm (%) + MTy 1 (O] + 17xTy (), m = 1 (2.1)
Consequently, we have T, ,, (x) = 0(n~[(m+1/2]),

Proof:By direct computation, we have T, o(x)=1, T, ; (x) = %

To prove (2.1). It is clear that the relation is true at x = 0.
Now, for x € (O oo) we have:

Tom () = Z uer () (- x)
T nm(x) = mz B (X) (E - )
k=0

X(1+ )T m(x) = —mx(1 + x) Ty -1 (x)

i 1)r Z“‘ — (n+ 1)x] B (x) (s - x)

x(1+ x)[T mx) + anm 1(x)]

m+1

m;ﬁn,k,r(x) (;—x) - )rZﬁnkr(x)( )

From which (2 .1) is immediate.
From the above lemma, we get:

i Brjer () (k = )] = ( 02i () 2 Bur ) (5~ x)2j>
k=v

=n¥{o(n7) + O(n‘”)} (foru > 0)

G

m

= 0(n), (foru = j). (2.2)
2.2Lemma. Let the function Yom(X),n > m and m € N°, be defined as:
n+m f( )
Yn,m(x) mz :Bnkrl(x)f .Bnk vrz(t)( Z.Bnkrl (x)
ThenY, o(x) =1,

Y, (x) = ((rl —1) + Z)x +(1-v) ZZ;(l)(v -1- k),gn,k,rl (x)
VST n+r,—2 M)y +r,—-2)
And there holds the recurrence relation
[(n+715) = (M + 2) ]V me1(0) = x(1T+ 1)V 50 (x) + 2mx (1 + x) Yy 1 ()
+H(A+2x)(m+ 1) —v + (r; — rp)x]Vp ;m(x)

67
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v—1

ON k:o(k — v+ D) (=) By, (). (2.3)

Consequently for each x € [0, o), we have from this recurrence relation that

Ypm(x) = 0(n~lm+0/21),

Proof.The values of ¥, o (x)and Y, ; (x)are easily follow. We prove the recurrence relationas
follows:

x(1+ x)Y’n,m(x)

SR Zﬁm( )]ﬁnk or, (Ot = )dt

=x(1+x) —( O

() (=)™

—mZﬁnkrl(x)f B (Ot =
v—1

2N B, (=)™,
)y, £y

Now usmg the identities x(1 + x) By k., (x) = ﬁn kr1 ()[k — (n + ry)x], we obtain
, n+r,—
K[V ) + b)) = T Z Brjer, @)
[f [(k - U) - (n + Tz)t]ﬁnk vrz(t)(t - x)mdt + vf lgnk vrz(t)(t - x)mdt
Hntr) f B, (Ot = )™ + (ry = 77) ] B, ()t — x>mdt]
0 0

(x).

_(n+n-1) N r , .
- s ;ﬁn,k,rl(x) Oj £t + DB, (O(E — X)L+ DY ()

+ (n + rZ)Yn,m+1(x) + (TZ - rl)Y , - v)(_x)mﬂn,k,rl (x)

Integrating by parts, we get:
[((n—12) — (M + 2)[V 1 (0) = x(1 + x)Y 5 ()
+2mx(1 4+ )V m—1 (O[(1 + 2x)(m + 1) — v + (ry — 12)x] Y 1 (%)

D U= v+ DO e, O

- (),
k=0
From the values of Yno(x) Y, 1(x),using the indication on m, the recurrence relation above
and the fact that X325 (k — v + 1By kr, (x) = 0(1) as n — oo we can easily prove that

n,m(x) — O(Tl (m+1)/2]).
From the above lemma , we have:
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2 — 1 - 2
%Z ﬁn,k,ﬁ (x) f ﬂn,k—y,rz (t) (t — x)Zydt
1 L )

v—1

1
= Yy 2y (x) — . By, X)(=x)** =0(n7)+0(n™)
1 k=0

= O(Tl_y),u = Y (24)
Now usinglemma 2.2 we get that M,, ,, . ,,(t™, x)is a polynomial in x of degree exactly m for
all m € N°,Further we can write it as:

Iy (&m )_(n+r1+m—1)!(n+r2—m—2)! m
norre b X = m+rn-D'(n+r,—2)! X

n+r+m-2)(n+r,-m-2)!

_l_ -
m(m = v) n+r,-D!'n+r,—2)! x
+0(1) (2.5)
2.3 Lemma Let §, y be any two positive real numbers and[a, b] (0, ) we have:
W, (x, )tV dt =0(n™), u=123,..
|[t—x|=6 C[a,b]

Making use of Schwarz inequality for integration, summation and (2.4), the proof of the
lemma easily follows.
2.4 Lemma There exist a polynomials Q; ; s (x) independent of n and k such that

ds i .
G+ [Brier, @] = ) i G = (4107016, O,

dsx L
2i+j<r
i,j=0

3. Main Results

In this section we study the rate of pointwise convergence of an asymptotic formula and an
error estimation in terms of modulus of continuity in simultaneous approximation for our
operators .
3.1 Theorem Let f € C,[0, ), > 0 and f© exists at a point x € (0, o), then
M), (f,6) = FO @) + o(1asn — oo. (3.1)
Further, if £ exist and is continuous on (a — I', b + I') c (0, ), I > 0,then (3.1) hold
uniformly in[a, b].
Proof By Taylor’s expansion of f, we have

N

®
F0 =YD it e -

i!

i=0
where e(t,x) > 0ast — x.
[ee]

MS) o (fx) = f WS (t,x) f(t)dt
0
s f(i)(x) b ' 0
=z—. f Wos (%) (¢ = x)'dt + f WS (t,x) e(t, %) (t — x)°de
i! ' g
i=0 0 0

= }[1 + }[2.
First to estimate #; using binomial expansion of (t — x)%, and lemma 2.2, we have:
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3, zf(ﬂ(x)z(l )i ]f (S)(t,x) o dr

_f(s)(x) (n+r1+s—1)!(n+r2—s—2)!
B ( n+r—-D!'n+r,—2)!

s!

s!

+ terms containing lower powers of x)

Using lemma 2.4, we obtain:

I7,] < Z ni |Qijs(0)| (n+71;— DZﬁn,k,rl(x)Kk

S S
e AT 0y, &

i,j=0

— (0l f Bs—om, (1) et )1t — x°dt
0

1 ; Q)| < - s
On zz,n mkzoﬁmk,ﬁ 09|k = (n+ )20, D)l

i,j=0
= H3 + H,.

Since e(t,x) —» 0 ast — x, then for a given € > 0 there exists § > 0 such that |e(t,x)| < ¢
whenever 0 < |t — x| < §.For |t — x| = §,there exists a constant C > 0 such that

le(t, x)(t — x)sl < C|t — x]|".

15 S 0 B 0 I~ kx| | Busor@le - xlode

2i+jss  k=v |t—x|<8
i,j=0

+ f Brj—vr, (Nt — x|Vdt p: = Hg + He.
|t—x|=6
Where
|Qijs()|
2i4j<r X5(1 + x)S
i,j=0
Now, by applying the Cauchy-Schwarz inequality for integration and summation respectively,
we have :

) ) 1/2
. 1 .
Hy<eC ) n kz Brser, () (sz Brser, @) [k = (1) + x|21>

2i+j<s
i,j=0

=:M(x) =C,x € (0,00)

- 1/2
n+nr,+1)

(n)n (n)rz kzvﬁn,k,rl (x) Of ﬁn.k—v,rz () (t — x)?5dt

Using (2.4), we have:
Hs < eC 0(n~5/2) Z n'o(n/?) = e0(1).

2i+j<s
,j20
Again using the Schwarz inequality for integration and then for summation, in view of (2.2)
and (2.4) we have :

70



Journal of Basrah Researches ((Sciences)) Vol.(40),No.(3) A ...... (2014 )

;(n+r+1) > .
He < C z n m;ﬁnk,rl(@lk—(n‘l‘ﬁ)xl’

2i+j<s
i,j20
1/2 1/2
X j ﬁn,k—v,rz(x)dt j ﬁn,k—v,rz(x)tzydt
[t—x|28 |t—x|=6
1/2
<c ) m (( ) Zﬁnkrl(x>|k—(n+r1)x|21)
2itj<s 1
i,j20
- - 1/2
f(n+r,+1)
xn' —ZZ ﬁn,k,rl(x)jﬁn,k—v,rz(x)tzydt
My, 2
=v 0
Ho= Y no(W/2)o(n/?) = 0(n7%) = o(1).
2i+j<s
i,j20

Thus, due to arbitrariness of € > 0, it follows that #5 = o(1). Also H, — 0 as
n — oo and hence #, = o(1). Collecting the estimates of H; and #,,we have
M), (f,6) = FO @) + o(Dasn — oo.
To prove the uniformly assertion, it is sufficient to remark that §(&) in above prove can be
chosen to be independent of x € [a, b]and also that the order estimates holds uniformly in
[a,b].
3.2.Theorem
Letf € C,[0,0), y > 0. if f6+2) exists at a point x € (0, o), then
lim n[M®, . . (f,x) = fO @] = [s(s + D + (s = D — )P (%)

n—00

+x@2s+24+r—-1)+ G —v+DfFEDX) +x1+0)fS ().  (3.2)
Further, if £©*2 exist and is continuous on (a — I',b 4+ I') c (0,0), I' > 0,then (3.2) hold
uniformly in [a, b].

Proof .Using Taylor’s expansion of f, we have
S+2

)
Fo= > B i e e -0,
i=0
where e(t,x) > 0ast - xand (t,x) = O(t — x)¥,t > o fory > 0.

n[M(S)n,v,rl,rz (fr x) - f(s) (x)]
S+2 0
_ n[; %[ WS (t,x)(t — x)idt — FO (x)

+ f W) (t, ) e(t, %) (¢ — x)“*”dt] =Y, + ¥,

p, = Zf(l)(x)za )z ]f Wn(f;) (t,x)tidt _nf(s)(x)

f (S) (x) [
S
FED (%)
(s+1)!

M(S)n,v,rl,rz (ts'x) - (5!)]

‘I’l[(s +1) (_x)M(S)n,v,rl,rz (t5,x) + 1\/[(5)71,1,‘71’,«Z (ts*L, x)]

n
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+

D) [(s+2)(s+1)
sz(S)n,v,rl,rz (t(s); x)

G+l " 2
+ (s +2)(0OMS, 0 (E5D,x) + MO, (E6FD, x)]

By (2.5), we have

v, = nfO(x) [(”

+r+s—1D!n+r+s—1)!
n+rn—-1D'n+r,—2)! B l

FED(x) m+rn+s—DIn+nr+s—2)!
T T [(5“)(_") mtrn—Dintr-2 >
m+r+s—D!n+r,+s—2)!
n+nrn—-1D'n+r,—2)! (s+Dix
nm+rn+s—D!'n+r+s—3)!

n+nrn—-1D!'n+nr—-2)!

+(s+1)(s+1—-v)s!

O [(s+ D (s +2) ,(n+r+s—Dn+r,—s-2)! |
s +2)! 2 T =D+, - 2)!
n+r+s)l(n+nr,—s—3)!
(n+nr+s)(n+rn )(s+1)!x
n+r,—-D!'n+r,—2)!
nm+r+s—D!n+r,—s—3)!
n+rnn—-1D!n+r,—-2)!
+Dx’(m+r+s+D)(n+r,—s—4)!

2 nm+nr—-D!'n+nr—2)!
n+r+s)!(n+r,—s—4)!
n+nrn—-1D!'n+r,—2)!

In order to complete the proof of the theorem it is sufficient to show that ¥, — 0 as
n — oo by follows proceeding along the line of the proof of Theorem 3.1.
To prove the uniformly assertion, it is sufficient to remark that §(¢) in above prove can be
chosen to be independent of x € [a,b] and also that the order estimatesholds uniformly
in[a, b].
3.3Theorem.

Let f € C,[0, o) for some &> 0 and s < g < s + 2. if f@ exists and is continuous
on(a—1,b+ 1) c (0,00),T > 0, then for sufficiently large n,

+ (s + 2)(—x)

+(+1D(s+1-v)s!

+(+2)(s+2—-v)(s+1D!x

+ o(1).

“M(S)n,v,TpTZ (f; X) - f(S) (.X') “C[a'b]

q
<Zn?! Z||f(i)||c[a "~ Zn V2w, ) (n—1/2; (a—1,b+ T)) +0(n7?),
i=s

where Z, Z, are constants independent of f and n, w¢(6)is the modulus of continuity of f on
(a —7,b + t)and||. || ¢[q,») denotes the sup-norm on [a, b].

Proof.By a finite Taylor’s expansion of f, we have :
q

0 @) — @
fo =y P -0+ P 6 e + g0 (- 0),
i=0

where I' lies between t and x, and ¢(t) is the characteristic function of the interval
(a—1,b+1).
Fort € (a—1,b+ 1)and x € [a, b], we get
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LIG! @y~ f@
f(t)=zf i!(x)(t—x)‘+f ( )q!f (x)(t—r)q.
i=0

Fort € [0,) \ (a —T, b + 7)and x € [a, b], we define

9(t,x) = £(£) = £, o (¢ — )1, now

i!

@ () [
M (F%) = fO(x) = Zf (x )f W, (6 x) (t —x)idt — £ (x)

o0 (@) (@)
+f W(S)n’v(t,x) i b & )( t—x)(t) |dt
0 q!

+ fooW(s),w(t, x) g(t,x)(1— p(0))dt.
0

=N +1;+ 1.
By usmg (2.5), we get

f(l)(x) m+n+j—-Din+r,—j—-2) .
Yl_z z<l> r( m+rn-D'(n+r,-2)! x
i — 2)I — _2|
e et

IYillcra,p) = Zin™" 2i_ ||f(‘)|| T O 2)unlformly on[a, b].
Next, we estimate Y, as

|f(q)(l“) — f(q)(x)|
q!

¥, < f W, 6] It — x|99(0) |dt

w4 (5)
f; f|W(S>m,(t )|<1+| = I)It—x|th

OJf(q) (5)
q!

n+r—-1)
(MW, (n)r2

Z ﬁn,k,rl(x) j ﬁn,k—v,rz Ot —x|? + 57t — x|9Ddt

+ o Zﬁnkrl (1l + 5 1|x|q+1)]

Now, foru = 0,1,2,. usmg Schwartz inequalityfor integration and then summation,
(2.2) and lemma 2.3 we have

=1 c . e
%Z Brir1 () — (n+1r)x|! f Brk—vr, (|t — x|*dt
%z Brjer, )k — (n +1)x|/

1/2 1/2

jﬁn,k—v,rz (t)dt jﬁn,k—v,rz (t)(t _x)zudt
0 0

1/2

< (ZFe0 Bk, @Ik = (0 + 1))

13
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- . 1/2
n+r—-1) nzs
(n)rl(n)rz ;ﬁn,k,rl(x)b[ .Bn,k—v,rz ®)( —x)*°dt
= 0(n//2)0(n"%/%) = 0(nYU~%/2), uniformly on[a, b]. (3.3)
Therefore, by (2 2),(2.4) andlemma 2.4,we get:
n+r,—-1) s) "
leﬁnm( )Uﬁnk v, @)t — x|*dt
< n+mr— 1) z k= (n + x| |Qijs()|

S Bk © | Buear, O =2l
0

(n)rl (n)rz = 2T7%s
i,j>0

.. (x .
<| sup sup M z n' Z,Bn,k,rl(x)lk
k=v

xS(14+x
2i+j<r x€[a,b] ( ) 257<r
i,j<0 ..
i,j<0

- (n + rl)xlj f lgn,k—v,rz (t)lt - xludt)-
0

< € Yoirjer n0(nU=W/2) = 0(ns~/2), uniformly on [a, b], (3.4)
i,j<0
where

|Qijs()|
M= sup sup —————
21+J?<9rxe apb xs(1 +x)s

i,j<0
By choosing § = n~/2 and making use of (3.4), we get
-1/2
@
Iz llcra,p) < “re ( ) [0(nG=9/2) 4 n'/20(nls~a71/2) 4 0(n™™)].

< Zzn‘(q S)/Za)f(q)(n 1/2). (m > 0) .
Since t € [0,0) \ (a —7,b + T), we can choose § > 0 in such a way that |t — x| = & for all
x € [a, b]. Thus, by lemmaz2.4, we get:

n+nr—1 - )
TPt S
(n)rl(n)rz k=v 2i+j<s
i,j=0
1045
—(nt Tl)XI xs(ll]:- x)S 'Bn,kﬂl (x) f :Bn,k—v,rz (t)lg(t: x)|dt
|t—x|=8
v—-1
i |Qi,j,s(x)|
+ Z Z n'lk — (n + x| —xs(l n x)sﬁn.k.rl(x) 1g(0,x)].
k=0 2i+j=<s
i,j=0

For|t — x| = &, we can find a constant K such that |g(¢t,x)| < K|t — x|°,

where o is any integer greater than or equal to {c,q}.

Now using Schwarz inequality for integration and then for summation, (2.2) and(2.4)
it easyfollows that Y; = 0(n™%*)for any u > O,uniformlyon[a, b].

Combining the estimates of ¥;,Y, and Y5, the required result is immediate.

T4
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