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Abstract.
In this present paper, we define g-Analogue sequence of Szasz-Mirakjan
Operators Ry, ,(f,x) and introduce some direct results of these operators. First, we

show that this sequence of operators R, 4(f,x) converges to f(x) as n tends to oo.
Also, we defined the m*" order moment T, ,,(x) for R, ,(f,x) and we then find a
recurrence relation for T, ,,,(x). Finally ,we find and prove a Voronovskaya —type
asymptotic formula of this operator.

Keywords: g —Szasz-Mirakjan Operators, linear positive operators, m*"* order
moment and VVoronovskaya — type asymptotic formula.

1. Introduction
In 1987, Lupas [2] introduced and studied the first g-analogue of Bernstein
operators Which is defined as:

B(f, ;%) = Z [, 21 =05 "f({ }‘*)

0<x<1and q € (0,1).

In 1997, Rempulsa and Skorupka [5] introduced and studied new four sequences

of linear positive operators which are

0= aner (),

k=0

1205 = zz ans @) | f@de,
Ink

Lgf)(f; x) = .f(—o) + Xi=0 bn e (X f (2k+1)

(1+sinh (nx))
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(4) f(0) n 2 j
L : — : + — b t)dt.
_ 1 (nx)2k _ (nx)2k+1 _
where an'k(x) cosh(nx) (2k)! ' nk( )= (1+smh(nx)) Qk+1)!’ x € [0, ), In,k -
%,Zk:z] I = [2k+1 2k+3] neNandke N,

In 2006, Aral and Gupta [1] introduced and studied g-generalization of
Szasz-Mirakjan operators defined as:

B X - ([n]x)k [k]!bn
Sa(f)(x) = E, <—[n] ) [k]'(bn)"f< [n] >

~—, b, isa sequence of positive numbers such that lim,,_,, b, = 0.

In 2010 Salman [3] introduced modifications for the operators, L(’U A=
1,2,3,4 and studied VVoronovskaya theorem for these modifications.

We mention some basic definitions and notations used in g-calculus, details
can be found in [4] and [7].
14 1,2 0
1_q) (n_ ))"')) []q_
[n],!:=[1],4[2]4 ... [n], forn € N, and [0]! = 1.

H %

k [n— k]!

(t— x)g = (t x)q(t —qx)q(t —q*x)q ... (t — q"71x),.

The g-derivative of a function f(x), denoted by D, f, is defined by

(Dg f)(x) = % # 0, and the higher g-derivatives as DJf := f,
Dif :=Dy(DF1f), (n=12,..).

The formula for the g-derivative of a product and quotient are

[n]q =14 q+qnl=

Da(f(x)g(x)) = f(qx) Da(g(x)) + g(x)(Dg £ (x)) (1.1)

(f (x)> _9(qx) Dg f(x) — f(qx) Dg g(x)
D = : (1.2)

g(x) 9(x)g(qx)

The g- analogue of the classical exponential functlon e* is

x _ x¢ 1 k(k— 1)/2 1 o
%= ; [ O+ =00 Z " = - -0
where (1 —a)? = (1 — qja) .

-l

The g-derivative of exponential function is defined by D,eg* = [nleg™, Dy E§* =
[mIES™.
The q-analogues of the hyperbolic functions (see[7]).

" [] B +eqnx z[nZk 2k
coshg(In]x) = 2/,
[Tl 2k+1 2k+1
sinhy([n]x) = Z 2k + 11,1
sznhq([ nlx) eq
tanhq([n] X) cosh ([ nlx )_ lex+eq—nx
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In this paper, we introduce a new sequence of g- Szasz-Mirakjan type
operators to approximation a function f(x) which belongs to the space
Cel0,0) = {f € C[0,0):|f(t)| < Ce,(ax) for some C,a > 0 and q, € (0,1)} as:

0

2k
Rn,qn(f, X) = Z an,k(qn'x)f <%> (13)
= 1 [‘: k2

where ay ;(qn, x) =

coshg, ([n]x) [2k]4,,

We show that the sequence Ry, ;(f, x) converges to the function f(x) as n tends to oo
by applying the Korovkin's conditions [8]. Also, we define the m™ order moment
T, m(x) for the operators R, ,(f,x) and then find a recurrence relation for T, ,, (x).
Finally ,we find and prove a VVoronovskaya —type asymptotic formula of this operator.

Now, we begin to state some properties of the g- hyperbolic functions.
Lemma 1.1.
Forn € N and x € (0,0) we have

[) Dy coshg([n] x) = [n] sinhy([n] x); (1.4)
it) Dy sinhg([n] x) = [n] coshy([n] x); (1.5)
iit) Dy tanhg([n] x) = [n](1 - tanhg([n] x) tanhy([nlq x)). (1.6)
Proof:

Using (1.1), (1.2) and the direct computation, the above results follow
immediately.
The next lemma gives us some properties of the weight functions a,, (g, x) of
q —Szasz-Mirakjan Operators.
Lemma 1.2:
For x € (0,), we have:

1) Z an,k(qnl x) =1
k;O
2) ) anuldn 02Kl = [nlg,x tanky, ((n]);
k;O
3) D ani(@n DI2KTE, = [l ¥ tanhq ([n] ¥) + qulnl,

Proof:
By direct computations ,we get :

1) Z an,k(qnl x) =1
k=0

2) ) ang(an ) [2k]g,
k=0

2k 2k
=cosh (n]x)z 2k]q [2klq,
Zk 1 Zk 1

- cosh ( n]x) Z 2k —1]g,!

2k+1.,.2k+1
[]Qn 0 ]Qn x

~ Coshg, (Inlx) k=0 " [2k+1],, |
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_nlg, x
B coshg ([n]x)
= [n]g, x tanh, ([n]x).

3) ) anlqn ) [2k12,
k=0

sinh, ([n] x)

2k 2k

- cosh, ( [n]x) z Zk]qn [2Kk]g,
n]2k-1y2k-1
- cosh ( n]x) z 2k — 1], [2klq,
Usmg the fact [2k], =1 + q[2k — 1]q ,we get
n]2k-1y2k-1
kZOa"'k(q"'x) [2Klg, = cosh ( n]x) z 2k — 1],
[n]qn [n]Zk 2,.2k-2
I Coshg, (ml) £ [2k ~1l,, [2k = e,
[n]q x « [n]ék+1x2k+1 2k 2k
- coshg, ([n]x) & [2k +1],, ! cosh ( n]x) z Zk]q
= [nlg, x tanhy ([n] x) + qn[n]Z x> O

The next theorem shows that, the convergence for the operators Ry, , (t, x)
to the function being approximated.
Theorem 1.1.
For any f € C,[0,0), we have R, , (f,x) = f(x) asn — .
Proof :By using Lemma 1.2 and direct computation, we get

DRpg (1,x)=1 (1.7)
[[)Rpq,(t,x) = xtanh, ([n]x) > x asn - o (1.8)
{ii) Ry, (t%,x) = ﬁx tanh,([n] x) + qx* = x* asn -

an
o0, (1.9)o
Lemma 2.2:

For the weight functions a,, ;. (g,, x), we have the following properties:
i) xan an,k (Qn' x)
= [2klq, ank(qn, x) — [nlg, x tanhy, ([n]x) ank(qn, gnx);  (1.10)
ii) Suppose that @, (g, X) = Xk Anxk(qn. x)[2k]7 then,
(Z)n,m+1(qn' x) = xan Q)n,m(an x) +[n]qn X tanhqn([n]x) Q)n,m(an qnx)- (1.11)
Proof: Using (1.2), we have:
1 [n]2kx2k

coshg ([n]x) [2k], !

i) an,k(qnl x) =

an An k (Qn; x)

_ [nlFE [ coshg, ([nlgnx) [2k]q, x** 7 = (gnx)**[n]y, sinhg, ([n]x)

B [2k],,, ! ( coshg ([n]x) coshg, ([n]q,x) )
[n]2F[2k]g, 2 1 [n]25(gnx)?*[nlg,

coshy, (M) (2K, 1 coshy (lgns) [2k], 1 a2

[2k]q

an An,k (qnl x) =

an An k (Qn; x) = = Ank (an x) — [n] an tanhqn([n]x) An k (an an)-
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Hence,
X Dg, ank (qn, x) = [2k] qn Ak (qn,x) — [n] anX tanhqn([n]x) n,k (Gn> qnx). O
Now, we are going to prove (ii) by using the previous property (i) as:

Dy Oum(@n¥) = ) Do, (G, W21,
k=0

Xan Q)n,m(anx) = Z an.k(Qn-x) [Zk]mjl
k=0

~ [l ¥ tanhg, ((11) ) an s (Gn, qu) (2415,
k=0

(Z)n,m+1(qn' x) = xan Q)n,m(an x) +[n]qn X tanhqn([n]x) Q)n,m(an qnX). a
2- The m™ Order Moment for R, (f, x).
For m € N, the m™ order moment of Ry q,(f x) is denoted by

Tn,m(x) = Rn,qn((t - X)Z:l; x) = Z an,k(qnl x)(t — x)gfl
k=0

Theorem 2.1:
For the function T, ,,(x), we have

1) Tholx) =1 (2.1)

2)T,1(x) = x tanh,, ([n]x) — x (2.2)

DT (x) = ﬁtanhqn([n]x) — [2],,x% tanh,, ([n]x) + 2q,x°. (2.3)
dn

Proof:

Using Theorem 1.1 and direct computation we get:

l)Tn,O(x) =1

Z)Tn,l(x) = Rn,qn(t; x) — an,qn(l; x)
= x tanhg, ([n]x) — x

3)Tn,z (x) = Rn,qn(tZ; x) — anRn,qn (t;x) — an,qn(t; x) + anan,qn(l; x)
X
= tanhg ([n]x) + g x* — q,x* tanhg, ([n]x) — x* tanh, ([n]x) + g, x*

[Tl] An

= Ltanhq ([n]x) — [2]4,x? tanh, ([n]x) + 2q,x>.
[n]qn n n n

Furthermore, for m > 1, we have the following recurrence relation
[n]qn Tn,m+1(x) = Xan Tn,m(x) - [n]qnq;lnx Tn,m(x)
+ [n]q,x tanhy, ([n]x) T m(gnx) + ([m]x
— [n]g,x*tanh,, ([n]x)(1 = q7") Tnm-1(qnx). (2.4)
To prove result (2.4) using the identities (1.1)and (1.10), we have

XD, Tom () = ~[m1x ) (@, 0u) (¢ = P+ ) (6 = 207Dy (s )

k=0 k=0
xDg, Tpm(x) + [m]x Ty m—1(gnx)

= Z([Zk]qn an,k(Qn; x) - [n]qn X tanhqn([n]x) an,k(an qnx)) (t - X)Z,ll
k=0

Using the following facts
(t =07 =t —x)g(t — g7 = (t —q)F —x(1 — q™)(t — )7~
we get,
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[e¢]

XDy Tam () + (1T 2 (4) = [l D @G, (& = g) (¢ = )™

k=0
0

[l R ) G, 0) (£ = 0™ = [l ¥ tanhg, (1) Y an (@, 40)
k=0 k=0

(= Gu)™ + []g, x* tanhg, (1) (1 = G D @ (n, )t = gp)™
k=0

xDg, Tnm (%) + [M]x Ty m_1(qnx) = [nlg, Tnms1(x) + [nlg, qn xTrnm(x)
—[n]q,x tanhg, ([n]x) Ty (qnx) + [n]g,x*tanh,, ((n]x)(1 = g7 Ty m—1(qnX)
Hence,
[n]qn Tn,m+1(x) =X an Tn,m(x) - [n]qnq;lnx Tn,m(x)

+ [n]g, x tanhy, ([n]x) Tym(qnx) + ([m]x

— [n]g,x*tanhg, ((n]X)(1 — q7*)) Trm-1(qnx).
This completes the consequence (2.4). |

3. Voronovskaya type-asymptotic formula.
The next theorem gives the error that occurs by the approximation of the
function f to the operator R,, , (f,x) . It turns out that the degree of approximation is

O([n]™).
Theorem 3.1. Let f € C,[0,0), and DZ f(x) exists and be continuous at a point
x € (0,), then
X .
lim[nlg, (Rnq, (f3 %) = () = 5 (x). 3.1)

Proof. By q —Taylor’s formula for f, we have
1

f@© =)+ Dy, f)(E—x) + 2 =D, f)(t — )7,
qn*

+ &g, (& x)(t —2)2 (3.2)
where g, (t;x) > 0ast — x.
Using (2.2), (2.3) and (3.2), we get

Rn,qn(f(t)r x) = f(X) + anf(x)Rn,qn((t - x), x)
1 2 2 . 2
+ an!DCInf(x)Rn'Qn((t - x)Qn' x) + Rn,Qn (EQn(t’ X) (t - x)Qn' x)'
Using Theorem 2.1, we get

Rpg, (f (), x) = f(x) + Dy, f () Ty 1 (x) + 271
an*

+Rn'Qn (EQn (t’ x) (t o x)én’ X)
lim [nlg, (Rpq, (f: ) = F()) = lim[nl,,, (Dg, f()T1(0)) + lim ],

Dg, f () T2 (x)

X ([2]1%! D§.f(X)Ty (x)) + lim [n]g, (Rn,qn(eqn(t; x)(t — x)zn,x))
lim ], (Rnq, (s 2) = £()) = £ GO lim [n], x(tanhy, ((nlx) ~ 1)

4= 1) imlnl,, <—[n’]‘ tanhg, (In]x) — (121, tanhy, ((n]x) — 2q,) x2>
dn
+7111_I>If}o [n]g, Engq, (x).

Hence,
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x " .
Tlli_l;?o[n]qn(Rn,qn(f; x) — f(X)) =§f (x) + }ll_rgo[n]ann,qn(x)-
To complete the proof of our consequence it is sufficient to prove that
lim[n], E,q (x) = 0.
n—-oo

Now,

g () = Ryg, (g, (60t = 02,6) = D @G %) £, (6:1)(t = 003,
k=0
Now, we show that lim[n], E,, (x) =0
n—-oo

g Egn 0] < [1lg, D niclan, ) [eq, (60t = 002,
|[t—x|<8
+inl,, Z i (G %) |0, (6 ) (E = 22, |
[t—x|>8
Let [n]ann‘qn(x) = 11 + 12.
Since g, (t;x) = 0 as t — x, then for given £ > 0, there exists a § > 0 such that
|eq, (6 x)| < & whenever 0 < [t—x| < §

I < [nl,, Z i (G 1) |, (6 ) (E = X2, |
[t—x|<8

<efnly, ) aneldn ) (6 =23,
[t—x|<8
< e[nly,, Tn ().
Since € > 0 is an arbitrary real the number , it follows that
I, =0(1)asn — oo.
If |t —x|> 6,then |eqn(t; x)(t — x)§n| < M|t — x|g, for some constant M > 0

I < [nl,, Z i (G %) |, (65 ) (= X2, |
[t—x|=8

<[lgM ) (g 0l = 215,
|t—x|=8
By the Holder's inequality, we have

1/2
Izs[n]an< > an,k(qn,ao) (Z an,k<qn,x)|t—x|3f:)
[t—x|=8 [t—x|28

1/2

1/2
< [n]an( Z an,k(qn:x)lt —x|3n)

|[t—x|=8
1/2
< [n]g,M|Tpa()| .

By the direct computation and (2.4) we have
To3(x) = qax®(tanh, ([n]x) — 1) + qu[3],, x> (tanhy, ([n]x) — 1)
2

o (ga(1 + [21,,) — [314,)

",
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Tn,4 (x) = an4(2qn

[n]
+ ([51,

L1
[n]Z,

+ — ! —5—x tanhy([n] x)

[ ]Qn

S]q + Qn - ZCIn[4]
+—x3(qn(1 +[2],, + [3] qn) tanh, ([n]x)
an + @7) tanhy ([n] x) —
xZ(Qn([Z]qn(l + [Z]qn) + 1) - [4]q

tanh,, ([n] x))

. tanhqn([n]x))

I, = 0(1) as n — oo. Combining the result of I, and I,, our theorem is hold. O
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