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ABSTRACT 
In [6] Micchelli had introduced a technique of iterative combination to improve the 

order of approximation by Bernstein polynomials. In the present paper, we have used his 
technique to improve the order of approximation by a new sequence of linear positive 
operators introduced by Agrawal and Thamer in [2] called the integral Baskakov-type 
operators.  

 

1. INTRODUCTION 
Agrawal and Thamer [2] introduced a new sequence of linear positive operators nM  

as given below: 

Let 0>α  and { }0 somefor )1()(:),0[:),0[ >+≤∞∈=∞∈ MtMtfCfCf
α

α . 

Then, 

∑ ∫
∞

=

∞
−

− ++−=
1 0

1,, )0()1()()()()1());((
ν

νν fxdttftpxpnxtfM
n

nnn ,       (1.1) 

where  νν
ν

ν

ν −−+






 −+
= n

n xx
n

xp )1(
1

)(,  and ),0[ ∞∈x . 

The space ),0[ ∞αC  is normed by ),0[,)1()(sup:
0

∞∈+= −

∞<≤
α

α

α
Cfttff

t
C

. 
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)(tδ  being the Dirac-delta function. 

The order of approximation by the operators (1.1) is, at best )( 1−nO  whatsoever 
smooth the function may be. Therefore, in order to improve the rate of convergence )( 1−nO  
by these operators, the technique of linear combination introduced by May [5] and Rathore [7] 
has been used [3]. There is yet another approach for improving the order of approximation, 
which was offered by Micchelli [6] by considering the iterative combinations 

k
nkn BIIU )(, −−=  of the Bernstein polynomials nB , where Nk ∈  (the set of positive 

integers). He proved some direct and saturation results for these operators knU ,  using semi-
group method. Agrawal [1] obtained an inverse theorem in simultaneous approximation for 
the operators knU , .  
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In the present paper, we have considered Micchelli combination for the operators (1.1) 
and proved some direct results concerning the degree of approximation.  

The iterates of the operator nM  are defined by  

IM n =0  and )( 1−= k
nn

k
n MMM , Nk ∈ . 

Now, we define the operators ),0[),0[:, ∞→∞ ∞
CCL kn α  (the class of infinitely 

differentiable functions on ),0[ ∞ ) as: 
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Let Nm ∈  and ∞<<< ba0 , for sufficient small values of ,0>η  the m-th order 

modulus of continuity ]),[;,( bafm ηω  for a continuous function f  on the interval ],[ ba  is 

defined as: 
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where )(xf
m
h∆  is the m-th order forward difference with step length h . For 

]),[;,(,1 bafm m ηω=  is written simply as ]),[;( baf ηω  or ]),[;,( baf ηω . 

Throughout this paper, we denote by ],[ baC  the space of all continuous functions on 

the interval ],[ ba , 
],[

.
baC

 the sup-norm on the space ],[ baC , ∞<<<<< 12210 bbaa , 

2,1,],[ == ibaI iii  and C  denotes a constant not necessarily the same in different cases. 

 

2. PRELIMINARIES 

In the sequel, we shall require the following results: 

For ),0[ ∞∈ αCf , 0>η  and Nm ∈ , the Steklov mean mf ,η  of m-th order 

corresponding to f  is defined by: 
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Lemma 1 [8]. For the function )(, tf mη  defined above, we have  

(a) )(, tf mη  has  derivatives upto order m  over 1I ; 

(b) mrIfCf r
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where sCi '  are certain constants that depend on i  but are independent of f  and η . 

Let the m-th order moment for the operators (1.1) be defined by: 

∑ ∫
∞

=

∞
−

− +−+−−=−=
1 0

1,,, )1()())(()()1();)(()(
ν

νν
nmm

nn
m

nmn xxdtxttpxpnxxtMxT . 

Lemma 2 [2]. For the function )(, xT mn , there follow 
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Lemma 3. [3] Let δ  and γ  be any positive real numbers. Then for any 0>m  we 
have: 
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Lemma 4. There holds the recurrence relation  
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Hence, the equation (2.1) is immediate.             ■ 

Lemma 5. For every ),0[ ∞∈x , we have 
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where ( )[ ]2/1+m  denotes the integer part of 2/)1( +m . 

 

Proof. We prove (2.2) by induction on p . For 1=p , the result holds from  Lemma 2. 
Suppose the result is true for p , we shall prove it for 1+p . Now, 
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Therefore, by the induction hypothesis, we obtain the result (2.2).                   ■ 

Lemma 6. For m-th order moment ( Nm∈ ) of the operators knL ,  defined in (1.2) we 
find that 
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Proof. We prove by induction on k . First, for 1=k , the result follows from Lemma 2. 

Suppose the result is true for k , we shall prove it for 1+k . 
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Hence, the required result follows.                              ■ 

 

3. MAIN RESULTS 

First, we establish a Voronoskaja-type asymptotic formula for the operators knL , . 

Theorem 1. Let ),0[ ∞∈ αCf . If )2( k
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where ),,( xkiQ  are certain polynomials in x  of degree at most i . 
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Further, if )12( −k
f  exists and is absolutely continuous over the interval ],0[ b  and 
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Since, 0>ε  is arbitrary, thus 02 →∑  as ∞→n . Combining the estimates of 1∑  and 2∑ , 

we obtain (3.1). 

The equation (3.2) can be proved along similar lines by noting the fact that  
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By Lemma 6, we get )(3
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Proceeding as in the estimate of 2J  and taking account of the fact that ],[ dcx ∈   
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By (1.2) and (2.2), we have 
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Finally, applying Goldberg and Meir's [4, p.5] property, we obtain the required result. ■ 
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Now, choosing km ≥  and 
2/1−= nη  in the estimates of 1∑ , 2∑  and 3∑ , the result follows.    

                                            ■ 
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 المستخلص
ف��ي البح��ث  0مایكلي قدم تقنیة التركیب التكراري لتحسین رتبة التقریب بواس��طة متع��ددات ح��دود برنس��تین [6]في   

الح��الي، اس��تخدمنا تقنیت��ھ لتحس��ین رتب��ة التقری��ب بواس��طة متتابع��ة جدی��دة م��ن الم��ؤثرات الخطی��ة الموجب��ة والمقدم��ة م��ن قب��ل 
  .باسكاكوف التكاملي -نوعوالمسماة مؤثر  [2]أكروال وثامر في 

 


