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Abstract

This paper introduces and studies a generalization of Baskakov-Beta
operators, denotes it by 5. .{f:x), where » € N° (A the set of nonnegative integers).
First, we show that 3., {f:+} is an approximate process for f (x} as n — » where
r & N, Next, we dlSCUSS a Voronovaskaja-type asymptotic formula for 5., (f:x).

Flnally, we present a theorem wh1ch gives us an estimate of the degree of
approximation by the operator 8. ,{#: x .

1. Introduction

In the resent paper, we assume that f is a constant not necessarily the same in
different cases.

For fec [0y = {f 2 clo o) IF{0)] £ M1 = 0)% for some M = 0. '« » 0}, Gupta [2, 3]
defined the Baskakov-Beta operator 5,{f(r):x} as:

o8
R . SN & Tt sy
B ifithx) = E P lx) ’ 5, (tf(edr,

i &

where
E fa"
; fn—k— 1y .. \ ek . 1
polvd =) L ) L - )T .= . T T = o
. E P L"E) e F -
Pl JY 5 N £ s
e TR ny (k=10 (=10
and Bk n) = — — =
Fin—=k) fn=—w—13!

Recently, many researchers defined and studied deferent sequences of linear
positive operators. The results were found for these operators (i.e. order of
approximation, Voronovaskaja formula and the estimate of the degree of
approximation) are similar. For some important contributions in this directions, we
refer here to [1, 4, 5].

In this paper, we define and study the following family of of Baskakov—Beta
operators:

B, {fithyl= Y Roplx) } Bo oo ifinide o & N7,

a

Y

Clearly 5, ,{f( ’*" V)= 5,«; (fit):x) whenever p =0
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Actually, the operator 5, .{f{¢): x) can be written as:

£

B, (flta) = | W, ,(rx0f(ndr,
where the kernel W {re) =3V p, . n;? x<plE)
The norm [ .1 on the space .. [0 ) is defined as:
il = sup ﬁ““ Ll =17
First, we give a theorem shows that 5.°,(f:x) is an approximate process for

F{x)as n — = Then, we discuss a Voronovaskaja -type asymptotic formula for the
operator S (#:x). Finally, we present a theorem which gives us an estimate of the
degree of approximation by the operator 5, ,{f: x).

2. Basic Results
For = 2 A%, the m-th order moment of the Baskakov operators is defined
by the function

Apwldd= ) p o {)i——x] .
L /

3
g &

Lemma 1.1 [6].
For the function #,,.{x}, we have /, (x) =1, / ,{x) = C and there holds the
recurrence relation
1y i1 () = X(1+ X) (A7, (6) + m Ay g (%)), fOr m>1.
Consequently, we have
Anm(x) 1s a polynomial in x of degree at most m;
for every xe[0,%), 4,,,(x)= 0@ /2y where [(m+1)/2] denotes the integer part of
(m+1)/2.

For me N°, we define the m-th order moment of the operator B, , (f(t);x)as:

T pom (%) =By (1 =3)" x)-ank<x>Jﬂnk+p(r><r x)" dt.

k=0

Lemma 1.2:

For the function 7, ,(x) define above, we have:
x+p+1 '
n-1
2nx? + 2nx + 2x? +4x+2+p2 +(3+4x)p
(n=-1)(n-2)

and there holds the recurrence relation
(n=m =T, et (x) = x(142)| Ty p(x) + 2T, 1 ()]

and

Typo(x)=1. T, ,1(x)=

Tn,p,Z(x) =
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+((2m+1)x+m+ p+1) npm(x). ‘
Consequently, we have e |
T, pm(x) is a polynomial in x of degree m;

for every xe[0,), T, ,, (x) = 0 ["*V/21) where [(m+1)/2] denotes the integer part
of (m+1)/2.

Proof: By direct computation, we get the values of Ty p0(X)s T, pi(x) and Ty, p.2 (%)

To prove the recurrence relation (1.1), we have:
For x =0, the recurrence relation clearly holds.
For x €(0,0), we have

T ()= 3 Pl () jﬂ,, k+,,(r)(r X)"dt=mT,, ,(x).

k=0
By using the followmg two relations:
X(14x)py g (%) = (k= nx) py i (x)
LA+DB ks p = By i p (K + p) = (n+1)1)
we get:

x (L+3) (T, () 41T, L ()= S g () j(k =1%) By s p (D) (1=x)" dt

k=0
Now, using the equality & - nx = (k+p)- (n+l)t +(n+1)(t- x)+(x p), we have

X (143)[ Ty (%) + mT, ,,m1<x)]—zp,,k(x)jﬂnk+p(r)t(1+r)(t —x)" dt
=0

(4 DT, b () + (x= )T, (3).

Using the equality 7(1+7) = (¢ - x)? +(1+2x)(t - x) + x(1+ x), we have

x<1+x)[T',,m(x)+m pmt (=141 T, 01 () = (x= )T, ()

=2p,,k(x)j/fn b (0 (=22 dt 415293 p, (9 j P krp (Ot =x)""

k=0
+a(l +x)zp,,,,k(x) j/f;, erp (D(1=2)" b

Integratlng by parts the recurrence relation (1.1) is immediate.
From the values of 7, mpo(x) and T, p1(x), it is clear that the consequences (i) and (ii)

hold for m=0 and m=1. The consequence (i) can be proved easily by using (1 1) and
~ the induction on m.

We sketch below the proof of the consequence (ii).
Suppose that the consequence (ii) be true for m, then by (1.1), we have

(n=m=DT, , 1 (x) = O D21y 4 o (40121 | =L/ 21
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O™y, if mis even |

Then,
T y=d 00 s odd
n,p,m+l .O(n_(m+2)/2)’ if mis even'

Hence, for every xe[0,00), T (x) = O(n”1m*2/2)y  Thus, consequence (ii) holds for
I'y n,p,m+l1 ) ( ) q

B { O™ "2y if m is odd

m+1. Consequently, by mathematical induction, it holds for all m e N°

Lemma 1.3:
For ne N? and xe[0,»), we have:
B, ,(t" ;x) is a polynomial in x of degree m. F urther, we can write it as:
B, ,(t";x) __(p=m-Dt [(ntm=DIx™ +m (m+p) (n+m=2)! x" 1+ O(n7?).
’ (n=!(n=1)!
Making used Lemmas 1.1, 1.2 and the direct .computation, the proof of this
lemma easily follows, hence the details are omitted.

Corollary. Let 5 and y be any two positive real numbers and [a,4] < (0,) . Then, for
any s >0 we have, ’

SUP | > Pk (¥ [Buiap (017 dt|= O(n™).
x€la,b]| k=0 |t—x}25

Making use of Schwarz inequality for integration and then for summation and
Lemma 1.2, the proof of the corollary easily follows, hence the details are omitted.

Lemma 1.4: [6] For xe(0,«) and reN, there exist the polynomials 4 (%)

independent of » and % such that
PO@ =310 Yn' (k=) g, () pi (),
2i+j<r
i,j20
3. Main Results
First, we prove that for rewn, B\) (f:x) is approximation process for

fPx)as n—o o,
Theorem 3.1: Let fe Cyul0,0) and £ reN exists at a point x€(0,). Then,
we have

| B,g:,))(f;x) - fx)as noow.

Proof: By Taylor expansion of / , we have
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where ¢(z,x) > 0 as t > x . Hence, 5 l‘{; “ e
B (f3x) = [W(t.x) £ d Y
0

- 20@ :jW,,ffg(z,x)(z—x)" dr + JW,,(;;(I,x) e(t,x)(t—-x)" dt
=R +R,.
First, we estimate R, using the binomial expansion of (r-x)'and Lemma 1.3, we
have :
R’=§of(i)!(x) g{)(éj(_x)i_v ;xr OIWn,p(tax)f”dt
WadOY s {(n—r—l)!(n-i—r—l)!
rl o dx” (n=D(n-1!
AE) [(n—r—l)!(n+r—1)!
r! (n=1D!(n-1!
Next , applying Lemma 1.4, we obtain

x" + terms containing lower powers of x]

r!:l——> F(x) as n— .

Rals 3wl b S i o) By 15t =l dt Since

2i+j<r {x(1+x)}r k=0 0
1,720

g(t,x) >0 as t—>x, for a givene>0 there exists a & such that le(t,x)| <&
whenever 0 <|t -x|<&. If y > max{a ,r}, where 7 1s any integer, then we can find a

constant M >0, |e(t,x)(t-x)" | <M|t-x|" , for [t-x|> 5. Therefore

[Ry1<M Y ' Ylk—nx)/ p, (%)

2i+j<r k=0
i,j20

Xy & t —x|" + — 57

{2 e Prtop® =2+ [ B0 = ar |
=:R3+R4.

Applying the Cauchy—Schwarz inequality for integration and then for summation, we
obtain

| (. R 1
R3 < Mg Z nl.{nzjlun,Zj (x)}z {Tn,p,Zr (x)}5

2i+j<r
i,j=0

Using Lemmas 1.1 and 1.2, we get

Ry=£0(n""?) 0(n""?)=£00)=0(1).

Again using the Cauchy—Schwarz inequality for integration and then for summation,
Lemmas 1.1 and Corollary, we get
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R, < Z k- nx|f Pk (%) J.|t-x[25’8”’k+p(t) lt-x|" dt

1

2 2
k nx) pn,k(x)}

IA

o

-+

<,

IA

~

f——/\—\

i MS

1

2 2
X{ zpn,k(x) J|‘t—x]>5ﬂn’k+p(t) (t_x)z}/ dt}
k=0 -

= Yn o'y o m ) =0 =o(1) for s> .
2i+j<r
i,j=20

Collecting the estimates of R, - R, , we obtain the required result.
Our next result is a Voronovaskaja-type asymptotlc formula for the operators

B (f.x),r=12,.

Theorem 3.2:
Let fe C,[0,0) for «>o0and f"*2) existsata point x € (0,»). Then

tim 7 B ()= F00) J= m?f )

n— ©

+(Cmx+x+m +p+1)f(”’+1)(x)+x(1 +x)f(m+2)(x)

Proof: Using Taylor's expansion of f , we have
m+2 ) )
0 =% 28 oy om0
i=0 .
where &(7,x) —>0 as t—xand £(,x)=0((1-x)"), t > for y >0 .
Then, we get

m+2

B (0.0 1 = L (x)IW(’") =) di - ()

i=0
jW"")(t x) e(t,x) (t—x)""% dt

=E + E,.
Using Lammas 1.2 and 1.3, we have

m+2 ) ]
5=y / (x)Z(](—x)””B,Sf’})(t”;x)—f(’”)(x)

i=m

f"")(x) (5

;_x) —m!]
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(m+l) - P ‘1 o N [N
L@ [(m +1)(=x) B (1™ x) + B,(,";)(t’”“;x)] EECEAN LI
(m+1)! ’ ’ AR

N / .
N f(m+2) (x) '\f

(m+2)!

x[“—(’"”)z(””.l) 2 B (™5 x) +(m+2) (~x) B,Si’;)(tm+l;x)+B(m)(tm+2,x)}

_ ") [(n—m—l)!(n+m—1)! . m!:|
m! (n=-Dl(n-1)!
(n—ln—l)!(iﬂ—m—])!m!+ (n=m-2)!(n+m)!
(n=D(n-1)! (n=D!(n-1)!
(n—m—2)!(n+m—1)!m!}
(n=Dl(n-n!
f(””z)(x) m+2)(m+1) 5 (n=m=Din+m-1)!
(m+2)! 2 (n=D!(n-1!
+(m+2)(—x)
X{(n_m_z)!(n+m)!(m+l)!x+(m+l)(m+p+l) (n—m—2)!(n+m—l)!m!}
(n=Dl(n-1)! (n—Dl(n-1)!
+(n m— 3)'(n+m+1)'(m+2)' +(m+2)(m+p+2)(n—m;-3)!(n+m)!
(n=Dl(n-1)! 2 (n—)l(n-1)!
+0(n™?) :
Hence in order to prove the theorem it suffices to show that nkEy, >0 as n— o,

which follows on proceeding along the lines of proof of R, — 0 as # — « in Theorem
3.1.

ARSI

!
" (m+1ix

{(m +1)(=x)

+(m+1)(m+p+1)

(m+ 1)!x:|

Now, we present a theorem, which gives an estimate of the degree of
approximation by L, (.;x) for smooth functions.

Theorem 3.3. _
Let feC,[0,0) for some a>0 and r<g<r+2. If f@ exists and is
continuous on (a-7,b+n) < (0,), >0, then for sufficiently large #,

By (700 - f 00 < n‘lfﬂf‘”}l +Con™ 0 o (17 0072,

where C,,C, are both 1ndependent of / and n, w/(5) is the modulus of contlnulty of
f on (a-n,b+n), and || means the sup-norm on [a, 4].

Proof: By our hypothesis
O] . @D ey @)
0= L0y L L0+ e - 200,

i=0
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where ¢ lies between ¢, x, and y(r) is the characteristic function of the interval
(a=nb+n).
For re(a—n,b+n) and xe[a,b], we get
0] ) @ gy £(@)
f(t) Zf (x) x)l +f (5) 'f (x)
i! q!

i=0
For te[o )\ (a—n,b+n)and xe[a,b], we define

0]
W) = £y -3 L) “(t e

(t-x)7.

i=0
Now,
B, (S0~ £ () = {Zf @ . ‘”(r,xxr~x>"dr—f(’><x)}
~

@£y (@) ©

+ J‘Wn,p(r)(t,x){f 7@ ’f ) (t-x)4 ;((t)}dt + ., @ xoh( )1~ 20 dr
. q h

=E +E, +E;. '

By using Lemmas 1.2 and 1.3, we get
Q) odr s .
E,=Z—f _(x)z( ,](-x)'—f —| W, 0 de |~ £ ()
i 12U dx” | g

g £ i (i o
=SS0 | e
i=r : j=r

LA (n+j=Din=j-1! ; +j(j_1)(n+j~2)!(n—j—1)!x]_1
dx" (n-1)")2 (n-1?

+0(n )| - ).

(A
Consequently, | |<C, n™! [Z H Vi (‘)”J +0(n~?), uniformly in x e[a,5].

To estimate E, we proceed as follows:

{\f(”(@—f(q)(x)‘

|E,| < ﬂWn(r)(t,x)’ f— x| ;{(I)}dt

0 4
@ (g (0)®
sf(q—)'j L, x)’(l+ ljlz x|?
q: 0
f“”() ) g o 5l _ J0+]
—’ jﬂnk+p(t)(|t AT +67 -+ )dt5>0
q: k=0

Now, for s —»0,1,2, ..., we have

Y Pusk =" [B, 40, Ol — x| i
k=1 0
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2,
<Y Pag )k~ { jﬂn,kw(r)dtJ [ jﬁn,kw(t)(t—x)”dr]
k=1 0 0

o var " o ,.*' f,}}
< [Z Pui () —nx)sz ,:Z P (%) Ibn,k+p Ot -x)* dtJ e o
k=1 , k=1 0 R
=0(n’")0(n™"?) =02y, Ty %;;x
uniformly in x e [a,5], in view of Lammas 1.1 and 1.2.

Therefore by Lemma 1.4, we get

| PO| B p Ol =" a
k=1 0 .
S : iy (%) “
<2 2 fk=ni’ o Pk [, Ol = a
k=1 2i+j<r 0
i,j=0

sC Z”i[ipn,k(x)lk—nxlj [Bugsp@le -+ ar|=c St Oli=)12)
0

2i+j<r | k=1 2i+j<r
i,j20 i,j20

____O(n(r—s)/2) R

. . (‘]i, Jr (x)
uniformly in x e[a,5], where C = sup sup —Z—"L

2i+ j<rxelap] X (1+ x)"
i,j>0

Choosing 6 =n""? and applying the above results, we are led to
-1/2
a)f(q) (}’Z )

RE

[O(n(r—q)/2)+ n]/ZO(n(r-q-l)/Z)],

—(r-q9)/2 -1/2
SC2 n (r=q) (,l)f(q) (n )

Since 1e[0,%)\(a-n,b+1), we can choose §>0 in such a way that |t-x|=5 for all
x €la,b].
Thus, by Lemma 1.4, we obtain
i i 1 qi, I (x)
|Es|<ny. 3 n' = nxl/ "‘pn,k @) Bk O,

k=12i+j<r x" (1 + x)r lt—x!Zé‘
i,/20

For |r-x|>5, we can find a constant A7 >0 such that. | h(t,x)|< M t* . Finally using

Schwarz inequality for integration and then for summation, Lemma 1.1, and
~ Corollary, it easily follows that Ey =0(n™) for any s >0, uniformly on [a,5].
Combining the estimates of Ey, E,, E5, the required result is immediate.
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