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Abstract
This paper introduces and studies a general ization of Baskakov-Beta

operators, denotes it by S. p, i.;': : i, where F ,fi ,\f " (,\'r the set of nonnegative integers).
First, we show that .$*r, irc: r1 is an approximate process for /:r'.0'*,'t as n .- ,ir where

""8 $r. Next, we discuss a Voronovaskaja-type asymptotic formula for ,s;'uio':vi.
Finally, w€ present a theorem which gives us an estimate of the degree of
approximation by the operator S,,,, {,;u, } J.

1. Introduction
In the resent paper, we assume that i'f is a constant not

different cases.

For jo fi f,*[*.* ] = {i fi f,f,*.,x j, {rri",r-lil

defined the B askakov-B..eta operato r

**r',giii: r,,i = [ r-:,{i;; I' U,.*{'r:Ji.linr
lt-tl t

where

necessarily the same in

*,, 
'rr' 'r-' il], Gupta l2r 3]1i i,f i .x. -

S., i'ii'ri:
f 3" f*r s*t:r:* ,1.f :*

.l:i as:

it"" .. I

end

di
,., |,\'ti {

i'i x)r i .it i
Ir'i'r * .fui

i

L

JL

r
3\.J

-

s,,r-{rf{.ri, r"i * F pr,, 1,{":r") ft U,, r,*r,,i.f r,i.i.r}ar ,pfti"-''.j
Clearly $*oi,;{{.r)'.i') *, S,:f.f { ri, i:) whenever p

I

,rl

,tl

i ."* .t"]i-r:*i'r . F,, o,{.ri *

l.k * t;: i|: * Ii:i.,,,,,i*3,,iii,.i:

{it-i;*

$ii; - 
.t.ut, 

ii. ;' *jr*ii*:

{ i,r'l *.{.} lFt -{ * }} .:

Recently, many researchers defined and studied deferent sequences of linear
positive operators. The results were found for these operators (i.e. order of
approximation, Voronovaskaja formula and the estimate of the degree of
approximation) are similar. For some important contributions in this directions. we
refer here to [1 ,'4, 5f

In this paper, we define and study the following family of of Baskakov-Beta
operators:

,.- r..;

_11
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Actually, the operator .,$- 
r, |.i i.fi: -',',i can be written as:

where the kernel tii. -" { ,r .i'} * If=,' jtu,. ,, I ,'":.ii3* i*r, { ii.
The norrn li. ri, * on the space f., [* 'x,'i iS defined as:

lifit;{ *= sutj l,firiti.r*fi*'*.
r*ii:'r

First, we give a theorem shows that s.:'u i'.i:r'i is an approximate process for
.,t"^{,rj os r: -'-1 '-r:. Then, we discuss a Voronovaskaja-type asymptotic formula for the
operator $o'- t,,':,r, 1. Finally, w€ present a theorem which gives us an estimate of the
degree of approximation by the operator s..rif: x.i.

2. Basic Results
For l'rl # ;r-'3, the m-th order moment of the Baskakov operators is defined

by the function
t* ,. ..;,e ',,'t''o

,i,*.0",iui= ) p,.,.i.l ii:-.*-'I
-*,so';,{.rit;-.J 

,

4 
-L

Lemma 1.1 [61.
For the function "i,,,", i..:*i, we have ni,,*{'r]r - i, ,i.,ri'.r'i = tj and there holds the

recuffence relation
nLn,*+t (x) = x(l + O(l;,*(x) + ffiAn.*-t (r)), for m>1.
Consequently, we have
2r,^(*) is a polynomial in x of degree at most m;

for every x e [0,oo), Lr,*(x) - o(n-[@+t)t2]) where [(*+t)12] denotes the integer part of
(m+1)12.

For m e No, we define the m-th order moment of the operator Br., (f (t);x) as:

Tn,o,*(x) = B^orc -x)^ ;x) = i or,o(") j f n,k+p(/) ( t-'x)* dt.
k=0 0

Lemma 1.2:
For the function Tn,*(x) define above, we have:

Tn.p,o(.x) - 1 . r).p.r (x) - 
* * o :t andn-l

)nx2 +2nx+2x2 +4x+2+ p2 +(3+4x)pTn,o.z@) =

and there holds the recuffence relation
(n-m -l)Tn,r,^*r (x) - x(f +x) { Ti,o,*(x) + 2t/tTn,p,m_, (") }
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+((2m+l)x+ m+ p +I) Tr,p,^(*).
Consequently, we have
Tn,p,*(r) is a polynomial in x of degree m;

for every x e [0,oo), Tn,o,*(x) - O(r1-t@+l)tzl) where
of 1m+I)12.

,.; r: ;r ri
\ i '' 't"s ' *t' -'

r,4
'-1'

, 4*l. ,:- 't. f
t$;Jr;+'

-t..

l(m + l) I 2l denotes the integer part

Proof, By direct computation, w€ get the values of Tr,r,o(x) , Tn,p,r(") and Tr,o,z@).
To prove the recuffence relation (1.1), we have:

For x = 0, the recurrence relation clearly holds.
For x e (0, co) , we have

co oo

Tl,r,^(x)= lpn,o(*) IFr,k+p(r)G - x)* dt -ffiTr,^-r (r) .

k=0 0

By using the following two relations:
x(l + x) p'r,k(x) - (k - nx) p r,rr(x)
r (l + t) 0'n,r,* p(t) - 0n,k+p@((k + p) - (n +l)t)
we get:

x (l + x){Ti,p,*(*) + mTr,p,^-t (x)} = I pr,rr(x) Ifo-nx) Fn,k*pe) G-x)^ dt.
k=0 0

Now, using the equality k-n* = (k+ p)-(n+r)r +(n+l)( t-x)+( x -p), w€ have

x (1 + *)lrlr,p,*(r) + mTn,p,*-t (x)l = i pn,k(") j f'n,**p(t)t(l+t)(t-x)* dt
k=0 0

+(n +l)Tn,p,**t(x) + (x - p)Tn,p,*(x) .

using the equality r(r+r) -(t-D2 +(r+ 2x)(r-x)+x(r+x), we have
x (l + x)lT;,0,*(x) + ffiTn,p,m_t (")]-(n+l)Tr,p,*+t(x) - (x - p)Tn,o,.@)

@co

= I pn,k(") 
I \',,r,*p(/) ( t- x)**2 dt +(1+ 2.)ipn,k(") 

T F',,r,*p(t)(t-xy**t dtk=0 0 k=0 0
@0o

+x(l * 
") I pn,k@) 

I0i,,k+p(t)(t - x)* dr .

ft=O 0

Integrating by parts, the recunence relation (1.1) is immediate.
From the values of Tr,p,o(x) and Tn,p,t (x) , it is clear that the consequences (i) and (ii)
hold fot m=0 and m=1. The consequence (i) can be proved easily by using (1.1) and
the induction on m.
we sketch below the proof of the consequence (ii).
Suppose that the consequence (ii) be true for m, ttr.n bv ( 1. l ), we have
(n - m - l) T r, p,* q (x) - g 1n-I(m 

+t) t r\ * O Q1-t@ 
+t) t 2l 

) + O @-tm 
/ 2l 

)
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_| ofr-@-t)/2y,if *=t o(r-"t2), if mis
Then,

is odd

even

T /*\ _ | o@-r*+r)t2), if m is odd
'n,p,m+l \"r., - 

| O@_r**z)/2), if mis even

Hence, for every x e [0,co), Tn,p,*+t (x) = o1n-t(*+z)tz];. Thus, consequence (ii) holds for
m+1. Consequently, by mathematical induction, it holds for all m e N0 .

Lemma 1.3:

For ne lrlo and xe [0,@), we have:
B,,oQ*;x) is apolynomial inx of degree m.Further, we can write it as:

Bn.oG^;*)=ffiffi[(n+m-r)! *' + m (m+ p) (n+m-2)! x*-r ]+ o(n-z).

Making used Lemmas 1. 1, 1.2 and the direct .computation, the proof of this
lemma easily follows, hence the details are omitted

Corollary'Let 6 and y be any two positive real numbers and la,blc (0,.o). Then, for
any s>0 wehave,

Il*
:lp, . I I P n,r,(x) lF n,o* oQ) rr dt

xe[a,b)l11=g 
l,_rlra

- o(n-') .

Making use of Schwarz inequality for integration and then for summation and
Lemma I.2,the proof of the corollary easily folloivs, hence the details are omitted.

Lemma l'4: t6] For x e (0, oo) and r e Ir{, there exist the polynomials qi,j,r(x)
independent of n and k such that
py)(x) = x-' (l + x)-' 2r' G - nyli Qi,i,,(*) pr,r,(*),

2i+ j<r
i,j>0

3. Main Results
First, .we prove that for r e N ,

ttD 6)ds n -) oo .

Bt:) ( -f ; x) is approximation process for

Theorem 3.1: Let feCol0,*) and y@,reN
we have

Bt:)r(-f ;x) + ttD6) as n->a.

Proof: By Taylor expansion of f , we have

t87
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r t(t)(r) 
;f(t) = I + e-*), +a(t,x)(t-x),,

i=0 "
where e (t,x) + o as / + x . Hence,

Bt?r( f ; *) =\rl'){t , *) f (t) dt
0

r S(i) r--r, oo @

=I+Iw}:)(t,x)(r_")ldt+I,}:}(t,x)e(t,x)(t_x),dt
i=o l! o o

=tRl * R2.

First, we estimate R1 , using the binomial expansion of ( t-x;tand Lemma 1.3, we
have

R,= t+! f( 'l ,- x)i-v +\r,,,(t,x)r,dr' ?_o t! fi[uJ' .." Ox, d

_ -f(') (*) dr | @ - r -r)t(n+r - I)r

' !- d.' L 
x' + terms

_ ,f(')(*) l@-r-t)t(n+r-l)! ,.,-l

'!=Lffirti-+'r(')(*)
Next, applying Lemma I.4,we obtain

I Rz l< I ni qi'i"(x) { ."

2i+jfr {x(r+"u' Aro-nxli 
p,,r@) 

[0,,r,+p(r) 
le(r,x)l lt-xr' dr.since

i.i >0

s(t,x) +0 as t ) x, for a givens>0 there exists a d such that le(t,x)l < s
whenever 0 <lt -xlcd. If r > max {a ,r}, where y is any integer, then we can find a
constant M ) 0, le(t,x)(t-x)'l< Mlt_xlr , for lt_xl > A. Therefore

lRzl <M I ,' tlk-rxli p,,r,@)
2i+ j <r k=0
i, jr0

(,x{ t I Br,up(t)lt-xl, dt+[ { t-xl<6'

=tR3 + R+ .

Applying the Cauchy-Schw arz inequality for integration and then for summation, we
obtain

Rr S M e Z n, {nr, r,.r1 r.yll- V,.r,z,(r)}j
2i+ j <r
i, jr0

Using Lemmas 1.1 and 1.2, we get
R3 = s o(nrt2) o(r-'r')-eo(l)=o(l).
Again using the Cauchy-Schwarz inequality for integration and then for summation,
Lemmas 1.1 and Corollary, we get

containing lower powers 
"f "l

[ ,-,,ru 0 ',u pQ) lt - Y'g o ' ]

as n )oo.
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jl " \ot:) (.f ,x)- .f(*) (") l= m2 7{^) p6y

+ (2mx+.r + m + p +1)7@+t)(") + x(l + *) f(**') (*)

Proof: Using Taylor's expansion of "f , w€ have
m+2 r(i) 1"y . , ;f(t)- I ; Q-x)'+e (t,x)(t-*)n'*2
i=0

where e(t,x) +0 as t)x and e(t,x)=O((t-ir),/->.o foty>0
Then, we get

B':}(f(t),x)_,t46)=y,ry*I,l:;,(t,*)(t_x),dt_,tm)@)
l=0 t; 

0

6

* Iwl:;)(,,r) e(t,x) (t-x)^*2 dt
0

using Lamma s r.2and I 3=, 7J nk"
,, =T 4+D i ftl (-"),-u By,)(t,;x)-.r(^)(*)' L. ;f ./-,t l,. l\

i=m tt v=m \')

_ -f 
(*) (*) | o( 'l

= -;- LB:':; (tn' ;*) -*tl

R4

2i+j<r k=0
i, jr0

( n l;

Zi+j<r Lk=O )
i, jr0

f * r o l;
"j \n,.t{D {,-"r>a F,.u.pQ) Q-v\zr dt l'[ft=o )

= l"' o(rltz ) o @-st2 y -o(nQ-s)t2; = o(l) ,for s > r.
2i+j<r
i, j>0

Collecting the estimates of Rr - Rz , we obtain the required result.
Our next result is a Voronovaskaja-type asymptotic formula for the operators

By)(f ,*) , /:1,2,....

Theorem 3.22

Let f e col0,@) for a>land 7(m+2) existsat.apoint x€(0,@;.Then
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t

-l @ +2)(n +l\ ', , --\
x | ----- ----l *' Bt:) G* ; *) + (m + 2) (-x) Bt:) (t**t ; x) + Bt:) Q**2 ; r)L2

*{@ - 
* -z)t(' !^)t (m +t)!x + (m +r)(m + p +r)L (, -r)t(n - 1)! \"' ' ''/

, (n - m -3)t(n + m +l)l (m +2)l 2

--J.,

(n -t) !(n - 1)! 2

+ o(n-2 )

Proof: By our hypothesis

f(t)=iry(t-*),
i=0 o'

* f 
@) (€) -.f (r) (*) 

(t _ x)q z@ + h(t,xxl _ rQ)),q!

* a[?] Q**t;i]

(n-m-2)l(n+n)l
(m + l)lx

(n -t)t(n -r)t

(n-m-2)l(n+m- I
!f
)

I
z + 1)!x_lm

!
-m

I:(,

1)!

x)lI
n

n -r\(n
- m -'3)
(ta - 1)!(

(

(n+(m+2)(m+ p+2)

1)!

n+

-l)

Hence in order to prove the theorem it suffices to show that nE2 + 0 as n -) @ ,
which follows on proceeding along the lines of proof of R, + 0 ds n-) oo in Theorem
3.1.

Now, we present a theorem, which gives an estimate of the degree of
approximation by L,,')(.;x) for smooth functions.

Theorem 3.3.

Let f .Co[O,*) for some a>0 and r<q3r+2.If 7@ exists and is
continuous on (a - rl,b + rD c (0,oo), r7 > 0, then for sufficiently large n,

llo, ;" (.r(t);t - 7@(")ll = 
Cr,-1fl/17,,\1. ., ,-,,r, ,r,*r(,t-t,r) * o(n-2),

where Ct,Cz are both indep."i.t, of f and n , @.f(d) is the modulus of continuity of
,f on (a-ry,b +D, and 

ll .ll means the sup-norrn on [a,b].
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where € lies between t, x) and r(t) is the characteristic function of the interval
(a-ry,b+D.

For r e (a - rl,b + r) and x efa,b] , we get

For / e [0,oo) \ (a - r7,b + r) and, x efa,bl, wedefine

h(t,x) - f (t)-i /p(r - *)' .

7-o il

Now,

Q-iq7@) (il - tril 6)
q!

B,.o?) UQ);x) - y{r) (x) - | i+, 
*lrn.r,', 

(t,x)(t - *)i ar - ]r,t 61]
L,'=o t! o j

." 
,*',{f 

*n) (€) 
-.,-f 

(') (*) 
(t - *)q rul}at * [wn,or,) (,,x)h(t,xXl - yQ))dt* [wr,r(') (''o I qt '"') 

d "

t:Er+Ez+Et
By using Lemmas I .2 and 1.3, we get

E, =i j9I[;} 
x)i-i #l-['.,(r,x),' *]- r?) @)' 7* it'

=i/pif')r_"r'-,3 it ,"__,li), 
*,

"+l@+ 
i -r)t(n--i -t)t *i + j(j -rr(n+ i -2)t(n- i -t)t *i-t +o(n-r)-l -_f(,)(*).dx' I Kn - l)!)2 '" \'/ ^''I 

Kn -l)!)2 
* ' v 

J

consequently, lla,ll = 
Crn-t(>V(',il] . o(n-zy, uniformly in x efa,bf .

\i=r" ")

To estimate E, we proceed as follows:

-., 
., f l/'n' (€) - f{ilr"| ,n I

lrrl= [iw,"' (,,"1] ff V - .lq xtyldr0tq!)

=""r,,'u' 
jl*,,,', (,, 

")l[' . 
LJ] 

r - *f atq! d, '\ 5 ), '

.o rta(6) 
t|:'ll\0,,r.r(,)(F - ,1, + d-r lt - *y*r) o,,u> 0.ql f_ot o

Now, for s =0,1,2,..., we have

t9l

lP,,o('Olk - r*lt !Fn,o*r@lt - *l' dt
k=l 0



(Y..1)aUt (t) ujl (,r ) ,t>Jt e!.:!,Jt3c.,q_,utr ,ry
Y ' ' A I +11 Y!Y.!i .-!l cbs!-!l: e!-,Ht ,rt'qtsJ cJ:yt ,grt J^i-dl

lvz-l
= i pn.*(x)lr, -,*lill\0, r.o(t)at)''' (\o, k+pQ)Q - i2, dt I Ik=t L\o ) \6 ) |

J

[ - 1l/2f * oo 1ll2

= | I p,*@)(k - nx)zt I I Z pn.r@) !b,.0*r@(t - x72' dtlLk=t I LLr 6 -J !L

- O(ri/2)O(n-''') - O(nU-s)tzr, " .rl

uniformly in x e fa,b1 , in view of Lammas l.l and, | .2.
Therefore by Lemma 1.4, we get

@, ,@

2ln!,'I.ol [F,,**oQ)lt - xl' ar
k=l'

= i ^Zr' lr, - r*lj +* pn.r,@)*14n.o*o(r)lr - xl"Azij<r'' x'(l+x)t'"&\' d'i.i>0

[- .o I
< c^ Zn' lZo,.oe)lk - n*li lf ,.**r@V - xl' dr | = t

'i.*,'r6' l-*=t o -l

=O()'-s)/zy, 
, .l

rmly in x .fo,6l , whe re C= 
rl.ll,^,l,lfr, ffi

a

,t 
t

.i,-' 3.' ,'
i ,-'

li
* ,*itg ."-Y';t' d'

- aJt

:.&*;t

dt

2r.'ogu-s)rz,
2i+ j<r
i, j>0

unifo

i. j>0

Choosing d - n-rtz and applying the above results, we are led to
,, ,, @ r@l @-t'') ,
||r,||T|og,,_,),,)*n|/2o1nV-q_|l,,)f,

s Cz,-?-o) t 2 
at,t,rt @-t, 

r 
) .

Since r e [0,0o)\(a -rl,b+D, we can choose d > 0 in such a way that lt-xl>a for all
x efa,bl .

Thus, by Lemma 1 .4, we obtain

lrrl= ri Zn, lr, - r*li Iq',,,'@)l
k=t2i+i'<r 'l ' *':t#p'*@), [,0.o*oQ)lt'1t'x)ldt

i,i>o \r | '^'if 
lr-'xl>a

For l'-*'26, we can find a constant M>0 such that lt(,,r)l < Mf . Finally using
Schwarz inequaiity for integration and then for summation, Lemma l.l, and
Corollary, it easily follows that E3 = O(n-') for any s > 0, uniformly on Ia,bl.
Combining the estimates of E1,E2,E3,the required result is immediate.
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