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Abstract

The aim of the present paper is to study the phenomena of simultaneous
approximation ( approximation of derivatives of functions by the corresponding order
derivatives of operators) by the linear combination S, ,(.,k,x) of S, ,. We establish a
Voronovskaja-type asymptotic formula and obtain an error estimate in terms of the modulus
of continuity for these operators.
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1.Introduction

In [1] Agrawal and Thamer proposed
a new sequence of linear positive
operators M,, called integral Baskakov —
type operators to approximate unbounded
continuous functions on [0,00) and it is
defined as follows

Let

a>0,f € C,[0,)
={f € C[0,00):|f ()|
<M1 +t)*for some M
> 0}

Then,
Ma(F (D)
= (-1 Z e f P (Df (Ot

+(1+x)” ”f(O), (1.1)

Where p,, ,(x) = (n+z_1)x”(1 + x)~(+v)
€ [0, ).

After that [5] Mohammad and
Hassan defined and studied the following
generalization form of summation-integral-
Phillips Baskakov type operators:

Sus (0. 5)
=(n-1) Z e j Puiecs(D) (D)

+f(0)z P (12)
k=0

Where f(0) Y73 Pnx (x) = 0 whenever
v=0.

In [7] Thamer and lIbrahem introduced a
simultaneous approximation with linear
combination of operators (1.1). The linear
combination is defined as follows:
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Let dodq,...,d, be (k+1)
arbitrary but fixed distinct positive
integers. Then, following [2] Agrawal and
Sinha, the linear combination M, (f, k, x)

of Mdjn(f, x),j = 0,1,2, ...,k is given by
M (f, k, x)
Magn(f; %) dg* dg? do*
Mdln(f x) d1 di? dr”
A : :
Man(f; %) it dic*

where A is the Vandermonde determinant
obtained by replacing the operator column
of the above determinant by the entries 1.
We have

M, (f, k, x)
k

= >0, Mapn(f ), (14)
i=0
where
k
d
CG,k) = ’
Gk 1_0[ =
i+j
k #o0and C(0,0) =1 (1.5)

Through this paper, we denote by C[a, b]

the apace of all continuous function on the

interval [a,b], |[llc[q,p; denotes the norm

of the space Cl[a, b] which is defined as:

Ifllcia,py = sup |f(¢)| and C denotes a
t€la,b]

constant not necessarily the same in
different cases.
In this paper we study a

Voronovaskaja-type asymptotic formula
and an error estimate of the modulus of
continuity of the function approximated by

operators S,S? = (-, k,x), where r € N.

(1.3)
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Definition 1.1[6]: A function f is at most
the order of a function g as x — oo, if there
X
s =
A, g(x) # 0, for x sufficiently large. We
indicate this by writing f = 0(g), i.e. (f is
big — oh of g).

IS a positive integer A for which !

Definition 1.2[6]: A function f is at
smaller the order of a function g as x — oo,
f(x)
g(x)
by ertlng f =o0(g), i.e. (f is little — oh of

9)-

if 11m =0, g(x) # 0, we indicate this

2.Auxiliary Results

Lemma 2.1[3]: For m € N°, the m*" order
moment of Baskakov operators is define

by:

m

Prnm(X) = i Pt (%) (S — x) .
k=0

Hence, pp,o0(x) = 1, uy1(x) = 0 and

n.un,m+1(x) =x(1+x) [.u;z,m(x)
+ mﬂn,m—l(x)]; m 2 1

Consequently

(i) Unm(x) is a polynomial in x of
degree at most m.

(i) For every x €
[O, OO)’ ﬂn,m(x) =
0 (n-lom+1)/20)

Lemma 2.2[5]: Let the function
Tpmw(x), m € N be defined as

120

Tn,m,v (x) = Sn,v((t - x)™; x)
=(n

1)) Pu®) [ Brsn(OE - 0"
k=v 0

£ P O™
k=0

Then
Tn,O,v(x) = 11Tn,1,v(x)
_ 2x+1—v
T on=2
v—1
- [Z (k+1
k=0
- v) pn,k(x)],
Tn,Z,v(x)
2nx? + 2nx + v? —3v + 2 4 6x + 6x% — 6VX
- (n—2)(n—3)
1
—v24+3v—-2+2
+(n—2)(n—3)( ve+ 3v + 2nx
v—-1
— 2nvx — 6x + 6vx) Z Dk (X)
k=0
! QRv—-3+2
Tz 2)(n —3) nx
- 61) Z K D)

- (n _ 2)(77, _ 3) ;)kz pn,k(x)

Also, we have the following recurrence
relation for T;, ,, ,,(x) whenever

n>m+ 2,
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(n—m-— Z)Tn,m+1,v(x)
= X(l + x)Tri,m,v(x)
+(x+Dm+2x+1

- U)Tn,m,v (x)
+ 2mx(1 + x) Ty -1, (x)

v-1
+ (=)™ ) (v—-1
- k)Pn,k(x)-

And for every x € [0, x), T ., (x) =

0 (n_[(m;ﬂ]).

Lemma 2.3[4]: There exist polynomials
q;,jr(t) independent of n and v such that

r

d
tr(l + t)r an,v(t)

= z Tli (17 - nt)mqi,m,r(t)pn,v(t) .

2i+msr
i,m=0

Lemma 2.4: For f € N and n sufficiently
large, there holds

Sn,v((t - x)m, k’ x)
=n~ D0 (r, k. x)
+o(1)},
where Q(r, k. x) is a certain polynomial in
x of degree r.

Proof: By using the Lemma 2.2, we can
write

Py (x)
(djn)[(m+1)/2]

P,(x)
[(m+1)/2]+1 o
(djn)

den,m x) =

)
(djn)
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for certain polynomial P;,i =
1,2,3,...,[m/2] in x of degree at most m,
it follows that

Sn,v((t - x)m’ k, x)

k
= Z C(j, k) den,m(x)
=0

| Tgnm(®) dg do?.. dg® |
= l len,m(x) d1_1 d1_2 dl_k
A : : Do
Tdkn,m(x) dEI d;;z d,:k

= n~*D{Q(m, k, x) + o(1)},
m=123,..

3. Main results

Theorem 3.1: Let f € C,[0, o) admitting
a derivative of order (2k + 2) at a point
x € (0,00]. Then

7111—1;{)10 nk+1[Sn,v(f' k, X) - f(X)]

2k+2

f(m)
_ z —Q(m k,x) (3.1)
m=1
and
lim 2 [S,, (f, k + 1,2) = f(2)]
=0 (3.2)

where Q(m, k, x) are certain polynomials
in x of degree m.

Proof: By the hypothesis,

2k+2

(m)
o=y 0@
m=0

t—xm
m!
+e(t, x)(t — x)?**2,
where e(t,x) > 0ast — x.

In view of S, ,(1,k,x) = 1, we have
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nf S0, (f k) = f(0)]

2k+2f(n0(x)
= nk+1 Z m| Sn,v((t - x)ml k} x)
m=1 '

1Y CGI0Sane(t 1)
j=0
_ x)2k+2.x)
= 11 + 12.

Clearly,

2k+2

Z

Using Lemma 2.4, we have

f(m)( X)

Z C(j: k) den,m(x)-
=0

2k+2

)

m=1

(M) (5
! m( ) Q(m, k,x) + o(1).

The expressions for Q(2k + 1, k, x) and
Q(2k + 2, k, x) can be easily obtained on
an application of Lemmas 2.2 and 2.4.

Next, we show that I, - 0 asn — oo. For
agiven € > 0, there exista § > 0 such that
le(t,x)| < &, whenever 0 < [t — x| < 6,
and for [t — x| = 6, |e(t, x)(t —

x)2¥*2| < A|t — x|” where yis any integer
> 2k + 2 and A is a constant.

Let y(t) be a characteristic function of the
interval (x — 6, x + &), then

Bl
<) 100, Ol Syl 1) (¢
- X)Z’”;X(t);xl)

nk“iwo’, Il Sam(le(t, x) (¢

— )22 (1 = x(); x[)
=13+ 1,
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In view of Lemma 2.2, we have

I; < enk*?

k
D1CGIO! | max [Sq,n(Ce
j=0

x)2k+2, x)]
< e0(n*)o(n~*+) = £0(1)

Using Schwarz inequality for integration
and then for summation and Lemma 2.2,
we have

k
L < A Y 100 | Sqpn(lt = xI7 (1
j=0

—x(©)); %)
k
< At 310G {Sapn (e
j=0

/
—00)
— O(n(2k+2—y)/2) — 0(1)

Since € > 0 is arbitrary, combining the
estimates of I; and I, we conclude that
I, > 0asn — oo,

The assertion (3.2) can be proved in a

similar manner as
Sp((t—x)™ k 4+ 1,x) = 0(n~**+2),

Foralm=k+3k+4,..
n

2k + 2.

Theorem 3.2: Let f € C,[0, o) and be
bounded on every finite subinterval of

[0, o0) admitting a derivative of order 2k +
r+ 2 atafixed x € (0,0). Let f(t) =
O(t%*) ast — oo for some a > 0 then we
have
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lim n** SO,k x) — FO(x AF2 0 (x
n—oo [ n f f ( )] 11 — le+1 g f ( )S(r)((t
2k+1+2 '
i=r

Z FDx) QG k7, x) (3.3)
i=1 — x)i’ k, x) _ f(r)(x)]

and
2k+1+2
@ (x ,
lim 0+ SO (F,k +1,2) = FO @) _ et Z L ( ) Z () 0
=0, (3.4) -
— £
where Q(i, k, r, x) are certain polynomials Sn (™K, x) f)
inx.
2k+r+2 0)
. _ k+1 f (x) i-m . i-m

Further, the Limits (3.3) and (3.4) hold =n (—1) x
uniformly in [a, b], if £*+7+2) exists and
is continuous on (a —n,b +1n) C
(0,0),n > 0. X [ DTxt
Proof: By Tayior's expansion, we have k42 iy

2k+r+2f(l)( 0 + n~(k+1) z Dr< i Q(i,k,x))

IGEEDY (t =) o A
i=0
_ 2k+r+2
+e(t, x)(t —x) +o) |- FP )
where e(t,x) > 0ast - x.
Then Zki”f(l)(x) z ( )
m
nk+1[S(T)(f k, x) _f(r)(x)] m=0
—1)i-m,i-1 _ £()
2k+r+2f(l( ) o (T)( 1)i-myd (%)
z —S, ((t x)% k, x) 2k+2+1

" z Qi k,r,x) fO(x) + O(n_(k'i'l))
+ Z c(j, k) S(r) (g(t, x)(t — x)2k+r+2; x) i=r

2k+2+r
Y k0 fOw
B f(r) (X) - + O(n_(k+1))_
Where
L= 11 + 12.
i .
By using Lemma 2.2 and Theorem 3.1, we Z (=)™ ( L ) (m)
have
_ {0 >
=D =T

Now, using Lemma 2.3, we get
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|, |
K

< nk+t z c(j, k)

j=o

(d ) |Qm1r(x)|

2i+msr
im=o0

-1) Z Py n i () |k
=p

~ il [ P (@ lee 0lIe

_x|2k+r+2dt
-1
Qi;m,qr (X)
() 1121
e

— djnx)j l£(0, x) | 2k+T+2

= 13 +I4_

Since e(t,x) - 0 as t — x, then for a
given € > 0, there exists a § > 0 such that
le(t,x)| < &, whenever 0 < [t — x| < 6.
For |t — x| = &, there exist a constant C
such that |e(t, x)(t —x)"| < C|t — x| .

I3
k .
< et Y e Y (dn) (dn
j=0 2i+j<r
i,jzo

—1) D Py [k
k=p

J
— djnx| Ppr—p (|t

[t—x|<6
_ x|2k+r+2dt

+ Ppre—p (Ot — x|2K+r*24¢

[t—x|26

= 15 +I6

T(l + )T

————(d;n
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Where
|Qimr(x)|
————= = M(x)=C
2i+msr X7 (1+X)7 ( )
l,mZO
Vx € (0, )

Now, applying Schwartz inequality for
integration and summation, we get

I5
k .
Sean“Zc(/’,k) Z (djn)l(djn
j=0 2i+j<r
i,j=o0
~1) ) Py [k
k=p
00 2 [/ o
— djnx|’ f Prse—p(t)dt f Poy—p(®)lt
0 0
1
2

— x|2@kHT42) gy

asf Ppje—p(£)dt = — we have
I5
k ©
. i
< ankHzc(;, 1 z (d;n) Z Panic () (K
j=0 2i+j<r k=p
i,jz0
1
2
2j
— djnx) (djn

- 1) Z den,k (x)J Pn,k_p(t) (t
k=p 0

1
2

x)2(2k+r+2)dt
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<c¢ an+10 (n—(2k+r+2)/2)

2i+j<r
i,jzo0
=e0(1).
Now, by using Schwarz inequality for
integration and then for summation

k

Ig < an“Zc(j,k) Z (d]-n)i(d]—n

i,jzo0
— 1)

X D Py [k
k=p

j
— d;nx|
|[t—x|=8

k

< an+1z c(j, k) Z (djn)i (djn

j:O 2i+j5r
i,jzo

Py r—p(D)dt

|t—x|=68

x f P ()(t
|[t—x|=6

_ x)2(2k+y+2)

k

Cn"“Zc(j,k) Z (djn)i

j:O 2i+jST
i,jzo0

IA

> nio (n%)

Pn,k—p (t) It
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1
2

5
X Z den,k(x) (k — djnx) g
k=p

- 1) Z den,k(x) f Pn,k_p(t)(t
k=p 0

2

_ x)2(2k+y+k)

< Ccnk*1o (n_(ZRZH_Z)) Z niO(n%)

2i+j<r
i,j=0

=0(1)

Now, since € > 0 is arbitrary, it follows
that I,,1, — 0 asn — oo. The assertion
(3.4) can be proved along similar lines by
noting that

Sp((t =)™ k + 1,x) = 0(n~*+2),
form=k+3k+4,...

The uniformity assertion follows easily
from the fact that §(¢) in the above proof
can be chosen to be independent of x €
[a,b] and all the other estimates hold
uniformly on[a, b]. ]

Theorem 3.3: Let 1 <p <2k+2 and
f € C,[0,00) for some a > 0. If f®+
exists and continuous on (a—n,b+
n),n > 0, then for sufficiently large n,
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||S7(1r)(f' k,x) = f(r) cl[a,b]

= Ma'x (Cln_p/zwf(p+r) (n—l/Z)’ (Czn_(k+1)))i

where wf(p+r)(6) denoted the modulus

continuity of f®*” on (a—n,b+7n),
Cl = Cl(k,p, T‘), C2 = Cz(k, p,T,f) are
constant and ||. || denoted the sup-norm on
[a, b].

Proof: By the hypothesis

f@®

= Zf i!(X) (¢~ )
i=0

(F&* @) - ()
+ (t
(p+1)!

— )P x(®)
+ h(t,x)(1 - x(0)),

where & lies between t and x,and y(t) is
the characteristic function of the interval
(a —n,b + 7). Operating on this equality
by S,(lr) (., k,x) and breaking the right hand
side into three parts I, I, and I; say,
corresponding to the three terms on the
right hand side of (3.5) as in the proof of
Theorem 3.2, we have

(3.5)

I = fOx) + o(n=®*V) | uniformly for
all x € [a, b].

For every § > 0, we have

[F@*(E) = FP ()

< Wppin (1§ = x]) < wppan (It — xI)

|t — x|
< (1 +—5 W (p+n) (6).

Since

(3.6)
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I =

(p+71)! S <(f e

— [+ (x)) (t

=P (), %)
Using (3.6), we have

|1
f(p+r)( )
(p +7)!

Zw(] )1 (d;n

1)Z|p(r)(x)|f pn,l—u(t)(|t —x|p+r
0

+6~ 1|t — x|PtTt D) dt

+ Z PO GOl + 67|+ |

6 > 0.

Now, for s=0,1,2,.., using Schwartz
inequality for integration ,summation,
Lemmas 2.1 and 2.2, we have

0]

(=1 Y sl =l [ pa Ol
l=v 0
—x|5dt

< 0(n/2)0(n=5/2) = 0(nU=9/2),
uniformly on [a, b].

3.7)

Therefore, by Lemma 2.3, we get

k

Zw(, 01 (d;n

j=

—1) Z [p$ ()] f Pajni-u(8) It
o

—xlsdt
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k

< > 1CG 1 (dn

j=0

DRI CONT

l=v 2i+msr
im=0

|CIlmr(t)|

e

1 ()

X pdjn,l—v(t) |t —x|°dt

0\8

<! su

k
i t
m, Clik
2i+rfsrxe[a,b]xr(1+x)r Z)l G k)l

i,m=0

(d n) [Z Pa; nl(x) |l

21+m<r
i,m=0
o

- djnxlmj pd]-n,l—v(t) |t — xlsdt]

o

=C Z nt 0(nm=/2)

2i+msr
i,m=0

= 0(n"=9)/2), uniformly on [a,b].(3.8)

C = sup sup |qimr(t)|
2i+msr xe[a,b] X "1+ x)"
i,m=0

choosing § = n=%/2 and applying (3.8), it
follows that

12 = wf(p+1‘) (n—l/Z)O(n_p/Z).

For x € [a,bland t € [0,0)\(a —n,b +
1), we can choose a § > 0 in such a way
that |t — x| = 6. Hence
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k
< Y 1cG.l |(4n
=0

_1)2

(4m)' |
l=v 2i+msr
i,m=0

|qlmr(t)|
X (1 + x)7 P!

~dyml" €9)
N I PGICRIL

It x|>5

+Z

=0 2i+msr
i,m=0

m |Qi,m,r (t)l

mpajn,z(xﬂh((), 9]

—dn|

For |t —x| =&, we can find a constant
C > O such that |h(t — x)| < C|t — x]”.

Hence, using Schwarz inequality for
integration and  then for summation,
Lemmas 2.1 and 2.2it easily follows that

|I3] = 0(n~%) for any s > 0, uniformly on
[a, b].

Choosing s > k + 1 and then combining
the estimates of I, I, and I3, the required
result is immediate. [
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