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Abstract

The sphericity test for repeated measures model is studied. The likelihood ratio criterion of this test is

obtained.
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1- Introduction

The repeated measures model (RMM) is one of the most widely used models in experimental

designs, especially in biological, agricultural, educational and psychological research [4]. It occurs

in analysis of variance when a particular experimental unit receives several treatments [3]. Many

literatures that are considered univariate the assumption is made that a set of random variables are

independent and have a common variance. Mauchly (1940) [5], was studied the test of the

hypothesis that the sample from n-variate population is in fact from a population from which the

variances are equal and the correlations are all zero. A population having this symmetry will be

called " spherical ". Anderson (1984) [2], was studied a test based on repeated sets of

observations, that is, he used a sample of p-component vectors from a multivariate normal

distribution to test that hypothesis. Al-Mouel (2004) [1], was studied a generalization for the

sphericity test by letting Yy,...,Y, be independent of each other, and identically distributed

Ny (,%) and considering the
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partition Yi =[Yi1,Yi2s---’Yik ]',

, where Y;, and g, are p, x1
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K
vectors and X, is P, x P, matrices (r =12,...,K) with > p, = p. He tests the null

r=1
hypothesis
Iy, ®Aq 0
H,y s = 0 I, ?Azz : 1)
o o o na

where A, is M, x M, matrices with , xmM, = p,,r=12,...,K, I denote the SxS
identity matrix and & be the Kroncker product between two matrices [6].

And he shows the criterion for H j is

n
LE
A= ng 2)
o[BS
Iy
r=t Q*
A Ap Ay ]
n _ — A A ... A
where A=Y (Y, -Y)(Y,-Y) =| 2 "2 x| @A)
i=1 : : :
Aa A Ak
ar
A are p, x p, matrices, B, =3 A i, and
i=1
_Arr,ll Arr,12 Arr,lq |
n VE T A 21 A ,22 A 2
Ar = Zl (Yir =Y ) (Vi =Y, ) = rr. r!’ l"r ! ' (4)
i=
A1 Amge2 Araa, |

for r =1,2,...,K. In this paper we study the sphericity test in repeated measures model of Gabbara

(1994) [4] as an application of generalized sphericity test .
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2- Repeated Measures Model (RMM) of Gabbara (1994) [4]

In this section, we state the RMM of Gabbara (1994) [4], which is given below. Let Yijk be the

(j, k)™ observaion on the " individual ( experimental unit ), for

i=1....m,j=1...,a,and k=1,...,b, where @ is the number of rows and b is the

number of columns. Let Y; = (Yjjq,...,Yiap )" denote the ab x1 vector of observations on the
i™ individual, and tij = E(Yij), #i =E(Y;). Itis assumed that Y; are independently
normally distributed with mean vector £; and common covariance 2, which is positive definite

matrix. Let all measurements have the same variance o 2, and that every pair of measurements that

comes from :
0] different columns and different rows treatments,
(i) the same column but different rows treatments,

(iii)  different columns but the same row treatments,
having o? yo ) o? P2, o? L3 as their respective covariances and every pair of measurements that

comes from different individuals have covariance zero. In symbols :

o? if i=i"j=j.k=k’
clpy ifi=ij=j.k=k’ (5)
COV (Yij . Yijiw) =10%p, if i=i"j= j, k=k'

c?p, ifi=i"j=j. k=k’'
0 if i=i

Let

Ui =0i Jap T @ Jp + o ® S + 17, (6)
where
0; isascalar,

a; =(¢,-..,y)" isan ax1 vector orthogonal to j,

Bi = (B, Pip) isa bx1 vector orthogonal to j, ,
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i = (Mirg,- - Miap) isan abx1 vector orthogonal to every column of the

matrix I, ® jp, and every column of the matrix j, ® I, and J isthe Sx1 vector of

one’s.

Let Yq,..., Y, beindependent ab -dimensional normal random vectors such that
Yi"'Nab(,Ui,Z),i:l,...,m, (7)

where £4; isgivenin (6) and X is defined in (5).

Then, he showed that

2 =0’[(U—p3 =Py + ) lap + (03 = 1) 1o ® Iy + (02 = p1) Ja @I, + p1d ],
®)

The model defined by (5)- (8) is called the RMM.

3- Transforming the RMM ( Gabbara (1994))

In this section, we use the transformation of the RMM , which is given by Gabbara (1994) [4].

Let U, bean ab x ab orthogonal matrix given in the following form

1
(ba) 2 (ip ® ja)
1 (9)
U,=| b2U;:®j3)

1
a ?(ja®Uyp)
Uz ®Uyp)

where  Ug be (S—1)xS matrix such that U U =1 4, USUé:IS—(E)JS,
S

Ué js =0, sté =0,and J isthe S x S matrix of one’s .

Let
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%

Yia i L ]

v (ba) 2 j, ® jj

i2

Yis Ua® o Y,
1

Yia | a 2 j, ®Uj
U. ®Uy

where Yi1,Yi5,Yiz, Yz are 1x1, (-1 x1, (b -1) x1, (a-D(b-1) x1,
respectively. Since U, is an invertible matrix and does not depend on any
unknown parameters, observing Yi,...,Y, isequivalent to observing Yii ,

Y;5,Y;3 and Yi; . Thus

* ’
Now
U* Hi = 1 (12)
(ba) 2 ji = jp Jba &
b 22Uz ® jp; ’u{ﬁuéa. il
_1 Va uy gy
a ? jia®Ujg (U, ®@UL) 77

UL, ®Uy

where 4 is given in (6), and

. (13)
zf o o o
= —U,>= U’ [g tzlafl r:?)Ib,l (C)) }
o o o 73 T (a_1yb_1)
where
it =c’[l+ (b-Dp; +(@-Dp, + b-D@-Dp,],
75 =c’[l+(b-Dps — po —(b-Dpy],
2 =0%[l-p3 +(@a-Dp, —(@-Dp],
2 2
T4 =0°[1—p3—p, + p1], (14)
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(t2,7%,72,72) is just an invertible function of (0%, Py, P5, P3 ) Which isa

reparametrization.
Hence Y1, Yi5,Yi3 and Y;, are independent, and
Yia "Nl(\/ﬁ 5i’T12)1
Yiz ~Naq (Vo U a,75 1,4),
Yis~Npy (\/5 Uy i, T32 Ip4), and
Yia ~Neapy ey ([Us ®Ugl71,75 Lagy o )- (15)
4: The Sphericity Test in RMM

We consider the covariance structure in RMM of Gabbara (1994) [4] . We wish to test the null
hypothesis

Hy:2=0[-p3 = py + p)lap + (p3 — p1) 1o ® Iy + (02 — p1) Jo ®I,,

+ p1dapl;
(16)

which is based on the sample Y7,...,Y,. Since the observing Yi,..., Y, is equivalent to the

observing Yi;, Y;5,Yi3 and Yi;, and X is equivalent to X, where X" is given in (13), then

testing the null hypothesis (16) is equivalent to testing the null hypothesis

2 0 0 0 |
0 5l,; 0 0
Hp:Z' =U,TU. = L .
0 0 73 1y 0
2
i 0 0 0 774 I(a—l)(b—l) i
which is based on the sample Y;",..., Y, or

2

- . 2 2 2
Ho:2" =diag (71,75 lag, 73 1p 0, 72 Lagy ogy ) -
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We see that (17) is a special case of the form (1). Then we can applied the generalized sphericity test

of Al-Mouel (2004) [1] .

Hence, the likelihood ratio criterion for HO is:

L (19)
ﬁ\B 2
g1 °
where
m * ok ok
AZZ(Yi —Y )(YI —Y ),:ms, (20)
i=1

B, =trace (Ay),9=12,3,4, and (21)
m - N

Agg = i§1(Yig —Yg)(Yig —Yg)',9=1234, (22)

where Y and S be respectively the sample mean vector and covariance matrix formed from a

sample observations on Yi* thatmeans Y~ and A partition as :
! A A A |
Y * :(Yl* ’YZ* ,Y3* ,Y; ), and Alr A Az A
A =

(23)
24
A31 A32 A33 A34

Asq Ao Aus Asyg

! ! ! !

where Y? ,Y? Ys ,Y? are  1x1(a-1)x1(b-1x1 (a—-1)(b—-1)x1 and

A, Ay, Agg, Ay arelxl (a-1)x(a—1), (b—1Dx(b-1),
(@a-1)((b-1D)x(a—1) (b—1) respectively.
5 : Conclusion

The likelihood ratio criterion, for HO (17) which is based on the sample Yl* ,...,Ym* , 1S

m
A2
ee—T
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where A and Bg are given in (20) and (21) respectively.
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