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Abstract
The sphericity test in nested repeatedsmes model of Gabbara is given as an
application of generalized sphericity test of Al-i.
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S1- Introduction

In many statistical analyses that considered uiaitggrthe assumption is made that a set of
random variables are independent and have a comar@nce. Several researchers consider
a test of these assumptions based on repeatefl geservations. More precisely, they used a
sample of p-component vecto¥s, ..., Y, from N(4,Z) to test the hypothesis

H:s =021, 1)

where g2 is not specified andl is the identity matrix (see Anderson (1984) [2],
Muirhead (1982) [6], Mauchly (1940) [5], Timm (200[Z] ). The null hypothesis in (1) is
called the hypothesis of sphericity. Al-Mouel (20Q4] considers testing problem which

is a generalization of this problem and the testgiwen b% letting Yy,...,Y,, be
independent of each other, and identically distaduN (,u and conS|der|ng the
partltlon

Y, =[Yi. YooY 4 =[ s Mo, ] and
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where Y, and (4 are p, X1 vectors and X, is P, Xp, matrices
(r =12,...,k)with > p, = p. He tests the null hypothe5|s
I I] Ny O 0
0 o, OA 0
Ho:Z=| v . , @
0 0 o g O A
Where/\rr is m, xm, matrices withg, xm, = p,,r =12,.. | ¢ denote the sx s

identity matrix andD ‘be the Kroncker product between two matrlces d Am shows the
criterion for H is
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Where
(Ar A Ay
A:%(Yi -Y)(Y; -Y) = A?l A?Z A.Zk , (4)
i=1 : : :
Aa A o Al
A, are p, X p, matrices,B, = qzr Ay i » and
i=1
_Arr,ll Arr,lz Arr,lq |
Ar :zl (Y =Y (% =Y, ) = A”;” A’f = A'j'2q )
_Arr,qu Arr,qu A”:QrQr_

for r =1,2,...,K. In this paper we study the sphericity test in egstepeated measures
model (NRMM) of Gabbara (1985) [4] as an applicatd generalized sphericity test .

S2- Nested Repeated Measures Model (NRMM) of Gabda©85) [4]

In this section, we state the NRMM of Gabbar@8@) [4], which is given below.
Gabbara considered the NRMM, which occurs in theyars of variance (ANOVA) when a
particular individual (person, rat, field, etc.)sha number of subindividuals (children,
offspring, subfields, etc.) and each subindividwegleives several treatments. He assumed that
each individual has the same number, d, of subihdals anqheach subindividual [(ﬁ(]:eives the
same number r of treatments. He supposedYhatbe thek™ observation on thg ™ sub-
individual from i individual, for I =IL...,h1, =1...,d and k=1,...,1r , apd
Yii = (Yijl,...,Yijr )" be the vector of observations on thut—,h sub-individual from the
inéiy’ﬂual andy, = (Y;;,...,Yy )’  be the vector of observations on the sub-indivislwd
thei™ individual. Let [ = I‘:‘QY,JK) ti; = E(Y;) and 1 = E(Y;). It is assumed that
Y; are independently normally distributed with mean and common covarianc, whigh
is positive definite matrix. He assumed that a#l theasurements have the same variante
every pair of measurements that come from the sarbmdividual have the same covariance
g~ p,; every pair of measurements that come from theesardividual but different
subin%iividuals have the same covarianZ€ p0;, and every pair of measurements that come
from different individuals have covariance zerosymbols
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2

o if i=i",j=jk=k
2 ip - - .y ’

o ifi=i',j=j,k#zk

COV (Yie Vi) =17 = ©)
o°p ifi=i'jz]
0 if i2i
He assumed that
Wi =0 jg Oj+y O, +n, (7)

where O, is a scalay; = (Viy,...,Viq) is a dx1 vector orthogonal to jq
M = (Mg Mgy )’ is a dr X1 vector orthogonal to every column of the matrix
lg O, ‘and Jg Is the Sx1 vector of one’s. Let Yi,...,Y,, be independentr -
dimensional normal random vectors such that

Yi~Ndr (ﬂi,Z),i:l,...,m, (8)
where y; is given in (7) and is defined in (6).

Then he showed that

S=0%[(1-p) g +(02—p1) g OJp + 01 g ], 9)

The model defined by (6)-(9) is called the NRMM.

S3- Transforming the NRMM ( Gabbara (1985) [4] )

In this section, we use the transformation of tliRMM, which is given by Gabbara
(1985) [4]. This transformation is given below.

Let U be andr xdr orthogonal matrix given in the following form

1
(dr) 2jg Oj;
1
Up=| r 2Ugq0Oj;
ujou,

(10)
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I 1 1 1
where Ug be (s—1)xs matrix such thatUgUg =144, UUg=14-(5)J,
S

UL jeo. UL =0,and Ug besxs orthogonal matrix defined as :

1
ul=[s ?is (11)
Usg
S _
(dr) 2 jg O
v i
et Y'=|Yy|=UpY =| r 2UyOj |Y, (12)
Yis UgOU;

whereY,1,Yi5 Y3 are1x1,(d —1) x1,d(r —1) x1 respectively.

SinceU - is an invertible matrix and does-not depend onuariynown parameters, observing
Yl,...,YDrn is equivalent to observin‘g;’i‘%l ,Yisg and Ylg Then theYiWare independent. Also

Y- ~Ng (Ugg UpZUp) (13)
- ) ) . )
(dr) 2 jg 0Oj, (dr)2 9,
1 1
Now Upg = r 2Uy 0O, (=] r2Uyy : (14)
ujou, CHEIVSY,?

where L is given in (7), and

1+(r=Dp, +r(d-Dpy 0 0
UzUp=0° 0 [L+(r=Dp, ~ 1]l g 0
0 0 @=L ) g
(15)

or
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r? 0 0
sU=uU zuUL=| 0 2lyy O , (16)
0 0 I3 Lar-1)

Where 77 = 02 [1+(r =1) p, +r(d -1) p, 1,

2 _ 2
12 =02+ (-1 p, ~1 1],
2 _ 2
I3 =0°[1-py ], (17)
2 .2 2y o N , 2 L
(r{,75,715) is just an invertible function of (0°,p;,0,)which is a
reparametrization. Henc¥;,Y,5 and Y5 are independent and; ~N, (J/dr J; ,772)

Yi%~Nd—1(\/?U£1I Vi ’Tzzld—l)’ Yi%~Nd(r—l)([Ug OU; In, lrfsgld(r—l))

S4- The Sphericity Test in NRMM
We consider the covariance structure in NRMMaabbara (1985) [4]. We wish to test
the null hypothesis

oSy — 42
Ho:Z =01~ p2) g +(02=p1) g O Iy + o1 I ], (18)
which is based on the samp ., Yy, Since the opservingj , m IS equivalent to
observng%e Y% and YS, a\:l% 5 is equwalent toZP here]Z is glven in (16), then
testing the nuII hypothe5|s (18) is equivalentasting the null hypothesis
rl 0 0
Ho:Z”=U zUp=| 0 2lgy O , (19)
2
0 0 3 g

which is based on the samp‘l@E ,...,Yr%. We see that (19) is a special case of the form
(2). Then we can apply the generalized spherieisy of Al-Mouel (2004) [1] .

Hence, the likelihood ratio criterion fd'rlo is :

A

(20)
H\Bg\z
i An A, A
where A=Y (YT-YO (Y=Y =| Ay Ay Ay, (21)
= Ay Ay Ag
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A, App, Aggarelx1 (d —1) x (d —1),d(r - xd(r -1,

By =trace(Ay),9 =123, and (22)
Ay =3 (Y ) (Y5 -¥5) .0 =123 (23)

and Y" be the sample mean vector formed from a samipgereations on YiE that

I I I I

means Y" partiton as :Y" =(Y,Y, Y5 ),where Y7 .Y, Y5 are
1x1,(d -1 x1,d(r —1)x1 respectively.
Conclusion .
The likelihood ratio criterion, foHO (19) which is based on the samh% ,...,Ym , IS
m
Az
3, m’
1By 2
g=1

where A and By are given in (21) and (22) respectively.
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