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Abstract

The aim of this paper is to introduce new conceyts-n-complete fuzzy
metric space and-n-continuous function and establish fixed point Hesstor o-
7-¢-contraction function inz-7-complete fuzzy metric space. As an application,
we derive some Suzuki type fixed point theoremsd fpoint in orbitally f-
complete. Moreover, we introduce concepty- ¢-contraction function and
application ona-n-¢@-contraction.
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1 I ntroduction

The study of fixed points of functions in a fuzzetmc space satisfying certain
contractive conditions has been at the center gbraus research activity. In
1965, the concept of fuzzy sets was introduceddmes [10]. With the concept of
fuzzy sets, the fuzzy metric space was introduget Kramosil and J. Michalek
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[5] in 1975. Helpern [3] in 1981first proved a fokepoint theorem for fuzzy
functions. Also M.Grabiec [2] in 1988 proved thentraction principle in the
setting of the fuzzy metric spaces. Moreover, Ao@e and P. Veeramani [1]
in1994 modified the notion of fuzzy metric spacagvhe help of t-norm.

This paper we introduce new conceptsaefi-complete fuzzy metric space and
a-n-continuous function and establish fixed point hesior a-n-¢@-contraction
function in a-n-complete fuzzy metric space. As an application,degve some
Suzuki type fixed point theorems, fixed point irbitally f-complete. Moreover,

we introduce concepi- - ¢p-contraction function and application ann-¢-
contraction.

2 Preliminaries

Definition 2.1 [4]: Letf: X - X anda: X X X — [0, ) be two functionf is said
to be a-admissible function if

alx,y) =21 = a(f(x),f(y)) >1 forallx,y € X.

Definition 2.2 [6]: Let f: X - X anda,B: X X X = [0,0) be two functiorf, is
said to bg«, £)-admissible function if

forallx,y € X.

{a(x, »nz1 {a(f(x),f(y)) >1
Blry) =1 B0, f) =1

Definition 2.3 [4]: Let f: X - X anda,n: X X X — [0,) be two functionf is
said to bex-admissible function with respegtf

atx,y) Z2n(x,y) = a(f(x),f»)=2n(f&x),f(), forallx,y € X
Not that if we takey(x,y) = 1, then this definition reduces to definition (2.1
Definition 2.4: Let (X, M,*) be a fuzzy metric space and

a,n:XxX-[0,0), X is said to bex-n-complete iff every Cauchy sequence
{2} with a(x,, Xp41) = 1n(xn, xn41) for alln € N converge ink

Note:X is said to bex-complete ifp(x,y) = 1 forallx,y € X.

Example 2.5: Let X = [0,1] and M(x,y,t) = Tyl if t>0 withaxb=
min {a, b} for everya, b € [0,1] , definea,n: X X X — [0, )

By a(x,y) = {(()x + Y)if Zf;y €X
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n(x,y) = 2xy
Then(X, M,*) is a-n-complete fuzzy metric space.

Definition 2.6: Let (X, M,*) be a fuzzy metric space and det): X X X — [0, o)
andf:X - X , f is said to bex-n-continuous function oA if for x € X and{x,,}
be a sequence ¥ with x, - x asn - o , a(x,, Xp41) = N(xpx,e1) for all
n € N impliesf (x,) = f(x).

Definition 2.7 [9]:

(1) Letf be a function of a fuzzy metric spd&e M,*) into itself.(X, M,x) is said
to be f-orbitally complete if and only if every Cauchy senqce which is
contained in{x, f( x), f2(x), f3(x), - - } for somex € X converges irX.

A f -orbitally complete fuzzy metric space may notdraplete.

(2) A functionf: X — X is called orbitally continuous at € X if lim,,_,.f™(x) =
x implieslim,,_,ff™(x) = f(x)

The functionf is orbitally continuous ok if f is orbitally continuous for all
x € X.

Remark 2.8:

(1) Let (X, M,x) be a fuzzy metric space afidX — X be a function and leX be
an orbitally f-complete. Define, n: X X X — [0, 00) by

3 ifx,y€e0(w)
1 o.w

amw={ , n(xy) =1

Where0O (w) is an orbit of a pointv € X . (X, M,*) is ana-n-complete.

If {x,,} be a Cauchy sequence witkix,,, x,.1) = n(x,, x,4+1) for all n € N then
{xn} €0(w)

Now, sinceX is an orbitally f-complete fuzzy metric space, tH{ap} converge in
X. We can say thaf is a-n-complete.

(2) Let (X,M,x) anda,n: X X X - [0,00) is in (1), let f: X — X be an orbitally
continuous function orfX, M *). Thenf is a-n-continuous function. Indeed if
Xp = x asn — oo anda(x,, Xp41) = nN(xpxne1) foralln € N, sox,, € 0(w) for
all n € N, then there exist sequeng@e);cy Of positive integer such that, —»
f¥w - x asi —» . Now sincef is an orbitally continuous oiiX, M,*), then

f(xn) = f(ffiw)) = f(x) asi - .
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Denote with¢ the set of all the functior: [0,1] — [0,1] with the following
properties:

(1) ¢ is nondecreasing and continuous

2 e@®=0 iffr=1

Definition 2.9: Let (X, M,*) be a fuzzy metric space ghd - X, let M(x,y) =
min {M(x,y, ), M(x, f (x), ), M(y, f (), £), M(x, f(¥), £) * M(y, f (x), ©) }

We say

(1) f is ana-n-@-contraction function if
a(x,y) Z2n(x,y) = M(f(x), f(¥),t) = o(M(x,¥)).

(2) f is a-@-contraction function ifi(x,y) = 1 forallx,y € X .

Theorem 2.10: Let (X, M,x) be a fuzzy metric space and fetX — X, suppose
that a,n: X X X — [0,0) are two function. Assume that the following assest
hold

) (X, M,*) is ana-n-complete fuzzy metric space .

(i) f is ana-admissible function with respectia

(i)  f isa-n-e-contraction function o .

(iv)  fis ana-n-continuous function .

(V) There exisk, € X such thatr(x,, f (xg)) = n(xo, f(x))-

Thenf has a fixed point iX .

Proof: Letx, € X such that(xo, f (x0)) = 1(x0, f(x0))

Define a sequende,,} such that, = f(x,,_;) foralln € N

If x,, = x4, for somen , thenx = x,, is a fixed point off.

Supposex,, # X411

Sincef is a-admissible function with respegtand

a(xo, f (x0)) = n(xo, f (o))

Thena(xy, x;) = a(f (xo), f (x1)) = n(f (xo), f (1)) = n(xy, x2)
By continuing this process, we get

a(xnrf(xn)) = a(xp, Xp41) = n(xn; Xnt1) = n(xn, f(xn))
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By (1) in definition (2.9)
M(xn'xn+1: t) = M(f(xn—l): f(xn)’ t) = a(M(xn—ll xn))
Where
M(xp_1, %5) = min {M(x,_1, Xp, t), M(xXp_1, f (Xn—1), ), M (xp, f (x), 1),
M (-1, f (xn), 8) * M (xp, f (X5-1), 0}

= min {M(xn—li xn' t); M(xn—li xn' t)) M(xn' xn+1' t)' M(xn' xn+1' t)'
M(xn—lxn+1' t) * M(xn' Xn t)}

= min {M(xn_1, Xn, ), M(Xp, Xn 41, £), M(Xp_1, X, t) * M(Xp, Xnsq, £)}
= min {M(xy-1, Xn, ), M (Xp, Xn 11, £)}
Sinceg is nondecreasing and continuous, we have
M (xp, Xpy1,t) = @(min{M (xp_y1, X5, t), M (X, X114, £)3)
If min{M (x,—1, xn, £), M (xp, X 41, )} = M, X410, )
Then
M (xp, Xn41,8) 2 @(MUn{M (xXp_1, X, £), M (X, X 41, )}) = 9(M (o, X412, 1))
> M (xp, Xp41,t)
Which is contradiction.
Therefore min{M (x,,_1, x,,, t), M (%, X1, t)} = M (%51, X, t)

Hence for alln € N we have

M(xn; Xn+1, t) = (p(M(xn—li Xn, t)) > (pz(M(xn—Z' Xn—1r t))
2 2 (pn(M(xo,xl, t))

Letn,m € N withn > m , then

M, 2%, £) = @(M(xp—1, %, 1)) = -+ = @™ (M (9, %1, 1))
Therefore lim,,_, .M (xp, xp, t) = 1

Hencef{x,,} is a Cauchy sequence

SinceX is ana-n-complete fuzzy metric space therecis X such that,, - x as
n — oo,

Sincef is ana-n-continuous function s®,,; = f(x,) = f(x) asn - «©
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Hencef (x) = x
Suppose is a fixed point off such thaf (y) = y
M(x,y,6) = M(f(x), f(), t) = ¢(M(x, y))
Hencex = y

Example 2.11: LetX = [0,3] be equipped with the ordinary metric

2|x=y|

d(x,y) = |x —y|, @(tr) = 7 for all T € [0,1]. DefineM(x,y,t) =e~ ¢ for
allx,y € Xandt >0 , anda,n: X X X - [0, o)

_((x+¥)? ifx,yeX
By () = fow
n(x,y) = 2xy,

Clearly, (X, M,*) is ana-n- complete fuzzy metric space with respect tenorm
a x b = ab. (by[8])

Letf: X —» X be defined as

1 x€[01]
fe) = {3‘7" x € (1,3]

1
d(f (), f) = 1f ) = fFWI =5l =yl <lx=yl=d(y)

21f )= lx=y|
It follows thatM (f (x), f(y),t) = e t >e ¢ =@M(xy))

Thusf is a-n-@-contraction function in fuzzy metric spagé M,*).

Corollary 2.12: Let (X, M,x) be a fuzzy metric space and fetX — X, suppose
that a,n: X X X — [0,0) are two function. Assume that the following assest
hold:

) (X, M,*) is ana-complete fuzzy metric space .
(i) f is ana-admissible function

(i)  f isa-gp-contraction function oX .

(iv)  fis ana-continuous function .

(V) There exisk, € X such thatr(x,, f(x,)) = 1.

Thenf has a fixed point iX .
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Theorem 2.13: Let (X, M,x) be a fuzzy metric space and fetX - X , suppose
that a,n: X X X — [0,) are two function. Assume that the following assest
hold:
0] (X, M,*) is ana-complete fuzzy metric space
(i) f is ana-admissible function with respectia
(i)  f isa-n-e-contraction function o .
(iv)  There exist, € X such thatr(x,, f (x0)) = n(xo, f(x))-
(V) If {x,} is a sequence K a(x,, Xpt1) = N(Xn, Xni1)
With x,, - x asn — o, then
Either a(f (xn),%) = n(f (%), £2(xn))
Or  a(f?(xn), %) 2 n(f?(xn), f>(xy)) foralln e N
Thenf has a fixed point iX .
Proof: Letx, € X such that(x,, f (x0)) = n(xo, f(x0))
Define a sequender,} in X by x,, = f™(x,) = f(x,-1) foralln € N.
Now is in the proof of theorem (2.10) we hawec, .1, x,,) = 1(Xp41, Xn)
There existc € X such that,, » x asn - «
Let M(x, f(x),t) # 1, from (v)
Either a(f(xp-1),%) = n(f (xn-1), £ (*¥n-1))
Or  a(f?(xn-1),%) = n(f*(*n-1), f>(Xn-1))
Then either a(x,, x) = n(x,, X4+1)
Or a(xpy1,%) 2 N(Xn41, Xne2)
Let a(x,, x) = n(x,, x,41) from definition (2.9) condition (1), we get
M (i1, f(2),8) = M(f (xn), f (), ) = (M (xp, X))
Where
M (xy, x) = min {M(xy, x, t), M(xy, f (xn), 1), M(x, f (x), 0),
M(xy, f (), ) * M(x, f (), £}

= @(min {M(xpn, x,t), M (xXp, Xp41), M (x, f (x), 1),
M (xy, f (%), ) * M(x, X1, 1)})



On a-n-p-Contraction in Fuzzy Metric Space... 111

> min{M (xy, x, ), M (xXy, Xn411), M(x, £ (x), 0), M (xp, f (%), 8) * M(X, X 44, 1)}

By takingn — o in the above we get

M(x, f(x),t) = @(min {1, M(x, f (x),)}) > M(x, f(x),t)
Which is contradiction.
HenceM(x, f(x),t) =1 = f(x) =x.
Corollary 2.14: Let (X, M,*) be a fuzzy metric space and feX - X , suppose

that o, n: X X X — [0,0) are two function. Assume that the following assest
hold:

0] (X, M,*) is ana-complete fuzzy metric space.
(i) f is ana-admissible function.

(i)  f isa-g-contraction function oiX.

(iv)  There exist, € X such thatr(x,, f(x,)) = 1.
(V) If {x,} is a sequence K a(x,,x,,1) =1

With x,, - x asn — «, then

Either a(f(x,),x) =1

Or  a(f?*(x,),x) =1 forallneN
Thenf has a fixed point iX.

Corollary 2.15: Let (X, M,*) be a complete fuzzy metric space andflef - X
be a continuous function such thfats contraction function that is

M(f(x), f(¥), ) = p(M(x,y)) forallx,y € X

Thenf has a fixed point iX.

2.2 Fixed Point in Orbitally f- Complete Fuzzy Metric Space

Theorem 2.2.16: Let (X, M,x) be a fuzzy metric space afid — X such that the
following assertion hold:

0] (X, M,*) is an orbitallyf-complete fuzzy metric space.

(i)  there existp be a function such that (f(x), f(y),t) = e(M(x,y)) for
all x,y € 0O(w) for somew € X.

@) If {x,} be a sequence .such tHat,} € O(w) with x,, - x asn - oo,
x € O(w).
Thenf has fixed point irX.
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Proof: Define a: X X X = [0,o) from remark (2.8) (X, M,*) is ana-complete
fuzzy metric space anfis ana-admissible function.

Leta(x,y) =1 forallx,y € 0(w)

Then from (ii)

M(f (), f(¥), t) =2 o(M(x, y))
That isf is ana-¢@-contraction function
Let {x,} sequence such thatx,, x,,.,) = 1 with x,, - x
So{x,} € 0(w) from (iii) we havex € O(w)
That isa(x,, x) = 1 by corollary (2.13)
Thenf has unique fixed point iA.

Corollary 2.2.17: Let (X, M,x) be a fuzzy metric space afidX — X such that
the following assertion hold:

0] (X, M,*) is an orbitallyf-complete fuzzy metric space.
(i)  there exisk € (0,1) such thaM(f(x), f(y),t) = kM(x,y)
for all x,y € O(w) for somew € X.
@ii) If {x,} be a sequence
such thafx,} € O(w) with x, = x
asn — o. Then x € O(w). Thenf has fixed point irX.

2.3  Suzuki Type Fixed Point Result
From Theorem (2.10) we deduce the following Sutybe fixed point result

Theorem 2.3.18: Let (X, M,*) be a complete fuzzy metric space ang’iét - X
continuous function .Assume that there ekist(0,1) such that

M(x, f(x),t) =2 M(x,y,t) = M(f(x), f(y),t) = kM(x,y) ___ (1)

For allx,y € X, where

M(x,y) = min {M(x,y,t), M(x, f (x),t), M(y, f(¥), 1),
M(x, f(y),t) * M(y, f(x), t)}

Thenf has a fixed point iX .

Proof: Definea,n: X x X — [0,») ande: [0,1] — [0,1] by
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a(,y) =M(x,f(x),t) ., nl,y) =M(xy,t)

Such thatr(x,y) = n(x,y) for allx,y € X

And leto(t) = kt , 7 € [0,1]

By condition (i) —(v) of theorem (2.10)

Let a(x, f(x)) = n(x,y)

ThenM (x, f(x),t) = M(x,y,t)

From (1) we haveM (f (x), f(¥),t) = kM(x,y) = ¢ (M(x, y))

Then f is a-n-¢@-contraction function by condition of theorem (2.5hd f has
fixed point, then the unique fixed point followsin (1).

Corollary 2.3.19: Let (X, M,*) be a complete fuzzy metric space angiat - X
continuous function. Assume that there ekist(0,1) such that

M(x, f(x),t) =2 M(x,y,t) = M(f(x), f(¥),t) = kM (x,y,t)
Forallx,y € X,

Thenf has a fixed point iX .

24  An a- - ¢p-Contraction Function

Definition 2.4.20: Let (X, M,*) be a complete fuzzy metric space.f:éf — X be
an a-admissible which satisfies the following

Y(Mf (), f),0) = Y(M(x,y)) — p(M(x, y))
Such that
0] Y is continuous and decreasing witlir) = 0 iff 7 = 1.
(i) ¢ is continuous withp(t) = 0iff t =1

f is calleda- y- ¢- contraction function .

Theorem 2.4.21: Let (X, M,*) be a complete fuzzy metric space .f:éf — X be
an a-admissible which satisfies the following

Y(MF @), FO), D) = p(M(x,y)) — p(M(x, y))
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Such that

0] (X, M,*) is ana-complete.

(i) f is a-continuous function

(iv)  There exist, € X such that(x,, f(x,)) = 1.
Proof: Let x, € X such thatx(x, f(xy)) =1

Define a sequende,,} such thatk,, = f(x,_,) foralln € N
If x,, = x4, for somen , thenx = x,, is a fixed point off.
Supposex,, # X411

Sincef is a-admissible function with respegtand

a(xy, f(x)) = alxg,x1) =1

Thena(xy, x;) = a(f(xo):f(x1)) = U(f(xo)’f(xﬂ) = 1(x1, X2)
By continuing this process, we get

a(xy, f(xn)) = a(xy, xpp1) =1 foralln €N

l/)(M(xni Xn+1, t)) = l/)(M(f(xn—l)' f(xn)' t))

= l/)(M(xn—l'xn)) - ¢(M(xn—1'xn))
Where

M(xp_1, %5) = min {M(x,_1, X, t), M(xXp_1, f (Xn—1), ), M (xp, f (x), 1),
M(Qp—q, f (ep), t) * M (%, f (xn-1), £)}

= min {M(xn—li xn' t); M(xn—li xn' t)) M(xn' xn+1' t)' M(xn' xn+1' t)'
M(xn—lxn+1' t) * M(xn' Xn t)}

= min {M(xn—li Xn, t); M(xn' Xn+1) t)' M(xn—li Xn t) * M(xni Xn+1» t)}

= min {M(xn—li Xn, t)' M(xn' Xn+1 t)}

Sincey decreasing, theM (x,,_1, x,,, t) < M(x;,, Xp 41, t) that is{M (x,, xp41,t)}
is an increasing sequence thus there exi§t) € (0,1] such that
limy, . M(xp, xpeq,t) =1(t) <1

Now takingn — o we obtain for alk > 0

V(1) = ¥(1()) — (L)) which is contradictiod(t) = 1
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Thus we conclude for atl> 0
limn—moM(xnf Xn+1, t) =1
{x,} is Cauchy sequence .sinkas a-complete ,then,, — x

YM (xni1, f (), 8)) = YM(f (x), f (%), 1)
= ¢(M(xn: .X')) - d)(M(xnl .X'))

Lettingn — « in the above inequality using propertigsp
Y(limy oM (xy, f(x),8)) Z (1) — (1) = 0

Thus lim,_.M(x,, f(x),t) =1

Hencex,, - f(x) = f(x) = x.

Now we assumg is a fixed point off such thaif(y) =y

Y(M(x,y,0) = p(MF ), fO), D) = p(M(x,y)) — p(M(x,¥)) =0
= Mxyt) =1 =x=y.

2.5 Application On a-n-¢@-Contraction

Definition 2.5.22: Let (X,M,*) be a fuzzy metric space arfdX — X be an
(a, B)-admissible functiory, is said to be

€)) (a, B)-contraction function of type (1) , if
a(x, y) B, YIM(f (), fF(), t) = o(M(x, ).
(b) (a, B)-contraction function of type (ll) , if there ex@t< £ < 1 such that
(a(x’ y)ﬁ(x’ y) + ,E)M(f(X),f(y),t) > (1 + g)fp(M(X,y))
Theorem 2.5.23: Let (X, M,*) be a complete fuzzy metric space ang’iét - X
be ana-continuousand (a, 8)-contraction function of type (1), (Il), if thereist
a(xo, f(x0)) =1 and B(x,, f(x,)) = 1, thenf has a unique fixed point .
Proof: Let x, € X such thatx(x,, f(x)) = 1 andB(x,, f(xy)) = 1
Define a sequendg,,} such that, = f(x,,_;) foralln € N
Sincef is (a, B)-admissible function and(x,, f (x,)) = 1

Thena(x,, x,) = a(f(xo),f(xl)) >1

By continuing this process, we get
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a (X Xnt1) = a(xn, f(x)) 2 1
Similarly we havep (x,, x,+1) = B (%, f(x)) = 1
If x,, = x,4, for somen , thenx = x,, is a fixed point off.
Supposex,, # X411

(@)
a (X, Xn+1) B (Xn, X4 1) M (X, X1, )
= a(Xn, Xn41)BXn Xy DM (f (X-1), f (x5, £)
= (p(M(xn—li xn))
Where
M (xp—1, xn) = min {M(xp_1, X, £), M (X1, f (cn—1), ), M (xp, f (x), 1),
M (xn—1, f (), 8) * M (2, f (xn-1), )}

= min {M(xn—li xn' t); M(xn—li xn' t)) M(xn' xn+1' t)' M(xn' xn+1' t)'
M(xn—lxn+1' t) * M(xn' Xn t)}

= min {M(xn—li Xn t); M(xn' Xn+1, t)' M(xn—li Xn t) * M(xni Xn+1, t)}
= min {M(xn—li Xn t)' M(xn' Xn+1, t)}
If min{M(xn—li Xn t)) M(xni Xn+1, t)} = M(xni Xn+1, t)

Then

M(xni Xn+1 t) = (p(min{M(xn—li Xn, t)' M(xn' Xn+1» t)}) = (p(M(xn' Xn+1» t))
> M(xnl Xn+1, t)

Which is contradiction
Therefore min{M (x,,_1, x5, t), M (X, Xpy1, )} = M (X1, X, t)

Hence for alln € N we have

M(xn; Xn+1, t) = (p(M(xn—li Xn, t)) > (pz(M(xn—Z' Xn—1r t))
2 2 (pn(M(xo,xl, t))

Letn,m € N withn > m , then

M(xn; Xm» t) = a(xn, xn+1):8(xmxn+1)M(f(xn—1)'f(xn)'t) = (p(M(xn—lixn))
> = @™(M(xg, %1, 1))

Therefore lim,,_,.M (xp, xp, t) = 1
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Hence{x, } is a Cauchy sequence

SinceX is ana-n-complete fuzzy metric space therecis X such that,, - x as
n — oo,

M (%, f(2), 1) = @2, ) B n, XIM (f (), £ (), £) = (M, X))
Hencef (x) = x
Suppose is a fixed point off such thaif (y) = y
M, y,t) = alx,y) B, y)M(f (x), f(¥), ) = o(M(x,¥)).

Hencex = y.

(b)
(a(xn' xn+1):8(xn; xn+1) + f)M(x”’xTH'l't)
= (a(xp, Xn 1) B (Xny Xpi1) + f)M(f(xn_l)’f(xn)’t)
> (1 + £)?MGn-1xn))
Where
M(xn_l’ xn) = min {M(xn—l' Xn t)' M(xn—ll f(xn—l)l t)' M(xn' f(xn)l t):
M (xp—1, f (xn), 1) * M (Xp, f (Xp-1), 1)}

= min {M(xn—lr xnr t): M(xn—lr xnr t): M(xnr xn+1r t), M(xnr xn+1r t)r
M(xn—lxn+1r t) * M(xn' Xn, t)}

> min {M(xp_1, X, t), M(Xp, X1, t), M(Xp_q, Xp, t) * M (X, Xpy1, £)}

=min {M(x,_1, X, t), M(xXy, Xp11,t)}

If min{M (x,_1,xn,t), M(xp, X1, t)} = M (X, Xy g1, t)

Then

M(xni Xn+1 t) = (p(min{M(xn—li Xn, t)' M(xn' Xn+1» t)}) = (p(M (xn' Xn+1» t))
> M(xnl xn+1: t)

Which is contradiction

Therefore min{M (x,,_1, x,,, t), M (%, X1, t)} = M (%51, X, t)

Hence for alln € N we have

M(xnl Xn+1, t) = (p(M(xn—ll Xn, t)) 2 (pz(M(xn—Z' Xn—1, t))
> > " (M(xg, %1, 1))

Letn,m € N withn > m , then
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M(xn' Xm t) = (a(xn' xn+1)ﬂ(xnl xn+1) + 1)M(f(xn_1),f(xn),t)
> (1+ g)fp(MI(xn—an)) > > (1+ g)(p”(M(xo,th))

Therefore lim,,_, .M (x,, X, t) = 1
Hence{x, } is a Cauchy sequence

SinceX is ana-n-complete fuzzy metric space therecis X such that,, - x as
n — oo,

(a(xy, ) B (%, x) + MESD = ((x,,, x) B (x,, x) + £)MT En).F (.0
> (1 + £)PMbnx)
Hencef(x) = x

Suppose is a fixed point off such thaf (y) =y
(a(x, y)B(x,y) + HMTDIDD > (1 4 p)PMCey)),

Hencex = y.
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