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The intuitionistic fuzzification in p—algebras about the concepts of ideals and subalgebras given with several related charac-
terizations is considered. Some new concepts like intuitionistic fuzzy p—ideal (IFpi), intuitionistic fuzzy p—subalgebra (IFps),
p—homomorphism, and intuitionistic fuzzy p—ideal (IFpi) are introduced and some of their descriptions are given in this work.
Further, we show some applications on the family of all intuitionistic fuzzy p—subalgebras IFps(R) in p—algebra like the binary
relations =5 and T, on IFps(R). Also, their equivalence classes are given and studied.

1. Introduction

The fuzzy set (FS) as suggested by Zadeh [1] in 1965 is a
regulation to vagueness and encounter uncertainty. A FS
maps each element of the universe of discourse to the interval
[0,1]. After the introduction of fuzzy sets theory by him,
many mathematicians were conducted on the generalizations
of the this concept and studied in the groups, algebras,
and soft spaces (see [2-5]). By including a fuzzy set the
degree of nonmembership, Atanassov [6] in 1986 suggested
the intuitionistic fuzzy set (IFS), which seems more precise
for provides opportunities and uncertainty quantification to
accurately model a problem based on existing knowledge and
monitoring. Also, this notion is discussed in different fields
(see [7-11])

BCK —algebra, class of algebra of logic, was investigated by
Imai and Iseki [12]. After that, the notion of d—algebras was
investigated by Neggers and Kim [13]. In 2017, the concepts of
p—algebra, p—ideal, p—ideal, p—subalgebra, and permutation
topological p—algebra were first proposed by Mahmood and
Abud Alradha [14]. Next, they showed the notion of the soft
p—algebra and soft edge p—algebra [15].

In the present work, the notions of intuitionistic fuzzy
p—ideal (IFpi), intuitionistic fuzzy p—subalgebra (IFps),

p—homomorphism, and intuitionistic fuzzy p—ideal (IFpi)
are introduced. Further, we show some applications on
the family of all intuitionistic fuzzy p—subalgebras IFps(R)

in p—algebra like the binary relations =, = and I, on
uov

IFpg(R). Also, their equivalence classes are given and stud-
ied.

2. Preliminaries and Notations

We will recall basic definitions and results to obtain proper-
ties developed in this work.

Definition 1 (see [16]). An intuitionistic fuzzy set o (IFS,
in short) over the universe R is defined by « = {<
a,uy(a),ve(a) >l a € R}, where p(a): R — [0; 1],
vy(a): R — [0; 1] with 0 < py(a) + v,(a) < 1,Va € R.
U, (a) and v, (a) are real numbers and their values represent
the degree of membership and nonmembership of a to «,
respectively.

Definition 2 (see [6]). The IF whole and empty sets of R are
defined byT ={<a,(1,0) ] a e R}and 0 = {< a,(0,1) >|
a € R}, respectively.
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2.1. Basic Relations and Operations on Intuitionistic Fuzzy Sets
[7]. Assume o = {< a, (u,(a),v,(a)) >| a € R} and = {<
a, (yﬁ(a), vﬁ(a) ) >| a € N} are two IF sets of R. We deduced
the following relations:

(1) [inclusion] & € Biff py(a) < yﬁ(a) and v, (a) > vﬁ(a),
Va € R,

(2) [equality] « = Siffa € fand S C «,

(3) [intersection] «nf = {(a, min{y,(a), yﬁ(a)},

max{va(a),vﬂ(a)}) ta €N},

(4) [union] aOB = {(a, max{y,(a), us(a)}, min{v,(a),

vﬁ(a)}) ra e R},

(5) [complement] a“ = {(a, v,(a), y,(a)),a € R}.
Definition 3 (see [14]). We say (R, »,0) is p—algebra if (¢) is a
binary operation on R with a constant 0 € R and such that

D aea=0,

(2)0ea=0,

(3)aeb=0=>beaimplythata =b,

(4) Foralla # b € R — {0} imply thatasb =bea # 0.
Definition 4 (see [14]). Assume (R, e,0) is a p—algebra and

¢ # K € R. Wesay K is a p—subalgebra of Rifa«b ¢ K,
Va,b € K.

Definition 5 (see [14]). Assume (R, ¢, 0) is p—algebra and ¢ #
K ¢ R. We say K is p—ideal of R if

(1) a,b e Kimplyae«b € K,

(2)aebeKandb e Kimplya € K,Va,b € R.

Definition 6 (see [14]). Assume (R, ¢,0) is a p—algebra and K
subset of :R. We say K is a p—ideal of R if

(1) 0 €K,
(2)aeKandbeR — aebe K,Va,beR.

Definition 7 (see [11]). Assume that &« = {< a,(u,(a),
vy(a)) >| a € R}isan IFSin R and r € [0,1]. The set
W(u,,r) =1a € R | p,(a) > r} (resp., L(v,,7) = {a € R |
v,(a) < r}) is said to be y—level r—cut (resp., v—level r—cut) of
«.

3. Intuitionistic Fuzzy
p—Subalgebras in p—Algebras

In this section, we introduce some new concepts, such as
(IFps), (IFpi), (IFpi), and p—homomorphism which are
introduced and discussed. Further, some binary relations =

~and I, on IFpg(R) are given, and some basic properties are
shown.

Definition 8. Assume (R,e,0) is a p—algebra and ¢« = {<
a, (p,(a),v,(a)) >| a e R} is IFS of R. We say « is an
(IFps) of R if p,(a ¢ b) > min{uy(a), u,(b)} and v (a « b) <
max{v,(a),v,(b)}, Va,b € R.
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TaBLE 1
* 0 w 0 4
0 0 0 0 0
1) w 0 d d
15} w d 0 1)
4 14 d w 0

Example 9. Let R = {0, w, 0, £} be p—algebra with Table 1.
Then, & = {< a,(p,(a),v,(a)) >| a € R} = {(0,0.9,
0.1), (w,0.4,0.3), (9,0.7,0.3), (¢,0.4,0.2)} is an (IFps) of R.

Definition 10. Assume (R,,0) is p—algebra and o« = {<
a, (uy(a), v, (a)) >| a € R} is IFS of R. We say « is (IFpi)
of R if

(1) py(a « b) > minf{u,(a), u,(b)} and vy (a » b) <
max{v,(a), v,(b)},

(2) py(a) = min{p,(ab), u,(b)} and v,(a) < max{v,(a.
b),v,(b)},Va,b € R.

Example 11. Let (R, «,0) be p—algebra in Example 9 and let
a = {< a,(u(a),v(a) > a € R} = {(0,0.8,0.2),
(w,0.3,0.4), (0,0.2,0.7), (£,0.4,0.3)} be IFS of R. Then, « is
(IFpi) of R.

Definition 12. Assume (R, ,0) is p—algebra and @ = {< a,
(py(a), vy(a)) >| a € R} is IFS of R. We say « is (IFpi) of R
if

(1) 4,(0) = p,(a) and v,(0) < v, (a),

(2) py(a » b) = minfy,(a), u,(b)} and v (a « b) <
max{v,(a),v,(b)}, Va,b € R.

Example 13. Let (R, «,0) be p—algebra in Example 9 and let
a = {< a,(u(a),v(a) > a € R} = {(0,0.9,0.1),
(w,0.4,0.3),(0,0.7,0.3), (£,0.4,0.2)} be IFS of R. Then, « is
(IFpi) of R.

Remark 14.
D) Ifa = {< a,(u,(a),v(a)) >| a € R} is (IFpi) of R,
then « is (IFps).

(2) Ifa = {< a, (py(a),v,(a)) >| a € R} is (IFpi) of R,
then « is (IFps).

@B) Ifa =1{< a,(y(a),v,(a)) >| a € R}is (IFps) of R
and satisfies (2) in Definition 10, then « is (IFpi).

(4) If « = {< a, (uy(a),v,(a)) >| a € R}is (IFps) of R
and satisfies (1) in Definition 12, then « is (IFpi).

Lemma 15. If & = {< a, (u,(a),v,(a)) >| a € R} is (IFps) of
R, then u,(0) > p,(a) and v,(0) < v,(a), Va € R.

Proof. Let a € R. Then u,(0) = p,la » a) =
min{u,(a), u(a)} = p,(a) and v,(0) = v,(a e a) <
max{v,(a),v,(a)} = v,(a). ]
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Theorem 16. If {a; =< a, (yai(a), vai(a)) >l a € R,i €l}is
any family of (IFps) of R, then ﬁid(xi is (IFpi) of M, where
(Nier® = {< a, (min{y, (@)}, max{v, (a)}) >| a € R}.

Proof. Leta,b € R. Thus we consider that

min{y, (@ « b)} = min{min{y, (@), 4, ®)}} =
min{min{yai(a)}, min{yai(b)}}. Also max{vai (a « b)} <
max{max{v‘xi(a), Va,-(b)}} = max{max{v, (a)}, max{v, (b)}}.

Thus ;o = {< a, (min{y, (@)}, max{v, (a)}) >| a €
R} satisfies condition (2) in Definition 12. Also, let a €
R. Hence, we consider that min{y, (0)} = min{;,tai(a .
a)} > min{y, (a),p, (@)} = min{y, (a)}. Furthermore,
max{vai(O)} = max{val_(a ea)l < max{vai(a),vai(a)} =

max{vai (a)}. Then (1) in Definition 12 is held and hence ﬁie 1%
is (I pi) of R. L]

Theorem 17. Ifa = {< a, (uy(a),v,(a)) >| a € R} is (IFpi) of
R, then K =< a, y,(a), 1 — p,(a) > is (IFpi) of R.

Proof. We need only to show that 1 — p,(a) satisfies the first
and second condition in Definition 10. Assume Va,b € R.
Then 1 — p,(a « b) < 1 — min{yy(a), u,(b)} = max{l -
po(a), 1 = gy (b)}. Furthermore, 1 — p,(a) < 1 — min{uy(a «
b), u,(b)} = max{l — y,(ab),1 - u,(b)}. Hence K is (IFpi)
of R. ]

Theorem 18. If o = {< a, (u,(a),v,(a)) >| a € R} is (IFps)
of R, then the sets T, = {ae Ry, (a)=pu,0)}andT, = {a €
R | v,(a) = v,(0)} are p—subalgebras of R.

Proof. Let a,b € T,. Hence py(a) = p,(0) = p,(b), and
Yy (aeb) > min{y,(a), u,(b)} = p,(0). By using Lemma 15, we
consider that y,(asb) = y,(0) or equivalently asb € T,. Now,
leta,b € T,. This implies that v, (a « b) < max{v,(a),v,(b)} =
v,(0) and, by applying Lemma 15, we conclude that v, (a<b) =
,(0). Thereforea b € T,. O

Definition 19. Assume « = {< a, (u,(a),v,(a)) >| a € R}
is (IFps) of R. We say o has finite image, if each image of y,
and v, is with finite cardinality (i.e., Im(y,) = {p,(a) | a € R}
and Im(v,) = {v,(a) | a € R} such that [Im(y,)| < co and
[Im(v,)| < 00).

Definition 20. Assume that « = {< a, (u(a),v,(a)) >| a €
R}is (IFps) of R and r € [0, 1]. The set W(u,,r) = {a € R |
Yo (a) = r} (resp., L(vy, 1) = {a € R | v, (a) < r}) is said to be
p—level r—cut (resp., v—level r—cut) of a.

Theorem 21. Ifa = {< a, (y,(a),v,(a)) >| a € R} is (IFps) of
R, then W(u,,r) ={a € R | pu,(a) > r} and L(v,, 1) = {a €
R | v, (a) < r}) of « are p—subalgebras of R.

Proof. Let a,b € W(u,,r). Hence p,(b) > r and u,(b) > r.
This implies that y,(a « b) > min{u,(a), u,(b)} > r so that
aeb € W(u,,r). Thus W(u,,r) is p—subalgebra of R Now
let a,b € L(v,,r). Thus v,(a « b) < max{v,(a),v,(b)} < r
and a b € L(v,,r). Therefore L(v,,r) is p—subalgebra of
R.

Theorem 22. If & = {< a,(u,(a),v,(a)) >| a € R} is IFS
of p — algebra R such that the sets W (u,,r) and L(v,, 1) are
p—subalgebras of R, then o is an (IFps) of R.

Proof. Suppose that there are two members ¢, and £, in R
with p, (t, » t;) < min{u,(t,), 4, (t,)}. Let t = [u,(t; o
t,) + min{p,(t,), p,(t,)}1/2. Hence p,(t; » t,) < t <
min{u, (t;), p,(t,)} and so t; o t, ¢ W(u,,t), but t,t,
W (u,,t). This is a contradiction, and therefore y,(a  b)
min{yu,(a), u,(b)}, Va,b € R. Now assume that v, (¢, « t,)
min{v,(t,), v,(t,)} for some t,,t, € R. Taking k = [v,(t; *
t,)+min{v,(t,), v,(t,)}]/2, then we consider that v, (¢, «t,) >
k > max{v,(t,),v,(t,)}. It follows that t,,¢, € L(v,,k) and
t, o t, ¢ L(v,k). This is a contradiction. Therefore, we
consider that v, (a  b) < max{v,(a),,(b)}, Va,b € R. Then
A is (IFps) of R. ]

VvV IV m

Theorem 23. If H is p—subalgebra of R, then there exists
(IFps) e of R, where H satisfies both p—level p—subalgebra and
v—level p—subalgebra of « in R.

Proof. Assume H is p—subalgebra of R and let y, and v, be
fuzzy sets in R defined by

k, i cH
ua<a>={ v e O

1, Otherwise,

and

m, if a€H
V(@) = (2)
1, Otherwise,

VYa € R, where k,m € (0,1) are fixed real numbers with
k+m < 1. Assume a,b € R. Then a « b € H whenever
a,b € H. This implies that y,(a « b) = min{u,(a), 4, (b)} and
v, (a+b) < max{v,(a), v, (b)}. If at least one of a or b does not
belong to H, then either y,(a) = 0 or p,(b) = 0 and hence
either v, (a) = 1 or v, (b) = 1. It follows that p,(a+b) > 0 =
min{yu,(a), u,(b)}, v,(a « b) < 1 = max{v,(a),v,(b)}. Hence
a = {< a, (uy(a),v,(a)) >| a € R} is (IFps) of R. Obviously,
W(p,, k) = H = L(v,, m). O

Definition 24. Assume © R — Y is a mapping
of p—algebras. We say ©® is p—homomorphism if ®@(a e
b) = @) « O0), Ya,b ¢ R. And O7'(B) = {<
a, (@)_lyﬁ(a),@_lvl;(a)) >| a € R} is IFS in p—algebra R
forany IFS 8 = {< ¢, (yﬁ(c), vﬁ(c)) >| ¢ € Y} of p—algebra Y.
Also, ifa = {< a, (u,(a), v4(a)) >| a € R} is IFS in p—algebra
R, then O(«) is IFS in Y and defined by
Oa) = {< ¢, (@sup‘u‘x(y), OV, (€)) >| ¢ € Y}, where

Ogupth (€)

sup{u, (@) ac®' (O}, if @' ()#0, ()
) 0, Otheruwise,
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and

®infvoc (C)

1, Otherwise,

) {inf{va @]ac®' (0}, if 0 () #0,

VceY.

Theorem 25. Let ® be p—homomorphism of p—algebra R into
p—algebraY and K be (IFps) of Y. Then O 1K) is (IFps) of R.

Proof. Assuminga,b € R, we have pg-1 iy (a+b) = ug(O(a -«
b)) = ug(®() « Ob) = min{u(O(a)), ug(O(b))} =
min{pg-1(x)(a), o1 (1) (D)} and vg1y(a » b) = vi(O(a «
b)) = w(@(a) « ©(b)) < max{rg(O(a)),x(O0)} =
max{vg-1(x)(a), Vo-1(x (b)}. Thus O 1K) is (IFps)of R. [

Theorem 26. Assume ® : R — Y is p—homomorphism of
p—algebra R into p—algebraY and o« = {< a, (u,(a),v,(a)) >
a € R}is (IFps) of R. Then O(«) =< b, (Ogup (Ua)> Oins (7)) >
is (IFps) of Y.

Proof. Let &« = {< a,(uy(a),v(a)) > a € R} be
(IFps) of R and let t,,t, € Y. Noticing that {g, » a, |
a, € @)_l(tl)anda2 € ®_1(t2)} C {a € R | a €
©7'(t, « t,)}, we have Ouup (U )(t) o t5) = supluy(a) | a €
©7!(t, * t,)} > suplu,(a, »a,) | a € ©(t))anda, €
©7'(ty)} = sup{min{u,(a,), 4u(a,)} | @, € ®7'(t;) and a, €
®7'(t,)} = minfsup{py(a) | a, € O7' ()}, sup{uy(ay) |
€ 07 (t)}} = min{O, (1) (1), Oy (1) (1)} Also, we
consider that ®,.((v,)(t; * t,) = inf{v,(a) | a € @71(1‘1 .
t,)} < inf{v,(a, s a,) | a, € ®!(t;)anda, € O7'(t,)} <
inf{max{v,(a,), v, (@)} | a, € ®71(t1) anda, € ®71(t2)}
= max{inf{v,(a;) | a, € ®_1(t1)},inf{va(a2) | a, €
G)_l(tz)}} = max{@sup(v(x)(tl), @sup(Va)(tz)}- Hence O(«) =<
b, (@Sup(pt“), ©,.¢(v,)) > is (IFps) of Y. O

Theorem 27. Assume © : R — Y is p—homomorphism of
p—algebra R into p—algebraY and o« = {< a, (u,(a),v,(a)) >
a € R} is (IFpi) of R. Then O(«) =< b, (Ogup (Ua)> Oins (7)) >
is (IFpi) of Y.

Proof. Since & = {< a,(uy (a),v.(a)) >| a € R} is (IFpi)
of R, then by Theorem 26 and Remark 14 we have @(«a) =<
b, (Ogup (Ha)> Oin (V) > as (IFpi) of Y. Hence condition (1)
in Definition 10 is held. Since @ is surjective, then for any
t,,t, € Y,3a;,a, € R such thata, € ©'0(a;) = ©7'(t;)
and a, € G)_l@(az) = ®_1(t2). Also, a; e a, € @)_l(tl) .
©7'(t;) = ©7'(t;  t,). Further, noticing that p,(a;) =
minfyu,(a, *a,), u,(a,)} and v, (a,) < max{v,(a, *a,), v,(a,)},
for any t,,t, € Y, we have ®Sup(ya)(t1) = supi{p,(a) |
a € ®_l(t1)} > sup{min{yy(a, * a,),p, (@)} | a, e a, €
('Dfl(t1 e t))anda, € ®71(t2)} = min{sup{y,(a, * a,) |
a ea, € O(t » ty)}suplpla) | a € O (1)}
= min{@y,, (e )(t; * 15), Oy, (o) ()} Also, Oy, (v,)(t) =
sup{v (a) | a € ®7'(t,)} < sup{max{v (a, * a,),7,(a))} |
a,ea, € @71(t1 et,)anda, € ®71(t2)} =max{sup{v,(a,+a,) |

a, ea, € Ot « t,)lsuplva) | a, € Ot} =
max{®g,, (V) (t;  15), Oy, (v,)(£,)}. Thus we consider that
O(a) =< b, (O (Hy)> Oins (7)) > is (IFpi) of Y. O

Theorem 28. Assume © : R — Y is p—homomorphism of
p—algebra R into p—algebraY and o = {< a, (u,(a), v,(a)) >
a € R}is (IFpi) of R. Then O(a) =< b, (O (phe), O (7)) >
is (IFpi) of Y.

Proof. Since o« = {< a,(u (a),v,(a)) > a € R}is
(IFpi) of R. Then by Theorem 26 and Remark 14 we have
O(a) =< b, (Ogp(py), Oy (v,)) > as (IFps) of Y. Hence
condition (2) in Definition 12 is held. Assume that Oy and
0Oy are constants of p — algebras R and Y, respectively. Since
a = {< a,(uy(a),v.(a)) >| a € R} is (IFpi) of R, hence
Ue(Ox) = uy(a) and v,(0) < v,(a), Va € R. Since O is
p—homomorphism of p—algebras, then ®(0g) = 0y, where
Oy and Oy are constants for p—algebras R and Y, respectively.
Noticing that 0y € ®7I(OY) and {a | a € @)
{a | ae R}forany b € Y, then we have ®Sup(ya)(0Y)
sup{p,(a) | a € ®71(0Y)} = u,(0g) > supfu,(a) | a €
R} > sup{u(@) | a € O7'(B)} = O, (1) b). Also,
Oup (V,)(0y) = inf{v,(a) | a ¢ 071 (0y)} = 7,(0y) <
inf{v,(a) | a € R} < inf{v,(a) | a € ' (b)} = Oy (V) (D).
Hence ©(x) =< b, (®Sup(ya), Oin¢(v,)) > is (IFpi) of Y. O

N

4. Some Applications on IFp(R)

In this section, some applications on IFpg(R) are shown like
the binary relations =5 and I, on IFps(R). Also, in this

section the equivalence classes for theses binary relations are
given, and some of their basic properties are studied.

4.1. Equivalence Classes Modulo ( 7/7 ). Denote the collection

of all (IFpg) of R by IFps(R) and let r € [0, 1]. Define binary
relations = and = on IFpg(R) as follows.

o« = B &= Wypr) = Wlug,r) and a = f &
L(vy,1) = L(vg,7), respectively, for « =< a, 4,7, > and
B =< a, ug, vg > in IFpg(R). Moreover, it is clear that = and ~
are equivalence relations on IFpg(R). If « =< a, y,, v, >€

IFpg(R), then we refer to the equivalence class of a =<
a, Uy, v, > modulo = (resp., 3) by (&), (resp., (a),), and we
refer to the family of all equivalence classes of & modulo =
(resp.,j)byIFps(iR)/ ;(resp., IFpy(X)/ 7);i.e., IFps(R)/ =
{((x)# | o =< a,p,,v, >€ IFps(R)} (resp., IFps(R)/ ==
{((x)# | « =< a,y,, v, >€ IFps(R)}). Moreover, denote the
collection of all p—ideals of R by p;(R) and let r € [0, 1].
Let 0, and #, be maps from IFps(R) to p;(R) U {¢} by
o,(x) = W(u,,r) and n,(x) = L(v,, 1), respectively, Vo =<

a, Uy, vy >€ IFpg(R). In other words, o, and #, are well-
defined.

Theorem 29. Let 0, and 1, be the maps from IFps(R) to
pr(R) U {¢p}. Then o, and n, are surjective, for each r € (0, 1).
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Proof. Letr € (0,1). Then 0 =< a,0, 1 > is in IFps(R), where
each one of 0 and 1 is (FS) in R defined by 0(a) = 0 and
1(a) = 1, Va € R. Furthermore, 0,(0) = w(,r) = ¢ =
L(1,r) = n,(0). Let ¢ # H € p;(R).Va € R, let uy(a) =
{(1) z}i Z;g ,and v (a) = 1 — pg(a); thus o, (H) = W (g, 1) =
H = L(vy,1) = 17,(171). Now, we want to prove that H =<
X, U vy >€ IFpg(R). Since H € p;(R), then by condition
(1) in Definition 5 we have H as p—subalgebra of R and this
implies that W (yy,, ) and L(vy, r) are p—subalgebras of R.
By Theorem 22 we consider H =< a,y, vy >€ IFpg(R).
Therefore, VH € p;(R) we consider o,(H) = Hand nr(ﬁ) =
H for some H € IFpg(R). This completes the proof. O

Theorem 30. Let IFpg(R)/ = and IFps(R)/ = be quotient
sets. Then they are equipotent to p;(R) U {¢}, Vr € (0, 1).

Proof. Assume r € (0,1) and let a;(resp. 17;) be a map from
IFps(R)/ = (resp., IFps(R)/ 7) to p;(R) U {¢} and they

are defined by o;(((x)#) = o0,(«) (resp. nﬁ((oc)v) = 1,.(x)),
Voo =< a, Uy, v, >€ IFps(R). Hence, « = Band a = B,
Voo =< a,p,,v, > and B =< a,ugvg > in IFps(R), if
Wipy,r) = W(ug,r) and L(vy,r) = L(vg,r). Then (oc)y =
([3)# and («), = (B),. This implies the maps 0: and r]: are
injective. Moreover, let ¢ # H € p;(R) and Va € R, let

ifaeH

].)
= 5
iy (@) {0’ if agH, (5)

vy(a) = 1 - uy(a), and thus H =<_a, vy >€ IFps(R).
We consider that cr;((H)M) = o0,(H) = W(ug,r) = H,
and ni((ITI)v) = r]T(ITI) = L(vy,r) = H. Finally, for 0 =<
a,0,1 »€ IFps(R) we have 0;((6)#) = 0,00 = W(O,r) = ¢
and 7.({0),) = 7,(0) = L(1,r) = ¢. Therefore o/ and 7. are
surjective, and we are done. O

4.2. Equivalence Class Modulo T,. Another relation I, on
IFpg(R) is defined by («, ) € I, &= W(u,,r) N L(v,, 1) =
W(yﬁ,r) n L(vﬁ,r), Vr € [0,1] and, Voo =< a,f,, vy >
B =< a,ppvg >€ IFps(R). Moreover, the relation I, is
also an equivalence relation on IFps(R). Let (oc)r, denote the
equivalence class of &« =< a,y,,v, > modulo I,, Va =<
a, Uy, Vg >€ TFps(R).

Theorem 31. For any r € (0,1), the map y, : IFps(R) —
pi(R) U {¢} defined by y,.(R) = o,(R) N n.(R), Va =<
a, Uy Vs >€ IFpg(R) is surjective.

Proof. Let r € (0,1). For 0 =< a,0,1 »€ IFpg(R), we get
1//,(6) =0,0)n r]r(a)Az w(0,r)nL(1,r) = ¢. For any H ¢
IFps(R), there exists H =< a, pyy, vy >€ IFps(R), where

ifaeH

1)
= 6
py (@) ‘|0’ if agH (6)

and vy(a) = 1 — py(a) such that y/r(ITI) = or(ﬁ) n nr(ﬁ) =
W (g, ) N L(vyy, v) = H. This completes the proof. O

Theorem 32. Foranyr € (0, 1), the quotient set IFps(R)/T, is
equipotent to p;(X) U {¢}.

Proof. Assumer € (0,1)andy, : IFps(R)/T, — p;(R)U{p}
is a map defined by w:((a)rr) =y, (x), V(oc)rr € IFps(R)/T..
Suppose that ‘/’:““)r,) = w:((ﬁ)rr) for any <“>r,7 <ﬁ>r, €
IFpg(R)/T,. We consider that o.(x) N #,(0) = 0o.(B) N
1:(B)s ie Wpg, 1) 0 L(vs,7) = W(pg, ) N L(vg, 7). Hence
(o, ) € T,, and so (), = (/S)Fy. Therefore 1//: is injective.
Furthermore, for 0 =< a,0,1 >€ IFps(R) we get w;((f))rr)
= ,(0) = 0,(0) N #,(0) = w(0,7) n L(1,7) = ¢. Let H =<
a, g, vy >€ IFpg(R), VH € IFpg(R), be the same (IFpg) of
X that is defined in the proof of Theorem 22. Then we have
v,((H)) = y,(H) = 0,(H) N1, (H) = W (g, 1) 0 L(vgg, 1) =
H. Hence v/ is surjective. This completes the proof. O

5. Conclusion

In this work, we introduce the notions of (IFps), (IFpi),
(IFpi), and others; then we proved that for any p —subalgebra
of X can be considered as both u-level p—subalgebra and
y—level p—subalgebra of some (IFps) of R. At the same
time, we proved that intersection of any family of (IFps)
of X is (IFpi) of X. Also, we show that if IFS « = {<
a,(p(a),v,(a)) > a € MR} of p — algebra X such
that the sets W(y,,r) and L(v,,r) are p—subalgebras of R.
Then o is (IFps) of R. Further, some interesting theorems
about p—homomorphism are given. Finally, some binary
relations =5 and I, on IFpy(R) are obtained, and some of

their basic properties are discussed. In future work, we will
investigate IF in new types of algebras like BCL"—algebras,
BCL"-subalgebras, BCL"—ideals and others. Next, we will
study their characteristics.
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