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ABSTRACT.
In this paper, we introduce and study sadivect results in simultaneous approximation for a

generalization of Summation —Integral “Szatype operatdvl,(f(t);X)  First, we establish th&@asic
pointwise convergence theorem and then proceedstus$ the Voronovaskaja-type asymptotic formula.
Finally, we obtain an error estimate in terms otflmas of continuity of the function being approxie
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1. INTRODUCTION
Let mUN (the set of positive integer), for modulus of continuityw,,,(f,77;1) for a continuous
sufficiently small values of7 >0, the m-th order fnction f on the intervall is defined as:

wm(f,n;l):sup{‘A'ﬁ f(x)‘:|h|317, X, x+mh| }

d Seduences of linear positive operators these oakati

where AT f(x) is the m-th order forwar ) )
are called Voronovaskaja-type asymptotic formula.

difference with step length and is given by: ) )

m m Many papers introduced new sequences of linear
ARf() =D (-n™ [ . j f(t+ih). positive operators and discussed the

i=0 : Voronovaskaja-type asymptotic formula for these
For m=1 wy,(f,n;1) is written simply as sequences. In this direction we refer to [1,5,7].
ws (m;1) or a(f,n;l). independently Mazher and Totic [6] and Kasana

Voronovaskaja in [8] found the following relationet.al [3] proposed the following summation —Intégra

for Bernstein operators . .
Szasz operators to approximate unbounded functions

B,(f;x) = Zn: f[%j [Ej X<@L-x)""%, xO[01]: on [0g0) as:
k=0

X-%) L, (F09 =130,,,09 [, 0 F O,

lim n (B, (f (0 = () === 109 .

This relation showed that the degree of
approximation Bernstein operators ©@(l). Many
researchers were found similar relations for amothe

e—nx (nX) k

where,f 0C_[0,00) ={ f DC[O,OO):\f(t)\ < Ce”' forsomeC > 0,a >0}, g, (X) = "
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In this paper, we introduce a generalization foxr t We may also write the operator (1.1) as
operatolL, ( f (t); x) denoted by M, (f(t);x)
as follows:

M (f(t);x) = jwn (t,x) f (t) dt where
Forve N® ={0,1,2,...} ,we define °

(1.1) M (f(t);x) = ni U (X)T G e (8) F (1) W, (t,x) = nkzzc; O i (X) Ay (1)

k=0 The spaceC, [o,oo) is normed by
|f ||Ca = 0s,<ttip| f(t)|e.

Throughout this paper, we assume tkatdenotes a
positive constant not necessarily the same at all
occurrence anfi3] denotes the integer part 6f.

Note that M, (f (t);x) =L, (f(t);x) whenever = 0.

2. PRELIMINARY RESULTS

For f OC[0,») the classic SZaszoperators is (i) Hn m(X) is a polynomial inx of degree at
_ T - k most[m/2];

defined as [2] S,(f;Xx) = kZ:c:)qu(x) f[ﬁj i) For

everyx [ [0,00) My (X) = O(n‘[(m+l)/2]) .

x[[0,0)and for mOJ NO(the set of nonnegative
From above lemma, we get

integers), the m—-th order moment of the

SZaszoperators is defined as(2.1) ian(x)(k—nX)Zj =n? (,Uan' (X))
[ k m k=0 ’ !
b9 =3 a9 K] {0}
k=0 _
- 0o(n!
LEMMA 21. [2] For mONC, the function =0(n’) .

Hom(X) defined above, has the following For m
properties:

0] Hno(X) =1, p,1(X) =0, and the
recurrence relation is

Ndp,mea(X) = X(,Uh,m(x) + mﬂn,m—l(X)) ,m=1;

the modified Szasz operators is defined as:

oo ==

B, n(x) =L, ((t—x)"x)= ﬂz Tz (%) J G () (E— )™ dt

k=2 o
LEMMA 2.2.[3] For the functior8,, ,, (x),we have (i) B, (X)is a polynomial inx of degree exactly
1 , 20 1y m;
B,o(X)=1,B,,(X)== B, .ix)=2 x+= .
n,O( ) n,l( ) n 1,2 -.')'j - ..-'l 7 (") For eVeryXD [0,00), Bn'm(x) - O(n [(m+l)/2]).

and there holds the recurrence relation:

NB, it (X) = XB, ,(X) + (m+1) B.m(X)+ 2mXBn'nH(X) For mON®, the m—th order momentT, ., (X)
Further, we have the following consequences of  for the operators (1.1) is defined as:
Bn,m(x) :

T 00 = M, (€207 %) =01 6 00] G, (OE 0"

LEMMA 2.3. For the functionT X), we have v+ 1+ 2 2x
1 nm(X) T .(x)= w__«. and there holds the
v+ e Fe ¥

Tho(X)=1,T,,(X) = o recurrence relation:
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(2.2) T, () =XTL 00+ (m+v +T, (%) +2mxT, . (x).

n,m+1

Further, we have the following consequences of  (2.2). For x =0 it clearly holds. Forx 0 (0, »), we

Tom(X): have

() Tom(X) is a polynomial inx of degree T (x)= ni q., (X)an (O =x)™dt - T 1(x)
B v B o SK+V n,m-.

exactly m;
(i) For every

X0 [0,0), Ty, m(X) =o(n-[(m+1)/2])_ Using the relations xqp  (X) = (K—nx) g, (X),
Proof: By direct computations, we have We9get

+
Tho(X) =1, T,,(X) =V—1 and
’ ’ n

T, (X )——(””21(“2)

2
+—X. Next, we prove
n

XT, (x)-nz(k nx)an(xﬁ O (D) =X)™dlt = MXT,, 4 (X)

-nz an(x>j (K+1 =Nnt)a, ., (O =X dt+nT, ()= mT, L (X) =T, L (%)

_nzan(X)jtan+V(t)(t—X) dt +nT, nm+1(X) mxT, n,m-; 1( )_VTn,m(X)

k=0
=0 Ao (0] Uiy ) (€ =2 ™t + 10" G (0] Gy, (O =) el
k=0 0 k=0 0

+ nTn,m+l (X) - l/Tn,m (X) - rnx-rn,m—l(x) .
Integrating by parts, we get
XTn',m(X) = nTn,m+1(x) - (m+ v+ 1)Tn,m(x) - 2rnXTn,m—1(X)

from which (2.2) is immediate. LEMMA 2.4. [4] Let dand y be any two positive
From the values off;, 5(X) and T,,;(X), itis clear real numbers anda,b] O (0,0). Then, for any
that the consequences (i) and (ii) holds fa=0 s>0, we have

and m=1. By using (2.2) and the induction am

the proof of consequences (i) and (i) followsnée
the details are omitted. =

j W, (t, X) e dit =0(n"®).

[t-X=5

Cla,b]
Making use of Taylor's expansion, Schwarz
inequality for integration and then for summation

~ K NY and (2.3), the lemma easily follows, hence the
(23) nkZ:O:qn,k(X)E[qﬁ,kﬂ/(t)(t X) dt Tan() deta”s are 0m|tted

From the above lemma, we have

=0(n™) LEMMA 25. [3] There exist polynomials
Qi,j'r (X) independent oh andk such that
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i i d
X' D" (G (¥) = 2 n"(k=n)!Q j (X) Ank (X), whereD e
20+ jer X
e

3. MAIN RES

Firstly, we show that the derl\/""t'\/eFur‘[her if f(r) exists and is continuous on

M (f(t);x) is an approximation process for(a—n,b+n7) 0 (0,0), 7>0, then (3.1) holds
fO(x),r=01, 2,.... uniformly in [a,b] .
Theorem 3.1 If rON, fOC,[0,«) for some Proof: By Taylor's expansion of , we have
a>0and f ") exists at a poink O (0,), then f(t) = Zr: (')(X) t-x) +et,x)({t-%",
3.1 lim MO (ft);x)= O (x). =

n-o Where,s(t,x) - 0 ast - x.Hence

(i) () ® e
%jwn“)(t,x)(t—x)'dujwéﬂ(t,x)a(t,x)(t—x)fdt
’ 0 0

MO %)=

i=0
=l +15.
Now, using Lemma 2.3 and induction we get that rog @) (X) e _
M ,(t™: ) is a polynomial inx of degree exactly 1= Z Z[ j (=3 J.Wrgr) (t,x)t'dt
m, for all MmO N°. Further , we can write it as: I_O(r 0
(3:2) M, (t";x)=x"+ m(m+v) x™ +0(n?)- = #(I’!) =f"(x)asn - o,
Therefore, Next, making use of Lemma 2.5 we have
1] < ZZ . Jxr( 9 annk(x)\k nx|’ an o O]EE Xt =" dt
L%
=1

Since &(t,x) -~ 0 as t — x, then for a given Now, since
& >0, there exists ad > 0 such thadf(t x)| <e, ‘Ql ir )‘

whenever 0<[t—=X <J. For |t=X =0, there 2|+18r x"
]2

Hence,

=M(x) =C Ox0(0,).

exists a constant C>0 such that
et ) (t - at,

cznnzan(x»k M[ [ G, @t =X dt+ an,kw(t)It—xlydt]

2+ jsr [t-X<d [t-x|z5
i,j20

=1,+1.
Now, applying Schwarz inequality for integration and then for summation, (2.1) and (2.3) we araéded

1/2

seC Znannk(x)lk ny’ [ankw(t)dtj [an,k+v(t)(t—x>2fdtj

2|+J<r
i,j=0
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(in view of J.qn w (0) dt = 1)
n

1/2

<£C {iqn,k(xxk—nij [niqn,km J s O =2 dtj

2i+j<r k=0
i,j=0

<£CO(N™?) > n'O(n'"?) = £0(1) = o(1) .(sinces arbitrary)

2i+j=r
i,j=0

Again using Schwarz inequality for integration ahdn for summation, in view of (2.1) and Lemma 2@,
have

CZnannk(xnk " [y, (O dt

2i+jsr [
i,j20
1/2 1/2
s C Zn nz an(x)‘k nx‘ [J. qn k+v dtJ [J. qn k+v ZatdtJ
2|HJ'J<F k=0
. 1/2 1/2
<C Z nl [Z qn,k (X)(k - nX)ZJ J [nz qn k (X)J. qn k+v ZmdtJ
2|+J<r k=0
ijz
<O(n"S) Z niO(n j /2) (for any s> 0) other estimates hold uniformly {ra,b] .
2i+j<r
i jéo Next theorem is a Voronovaskaja-type asymptotic
- O(nr/2—s): ofl) (for s>1/2). formula for the operators

M (f (b); =01, 2,... .
Hencel, = 0(1), combining the estimates df o (1), r =01 2,

and |,, we obtain (3.1).

To prove the uniformity assertion, it is sufficieiot (1+2) o i
remark thatd(e) in the above proof can be choserfl > 0.If 77 exists at a point[ (0,), then,

to be independent ok [J[a,b], and also that the

THEOREM 3.2. Let f[C,[0,c0) for some

(3-3) L‘L“O“(M D(F@E);x-f (r)(X)) (r +v+2)f 9 (x) + xf *D(x).

Further, if f(*2 exists and is continuous on theProof: By the Taylor's expansion of (t), we get
interval (a-7,b+n)0 (0,0),n7 >0, then (3.3)
holds uniformly or{a,b] .

r+2

(r)(f(t) X) = Z f(l)(X)M (r)((t _ X)i;X)+ Mr(]r)(é'(t,X)(t _ X)r+2;X)

=l + |2’
whereg(t,x) - Oast - X. r+2 ¢ (I)(X) . .
By Lemma 2.3 and (3.2), we have lp=> — T Z[ j (=)' IM Dt %)
i=r .
(r) (r+1)
- '(X) Mr(]r)(tr;x)+—f( +1())'() ((r +1)(-x)M D (" ;%) + Mr(]r)(t”l;x))
r! r+1)!
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F200 ((+ 2 +D 2y, () fer Cna (F) g (1) 2.
+ +2) ( 5 XM/t x)+(r +2)(-X)M5’ (" X))+ M7 (t ’X)j

=fO00+ () ((r +1)(= x)r1+(r +1) x + (r+2)r+v+1) +1)(rn+ v +1) r !J

(r +2)!

AL {(r D2 erie(r +2)- x)[(r +1)!x+w“j '
(r+2)! 2 "

n

[(r +2)!X_22 Jr+2reve2) +1)!xj}+0(n'2).

Hence in order to prove (3.3) it sufficient to showrinally, we present a theorem which gives an
that nl, -~ 0 as n - o, which follows on estimate of the degree of approximation by

proceeding along the lines of proof of, — O as M {7 (;x) for smooth functions irC, [0,).

n - o in Theorem 3.1. THEOREM 33. Let f[C,[0,c0) for some
mg;m?ﬁy assertion follows as in the proc:f of a>0andr<qsr+2. If £ ayists and it is

continuous on(a-7,b+n7)0 (0,0),7 >0, then
for sufficiently largen,

0= 0], s S0 oot

where C,,C, are constants independent 6f and (a-7,b+7), and ||_||C[a py denotes the sup-norm
N, ws (d) is the modulus of continuity off on on[a,b] . ’

Proof. By Taylor's expansion of , we have

q @) _ @ g - £ (@
(0= 250+ 9 0 o e 9 20,
i=0 = ;
where ¢ lies betweeir andx, and x(t) is the characteristic function of the inten@a—7,b +77) . Now,

) |
MO (f ;%) - £ O (x) = [i#_fwrg)(t,x)(t —x)idt - f(r)(x)}
’ 0

i=0

® (@ gy - £ (@ ®
+ [wi, x){ f (‘()q' 9] (t-x) )((t)}dt + (Wi ¢, h(t, )@= x () dt
0 i 0

= Il + | 2 + |3 .
By using Lemma 2.2 and (3.2), we get

9 f 0 (x) (] d |
Il:Z—]c i!(x)jzzr:{ljj(—x)”d—r(xj +—r(r;V)xJ‘l+O(n'2)j—f(r)(x) :

i=r dX

Consequently,
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q .
||I1||C[a’b] < Cln_l[zu f (')“C[ab] J +0(n"2), uniformly on[a,b] .
i=r ’
To estimatel , we proceed as follows:
‘ £ (a) (&) - f (@) (X)‘
q

|I2|S]?‘Wr$r)(t,x)‘ lt—x x(t) bt
0

(@ (9)

—HW(r)(t x)‘[1+ le|t x| dt
Wi (@{nz

qrﬁri(X)ankw Qt—XI +57t-¥ q“)dt] 5>0 .

Now, for s= 0,1, 2, ... , using Schwarz inequality for integration and tfensummation, (2.1) and (2.3)
we have

(3.4) ni Ao (k=1 [y, Ot =t < ni G (XK =X { [ A (t)dtj
x []: qn,k+v (t)(t - X)ZS dtj }
< (i On x (X)(k - nX)Zj j [ni On x (X)J. S Py (t)(t - X) 2 dtj

=0(nU~9)"2y | uniformly on[a,b].
Therefore, by Lemma 2.4 and (3.4), we get

Qi
(35) qérk(x)"“qn k+v(t)|t_X| dt<nz z |k nXI | L r | n,k(X)
k=0 2i+jsr
i,j20
X[ G, (0) [t =l
0
‘Q| i, r( )‘ i = jco s
<| sup sup=——| > n'lnY d, (k- [, O - clt
2||J]J<r x{a,b] X' 2||J]JBr k=0 0
=C Y n'onti='2) = O(n"""'2) uniformly on[a,b] .
2i+j<r
i,j20
(since sup sup ——— ‘QI i )‘ =M (X) but fixed )
2i+jsr x{ab] X'
i,j=0
Choosingd = n"™"'2 and applying (3.5), we obtain

-1/2
£(a)

n
"I 2||c[a,b] s T[O(n(r_q)/z) +n20(nID2) + O(n_m)]’ (for anym>0)
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~(r-q)/2 -1/2
<C,n 9 W, (o (n )
Sincet [0,)\(a—7,b+7), we can choose 0 >0 in such away thdt =X = J for all x[a,b] .
Thus, by Lemmas 2.3 and 2.4 , we obtain

o) i Q|
=2, 2 k= | i |an(x> [ G eer O[NCE ) |t

k=0 2i+j=r |t-x|=o

i,j=0
For |t—X=>d, we can find a constar€ such that it easily follows thatl; =O(n"S) for any s>0,
I(t,x)| < Ce”. Hence, using Schwarz inequalityuniformly on[a,b].
for integration and then for summation ,(2.1), J2.3 Combining the estimates of,,l,1,, the required
result is immediate. =
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