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Abstract

In this paper, we use homotopy perturbation method to find numerical solutions for time- delay

Burgers equation. In three examples for time-delay Burgers equation, we will compute the results with

the use of homotopy perturbation method and compare with results of the exact solution to show the

accuracy of this method.

1-Introduction

Time-delay Burgers equation is widely used
in physical processes and do not have a precise
analytical solution. So approximate methods are
used to solve this equation. Fahmy[3] solved
the generalized time delay Burgers-Huxley
equation, the generalized time delay convective
Fishers equation and the generalized time delay
Burgers--Fisher equation by using factorization
method to find explicit particular travelling

o1

wave solutions and yields to the general
solution. Fahmy et al [2]used the improved tanh
function method to construct exact multiple
soliton and triangular periodic solutions and
calculated the numerical solutions of this
equation by using the adomian decomposition

method and variational iteration method. While

Kim and Sakthivel[6] used the %— expansion

method, which is implemented to establish

travelling wave solutions for  time-delay
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Burgers-Fisher equation. This solutions are

expressed by hyperbolic functions and
trigonometric functions. And by using the first
—integral which is based on the ring theory of
commutative algebra.

The

proposed by Ji-Huan He[8,9,10]. Many authers

homotopy  perturbation  method
try to improved this method to solve various
nonlinear problems [4,7,11,12,13,15]. HPM
yields a very rapid convergence of the solution
series and some time one iteration leads to high
accuracy of the solution.

The generalized time delayed Burgers-

Fisher equation takes in the following form[2]:

T + [1=1fJue = ug = Sutu, + f(w),  fW) = qu(l - ) @

where 7, p are any real numbers and s € N.
When g=17=0 and &§=s=1, Eq.(1)
assumes the form of the classical Burgers

equation:

(2)

U — Uy +0uu, =0

In this work, we use the HPM to find the
numerical solution for time-delay Burgers
equation. The improved tanh function method
is used by Fahmy and et al. [2] to find exact

travelling wave solution for Eq.(1) for g =0

and different values of 7,p,s;i.e. , we solve
the equation:
TU + Up = Uy — OUSU, 3)

52

The paper is organized as follows: in the

next section, the Homotopy perturbation

method is introduced. In section 3, the
improved tanh function method is presented.
The application of homotopy perturbation
method for solving time-delay Burgers equation
is introduced in section 4. The numerical
solutions of the problem are obtained in section

5.Section 6 ends this paper in conclusion.
2-Homotopy perturbation method[7,9]

To the HPM, He
considered the following nonlinear differential

illustrate Ji-Huan

equation

AW - f(r) =0, ren 4)
with boundary conditions

B(w,du/dn) =0, r €T (5)

where A is a general differential operator, B is
a boundary operator, f(r) is a known analytic
function, I' is a boundary of the domain £2.

The operator A can be generally divided in
to two parts L and N,where L is linear, and N
is nonlinear, therefore equation(4) can be

rewritten as follows:

L) +N@w) - f(r)=0 (6)

The
constructed by He[8], v(r,p): 2 x[0,1] »R

satisfied:

homotopy technique which is

H(v,p) = (1 = p)[L(v) — L(uo)] + p[A(v) - f(N] = 0, (7a)
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H(,p) = L(v) — L(ug) + pL(up) +p[N(w) — f(1)] =0,  (7b)

where r e and p € [0,1] that is called

homotopy parameter, and wu, is an initial

approximation of (4), which is satisfies the

boundary  conditions.  Obviously,  from
equation(7),we have:

H(,0) = L(v) — L(uy) =0, (®)

Hv,1) = Aw) - f(r) =0, ©)

and the changing process of p from 0 to 1, is
just that of v(r,p) from wuy(r) to u(r). In
topology, this is called deformation,
and L(v) — L(uy) and A(v) — f(r) are called

homotopic.

The embedding parameter p € [0,1] as a
"small parameter" is used and assume that the
solution of equation(6) can be written as a

power series in p:

v =v+pv; +pivy + - (10)

Setting p =1 results in the approximate

solution of equation(4):

u=lim, ;1 v=vy+v; +vy+ (11)

The series (11) is convergent for most cases,
however, the convergent rate depends upon the
nonlinear operator A(v) (the following opinions
are suggested by He[8])

(1)The second derivative of N(v)with respect
to v must be small because the parameter may

be relatively large, i.e., p — 1.

53

(2)The norm of L~1(dN/dv) must be smaller

than one so that the series converges.

Theorem

Suppose that X and Y be Banach space and
N:X — Y is a contraction nonlinear mapping,
that is

Vo, 7 €X: INW) - N@I <vllv-71|,
Which according to Banach's fixed point

0<y<l1

theorem, having the fixed point w, that is
N(u) = u.
The sequence generated by the homotopy

perturbation method will be regarded as
n—1

Vy = NWVyu_1), Vpi= Z u, n=123..
i=0

and suppose that v, =v,=u,€B,(u) Where
B,(w) = {u* € X/|lu* —ull <r},then we have the
following statements:

OV, —ull < y"ll vo — ull.

(i) V, € B, (uw).

@iii) lim, . V, = u.

Proof: (i) By the induction method on n, for

n = 1 we have
Vi —ull = IN(Vy) = Nl < yllve — ull.
Assume that

Wy —ull <y™ vy —ull aS an

induction hypothesis, then

IV, —ull = INW) = NI < ¥y = ull < yy*Hlve — ull = y*llve — ull.
(if) Using (i), we have

IV, —ull < y™llvg —ull < y"r <r =1V, € B, (u).
(iii) Because of and

IV, = ull < y™llv — ull,
lim, ., y" = 0, we drive

lim, ||V, — ul| = 0, that is lim,_., V, = u.
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3-The improved tanh function
method[2]

The improved tanh function method is
used to construct exact multiple soliton and
triangular periodic solutions to the time-delay

Burgers equation in the form:

u; (x,t) = [Q F Q(tanhl + I sech))]'/*, = ky (x — wt). (12)
u, (x,t) = [Q F QI(coth{ + coshd)] /5, = ky(x — wt). (13)
uz(x, t) = [Q F QI(tanh)] /5,7 = k3(x — wt). (14)
uy(x, t) = [Q F Q(tanh)] /5,7 = ky(x — wt). (15)
us(x, t) = [Q F Q(tand)] /5,3 = ks (x — wt). (16)
us(x, ) = [Q F QI(cot))] /5,3 = ko (x — wt). 17
Where

I=+v-1

Q=0+s)w/2p

ki = Fsw/(tw? —1)
k, = +swl/(tw? — 1)
ks = Fswl/(tw? —1)
ky = tsw/(tw* — 1)
ks = +swl/(tw? — 1)
ke = £ swl/(tw? — 1)

When T — 0 the solution of the

equation(2) in the following form:

u; (x,t) = [Q F Q(tanhl + I sech))] /5,7 = +sw(x — wt). (18)

u, (x,t) = [Q F QI(cothl + cosh()] /5,0 = Fswl (x — wt).  (19)
u;(x, ) = [Q F QI(tanh))]'/*,7 = tswl (x — wt). (20
u, (6, t) = [Q F Q(tanh))] V5,7 = Fsow(x — wt). (1)
us(x, t) = [Q F Q(tan))] /5,7 = Fswl(x — wt). (22)
us(x,t) = [Q F QI(cot))] V5,0 = tswl(x — wt). (23)

Such that u, (x, t) is the real solution but
the others are the complex solutions for time-

delay Burgers equation.

4- Application of homotopy
perturbation method

At first, we construct a homotopy

perturbation method for equation(3) as follows:

a )021; 0%u, . 62v+1 6V+6 Jov 9% o
PA\oez "9 ) TP\ oz TT\ac T ax T ax2)) T

By substituting (10) into (24) and equating

(24)

the coefficients of like terms with the identical

powers of p fors = 1 and s = 2.

(1)We putting s = 1 in Eq.(24) and obtain the

equations corresponding to powers of p as

follows:
PO:% _ a;;(’ 25)
pz;%:—%<%+6vl%+6vo%—%) (27)

0%v, 1/0v,
3, -
P =1 (G o

v, vy vy 0%v,
ot

Sv k4 Syl 2
x+ "1 0x+ V25x T ax?

o 28)

54
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j-1
0%y, 1(0v_ v _j_q 0%v_
i A j—1 ’ j—k 1_ j—1
P r( at +5kz_0”f ax x2 ) @9

By integration of the both sides of the

equations ,we obtain the following multiple

solutions:

Vo = U (30)
frfa S e 92

q:—%!!<%+6;vk%—%>dtdt J=123, . IEIN)

(2)We putting s = 2 in Eqg.(24) and obtain the

equations corresponding to powers of p as

follows:
%v, 9%u
0. 0 _ 0 32
P50 ot? (32)
0%v 0%u, 1/0v, ov, 0°%v,
1 1 0 0 2 0 0
OO 10 s 29% 33
P = o T<6t Y0 Bx 0x2> 33
2,07 _ _1(0n 22 @ﬂ_az'ﬁ
2l L (L 5y 2 4 28w, 20— 2 (34)
2
p3:aa:;3 :__(% +6 UZ%+ zsvovli—navovzi—w 12%_?9;:22) (35)

0 j-1j-i-1 P a

. Vi —f—, 1 Vi1

P ( BRI e ) o
i=0

k=0

By integration of the both sides of the equations

,we obtain the following multiple solutions:

Vo = Ug (37)

1oy & av e a v, )
;ff +6Z Z s i = dedt ,j = 1,23, .. 38
00

=0 k=0

We obtain the approximate solution of

equation(3)by settingp = 1 as follows:
Uu=vyg+v+vy+- -

The equation (24) is defined for all values of
7 Z#0.

So that, we will study the homotopy
perturbation method for time-delay Burgers

equation for 7 = 0 but in this case we take

] .
L=E ,s0 that we have Burgers equation

without time delay in the following form :

U = Uy, — OUSU, (39)
A homotopy can be constructed to eq.(39) as
follows:

a )(av 6u0)+ v 55617 0%v —0 10
P\t "ot ) "P\ar ox  0x2 (40)

By substituting (10) into (40) and equating
the coefficients of like terms with the identical

powers of p and take for s = 1 and s = 2.

(1)We putting s = 1 in Eqg.(40) and obtain the

equations corresponding to powers of p as

follows:
p" 66110 a;to “h



Jihan M. Khudhir

Homotopy Perturbation Method ....

5 0vs 5 v, s o, s G N 0%y, 4
Pogr T 7OV T O gx T OV gy T a2 (44
av; av; 0%v; _
] _]= _ Z ] —k— 1 j—1
8 7 (45)
By integration of the both sides of the
equations ,we obtain the following multiple
solutions:
Vo = Uy (4‘6)
[ -
j—1 j—k—1 .
v, =J< a;éz —5;1;,(’6—)6)6& , j=123,.. (47)
5 =

(2)We putting s = 2 in Eq.(40) and obtain the

equations corresponding to powers of p as

follows:
v, ou,
PG = (49
ov 6u ov, 0%,
1,071 770 2270 0
P = o O ox a2 (49

2. 07 s 20V 26 v, + 9%, (50)
— = -0V —— — v, —— RS
at o’ ox Vo1 9% T ox?
395 _ 50207 sy 0 00 gy O gy, 2 0% 00 51
ot V0T G T A0V Gy T A0V 2 g T OV By T ax GD

j-1j
& M)
v ) /, vlvk 6x2 (52)

i=0 k=0

By integration of the both sides of the
equations ,we obtain the following multiple

solutions:

Vo = Up (53)

0 Jj=1j-i-1 2
v, Vi
:f( 6;21_62 Z A J —k 1) , =123, .. (54)

i=0 k=0

5-Numerical examples

Example 5.1[2]:

By taking s=1,6=01,7=05k=-005w0=01,t =

o.1 and apply the relation(31), we get:

uo(x,£) = 1 + 0.00502513 ¢ sech?(0.05025x) — tanh(0.05025x)

uy (x,t) = [4.229698 x 10 8sech*(0.05025x) tanh(0.05025x)]t*
— 0.666667[0.000025 sech?(0.05025x) tanh?(0.05025x)

+ 0.000252 sech?(0.05025x)(0.05025 — 0.05025 tanh?(0.05025x))
—0.0000252(1 — tanh(0.05025x))sech?(0.05025x)tanh(0.05025x)
+ 0.000251 sech?(0.05025x)(—0.05025 + 0.05025 tanh?(0.05025x) )|t

— [0.005025 sech?(0.05025x)(—0.05025 + 0.05025 tanh?(0.05025x))

— 0.1005 tanh(0.05025x) (0.05025 — 0.05025tanh?(0.05025x))]¢2.
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uy (x,t) = —0.33333[—3.41768 x 10~ %sech*(0.05025x)tanh®(0.05025) + 5.95118
x 1077 sech*(0.05025x)tanh(0.05025x)(0.05025 — 0.05025 tanh?(0.05025))] t°
— 0.4(4.22968 x 10 8sech*(0.05025x)tanh(0.05025x) — 4.27199
x 1078sech?(0.05025x)tanh*(0.05025x)
+0.0000029sech?(0.05025x) tanh?(0.05025x) (0.05025
— (0.05025x)tanh?(0.05025x)) — -

The other omponents of the decomposition ulx,t) =uglx,t) +ug(x,t) +uy(x, t) + -
series can be easily obtained and the general

solution can be evaluated in the series form:

S7
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Table (1): represents the exact solution ug(x, t), numerical solutionu,(x, t) and the error

between them wheres=1,6=0.1,7=0.5k=—-0.05w =0.1,t = 0.1

X; ug(x,t) u,(x,t) Error = |ug(x, t) - u,(x,t)|
-100 | 1.9999137406612 | 1.9999137189862 2.16749195474x1078
-90 | 1.9997643591661 | 1.9997643058809 5.32851721193x10°8
-80 | 1.9993563662586 | 1.9993562376914 1.29344458214x10~7
-70 | 1.9982425876656 | 1.9982422788189 3.08846732807x10~7
-60 | 1.9952060876758 | 1.9952053666574 7.21018379945%x10~7
-50 | 1.9869572934034 | 1.9869556654669 1.62796479616x10~°
-40 | 1.9647656060952 | 1.9647621271914 3.47890383863x10~°
-30 | 1.9065906431675 | 1.9065839309271 6.71224039126x10~°
-20 | 1.7639058667419 | 1.7638954030800 1.04636618550x10°
-10 | 1.4644850500518 | 1.4644751973837 9.85266808845%10~°

0 1.0005025125205 | 1.0005025117424 7.78066948196x10~1°

10 | 0.5363035124100 | 0.5363133730499 9.86063986806x10~°

20 | 0.2365129952255 | 0.2365234743102 1.04790847483x10~°

30 | 0.0935885083529 | 0.0935952325555 6.72420266623x10~°
40 | 0.0353040366091 | 0.0353075221569 3.48554785096x10~°

50 | 0.0130687779771 | 0.0130704091056 1.63112850177x107°

60 | 0.0048035348530 | 0.0048042573002 7.22447129949%10~7

70 | 0.0017609452607 | 0.0017612547222 3.09461544640%x10~7

80 | 0.0006449283610 | 0.0006450579635 1.29602519452x10~7

90 | 0.0002361149042 | 0.0002361682958 5.33916202232x10°8
100 | 0.0000864328913 | 0.0000864546096 2.17182562951x1078

58
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Example 5.2[2]:

Bytaking s =2,6§ =1,7=0.2,k = —0.1002,w = 0.1,t = 1 and apply the relation(39), we get:

0.000751503 t sech?(0.1002x)
uy(x, t) = —4/0.15 — 0.15 tanh(0.1002x)

/0.15 — 0.15 tanh(0.1002x)

1
0.15 — 0.15 tanh(0.1002x)

u (x,t) = — [1.41189210~7 sech*(0.1002x)

0.00015sech?(0.1002x)tanh(0.1002x)  0.00015sech?(0.1002x)tanh(0.1002x)
/0.15 — 0.15 tanh(0.1002x) /0.15 — 0.15 tanh(0.1002x)

59
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_o. 000376sech?(0.1002x)(—0.015 + 0.015tanh? (0. 1002x))
(0.15 — 0.15 tanh(0.1002x)) >/

0.0005sech?(0.1002x)tanh(0.1002x)
/0.15 — 0.15 tanh(0.1002x)

_ 0.000375sech?®(0.1002x)(—0.015 + 0.015tanh? (0. 1002x))
(0.15 — 0.15 tanh(0.1002x))*/*
| 94126 x 107 8sech*(0.1002x)(—0.015 + 0. 015tanh2(0 1002x))
(0.15 — 0.15 tanh(0.1002x)) >/

— 1.25[0.0005sech?(0.1002x) (—

0.000282sech?(0.1002x)(—0.015 + 0.015tanh?(0.1002x))’
(0.15 — 0.15 tanh(0.1002x)) >’

0.000015sech?(0.1002x)tanh?(0.1002x)
/0.15 — 0.15 tanh(0.1002x)

— 1.66667(—

0.00015sech?(0.1002x)tanh(0.1002x)
/0.15 — 0.15 tanh(0.1002x)

0.000375sech?(0.1002x)(—0.015 + 0.015tanh?(0.1002x))
(0.15 — 0.15 tanh(0.1002x)) >/

+0.5(0.15 — 0.15 tanh(0.1002x) ) (—

N 0.000375sech?(0.1002x)(—0.015 + 0.015tanh?(0.1002x))
/0.15 — 0.15 tanh(0.1002x)

N 0.000375sech?(0.1002x)(0.1002 — 0.1002tanh?(0.1002x))
/0.15 — 0.15 tanh(0.1002x)

~ 0.753 x 107410~ 5sech?(0.1002x)tanh(0.1002x) (0. 015 + 0.015tanh? (0. 1002x)) 3
(0.15 — 0.15 tanh(0.1002x ))

0.000751sech?(0.1002x)
—2.5] + 0.5,/0.15 — 0.15 tanh(0.1002x).

4/0.15 — 0.15 tanh(0.1002x)

0.25(—0.015 + 0.015tanh2(0.1002x))2
(0.15 — 0.15 tanh(0.1002x)) >/

_ 0.015tanh(0. 1002x)(0.1002 — 0.1002tanh? (0. 1002x))
/0.15 — 0.15 tanh(0.1002x)

(—0.015 + 0.015tanh?(0.1002x)) +

60



Basrah Journal of Science (A)

Vol.29(1),51-65, 2011

The other components of the decomposition series can be easily obtained and the general solution can

be evaluated in the series form:

u(x, t) = ug(x, t) + ug (x, ) + uy (x, t) + -

Table (2): represents the exact solution ug(x,t), numerical solutionu,,(x, t) and the error between them

where s =2,=1,7=0.2,k=-0.1002,w =0.1,t =1.

X; ug(x,t) u,(x,t) Error = |ug(x, t) - u,(x,t)|
-100 | 0.5477225576974 0.5477225576974 1.79656420106x10~13
-90 0.5477225535618 0.5477225535632 1.36442147066x10~12
-80 0.5477225282508 0.5477225282611 1.03566944886x10~ 11
-70 0.5477223404752 0.5477223405538 7.85724595324x10711
-60 0.5477209474243 0.5477209480201 5.95800380034x10~1°
-50 0.5477106130866 0.5477106176019 4.51527680565x10~°
-40 0.5476339636780 0.5476339978568 3.41787895862x1078
-30 0.5470663254792 0.5470665827096 2.57230350268x10~7
-20 0.5429095762244 0.5429114372911 1.86106673517x10~°
-10 0.5147714859709 0.5147817043033 1.02183323305x107°

0 0.3892338059738 0.3892441631525 1.03571787131x10°
10 0.1904440774649 0.1904334432299 1.06342350485x10°
20 0.0738914528172 0.0738849288700 6.52394719524x10~°
30 0.0273448743074 0.0273424068205 2.46748694154x107°
40 0.0100503233630 0.0100494455049 8.74831439645%x10~7
50 0.0036904479076 0.0036901349421 3.06848578941x10~7
60 0.0013549462816 0.0013548390326 1.07249073793x10~7

61
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70 0.0004974602865 0.0004974229034 3.73831383763%x1078
80 0.0001826391003 0.0001826261073 1.29930409479x10~8
90 0.0000670546606 0.0000670501590 4.50156830704x10~°
100 0.0000246186458 0.0000246170917 1.55405367367x10~°

Example 5.3[2]:

Bytaking s =2,6§ =0.1,t=0,k =—-0.1,w = 0.1,t = 1,4 = —1 and apply the relation(54), we get:

ug(x, t) = \/1.5 — 1.5 tanh(0.1x)

0—0075-+(1075tanh2(a1x))2 0.015 tan(0.1x) — 0.015 tan?(0.1x)

Uq (x, t) = [

(1.5 — 1.5 tanh(0.1x))3/2

\/1.5 — 1.5 tanh(0.1x)

—\/1.5 — 1.5 tanh(0.1x)(—0.0075 + 0.0075tanh?(0.1x))] t .

The other components of the decomposition

series can be easily obtained and the general

solution can be evaluated in the series form:

62

ulx,t) = ug(x, t) +uy (x, t) + upy (x, t) + -+
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X; ug(x,t) u,(x,t) Error = |ug(x, t) - u,(x,t)|
-100 | 1.7320508058192 | 1.7320508058203 1.07815872563x10~12
-90 | 1.7320507946405 | 1.7320507946485 7.96657476529x10~12
-80 | 1.7320507120404 | 1.7320507120992 5.88654382687x10 11
-70 | 1.7320501017037 | 1.7320501021387 4.34958410191x1071°
-60 | 1.7320455919122 | 1.7320455951260 3.21384389372x107°
-50 | 1.7320122769901 | 1.7320122936436 2.37424578689x1078
-40 | 1.7317661112843 | 1.7317662864560 1.75171705695x10~7
-30 | 1.7299504785319 | 1.7299517586419 1.28010988736x107°
-20 | 1.7167093460982 | 1.7167180646277 8.71852948998x10~°
-10 | 1.6274652154109 | 1.6275008022122 3.55868012626x10°

0 1.2308531594061 | 1.2308310943157 2.20650903684x10°

10 | 0.6032880851427 | 0.6032651481658 2.29369769126x10~°
20 | 0.2345819091346 | 0.2345800544536 1.85468099796x107°
30 | 0.0869904729399 | 0.0869903739572 9.89827159169x1078
40 | 0.0320369630941 | 0.0320369581079 4,98620485895x10~°

50 | 0.0117874837021 | 0.0117874834493 2.52778189808x10~1°

60 | 0.0043364597489 | 0.0043364597347 1.41371051391x10~1?

70 | 0.0015952987123 | 0.0015952987110 1.27403013924x10~12

80 | 0.0005868778140 | 0.0005868778137 2.73184412079x10713

90 | 0.0002159002930 | 0.0002159002929 9.07652681263x10~
100 | 0.0000794252797 | 0.0000794252796 3.29060629444x10~14

Table (3): represents the exact solution ug(x,t), numerical solutionu,(x,t) and the error

between themwhere s =2,6=0.1,7=0k=-0.1,0=0.1,t=1,1=-1
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6- Conclusion

We solved the time-delay Burgers
equation by homotopy perturbation method.
The exact and numerical results are presented
and compared each other in tables 1,2 and 3 for
some values of x and for three values of t and
T in three examples. We notice from tables 1,2
and 3 that the HPM is very accurate method
since the error is very small and afew terms are
required to obtain an accurate solution in
comparison with the results of VIM and ADM,
see[2]. So that the HPM is remarkably effective
for solve the time delay Burgers equation. In
our work, we use the Maplel3 to calculate the
results which is obtained from the iteration
method HPM.
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