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Abstract

We give special values to the parameters in Goldman—Rota g-binomial
identity and its inverse to get some wellknown identities such as Cauchy
identities, Euler identity and Goulden and Jackson identity. We show
the equivalence between Goldman—Rota g-binomial identity and its in-
verse. Using the Cauchy operator, we give an operator proof for the
Goldman—Rota g-binomial identity and the exchange property of the
Cauchy polynomials.
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1. Introduction

In this paper we will follow the standard notations on g¢-series in [3, 6] and we

always assume that |¢| < 1.
The g¢-shifted factorial is defined by:

1, it k=0,
(G>Q)k - {(1—@)(1—aq)--'(1—aqk1), ifk=1,2,3,---.

We also define

[e.e]

(@0 = [J(1—ad").

k=0
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We shall adopt the following notation of multiple ¢-shifted factorials:

(ar,a2,  m; O = (0150 n(a2; @n - (Qm; @n.

The g-binomial coefficient is defined by:

n GDn o<k <n,
Bl T (45 (T On—r
0,

otherwise.

When n — oo in (1.1), we get

X
im = .
nooo |k| (45 q)
The inverse pair is given by [8]:

a, = Z{Z]bk, forn > 0,

k=0

b, — i{”}(—nkq(?)an_k, for n > 0.

k
k=0

One of the most wellknown identities in g-series is Cauchy identity

— (@0, (a7;9)
Z o, i . (1.2)

The Cauchy polynomials is defined by

n=0

Pz,y) = (—y)(z—qy)(z—¢y) - (z—¢" 'y

= (y/z;q)na". (1.3)

The homogeneous version of the Cauchy identity (the generating function of
P,(x,y)) is given by

S " (W)
;P”(a:’y>(q;q}n (@) (14)

Setting y = 0 in (1.4), we get Euler’s identity:

— (@r 1 i
0 (6 @n B (2t @)oo jot] < 1. (1.5)

n

The Cauchy polynomials P,(x,y) was studied by Andrews [1, 2], Goldman and
Rota [7], Goulden and Jackson [8] and Roman [9].
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In 1970, Goldman and Rota [7] have shown the ¢-binomial identity

Pu(z,y) = i m Pu(x, 2)Pu_i(z, ). (1.6)

k=0
Setting z = 0 in (1.6), one obtains the following identity:

n

Puz,y) = Y m (—1)kq(&)yhgn*. (1.7)

k=0
Goldman and Rota, by Mobius inversion, obtain the following identity:

n

po = S[]evuOnoonaed s

k=0

In 1983, Goulden and Jackson [8] gave the following exchange property of
P%(xuyy

n n

{Aa@yw OU@==§:HPM@@&%wW) w9)

k= k=0

[e=]

Setting w = z, the exchange property of P,(x,y) becomes the g-binomial
identity (1.6). Also, they have found the following basic relations:

Puq"'y,2) = (=1 P, (x,y). (1.10)
Pu(¢" 'y, q" = ¢ ’“Pk( 1).
Po(g ) = (—1)"FqFEERp g,

They used these relations to give a derivation of the inverse Goldman-Rota
g-binomial identity (1.8) from Goldman-Rota g-binomial identity (1.6).
In 2003, Chen et al. [5] have found the following relations:

Puz,y) = (=1)"qG)P,(y,¢" "), (1.11)

Poile,gy) = (1" *qC)-GIP,_4(y, ¢*2). (1.12)

They used these relations to give a similar derivation of (1.8) from (1.6). Also,
they introduced the homogeneous Rogers-Szego polynomials defined by:

n

i) = 3 [} et (113)

k=0
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In 2010, Saad and Sukhi [10] used (1.11) and (1.12) to derive (1.6) from
(1.8). Also, they gave the following new formula for the homogeneous Rogers-
Szegd polynomials h,(z,y|q):

ha(2,ylq) = i m (y; @)ra" . (1.14)

k=0

This paper is organized as follows. In Section 2, we give special values
to the parameters in Goldman-Rota ¢-binomial identity (1.6) and its inverse
(1.8) to get some wellknown identities. In Section 3, we show the equivalence
between Goldman-Rota ¢-binomial identity (1.6) and its inverse (1.8). Finally,
in Section 4, we give an operator proof for the Goldman—Rota g-binomial
identity (1.6) and the exchange property of the Cauchy polynomials (1.9).

2. Special Values

We give special values to the parameters in Goldman—Rota g-binomial identity
(1.6) and its inverse (1.8) to get some wellknown identities.

1 1 1
e Setting x — —, y — — and z — — in (1.6) to obtain
T y z
" n T\
hian = S| @moacmo(2) ey

k=0
When n — oo in (2.1), we get

[e.e]

(/y; @) (2/y; @)k [\
(@/z0)s kzzo (a: 9)r <z> (22)

Setting z/y — a and z/z — x in (2.2), we get Cauchy identity (1.2).

e Setting y =0 and x — 1/x in (1.8), we get

n

n _
L= Mq'& (¢ x5 q)n-r"

_ kﬁ% m qkz_k% " (2.3)

When n — oo in (2.3), we get

0 k2—k .k 1
- . (2.4)
(g, 00 (230)x

Equation (2.4) is due to Cauchy.
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e Setting z = 0 and then y — = in (1.8), we get

o=y m Pu(z,1). (2.5)
k=0
Identity (2.5) is due to Cauchy. Setting z — 1/z in (2.5), we get
1 = i [n] (z; q)n_pz". (2.6)
o Lk

When n — oo in (2.6), we get Euler identity (1.5).
e Setting y = 1 in (1.13) and by using (2.5), we get
hn(z,1lq) = 2™ (2.7)

By the inverse pair on (1.13), we get

Pt = 3 [0t (23)
Setting y = 1 in (2.8) and by using (2.7), we get
1:[(:10 —q) = > {Z] (—1)kq() gn—k, (2.9)

Identity (2.9) is given by Goulden and Jackson [8].

3. The Goldman-Rota identities

In this section, we show the equivalence between Goldman-Rota ¢-binomial
identity (1.6) and its inverse (1.8). We have found the following basic relations
for the Cauchy polynomials P,(x,y) which are easy to verify:

Pe(q" 'z, q"y) = ¢V P(z,y). (3.1)
Pn_k(q"_lyw) _ (_1)n—kq(3)+(§)+kfnkpn_k(x’qky)‘ (32)

From (3.1) and (3.2), we get the following relation:

Pow(lz) = (1) GG R, (e, qb). (3.3)
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Theorem 3.1. We have

Pu(zy,1) = ;[Z]x"kpk(x,npnk(y,n. (3.4)
_y {Z]ykpk(x,npnk(y,n. (3.5)

k=0

Proof. By the homogeneous version of the Cauchy identity (1.4), we find

Do _ (Bd)s (2859)x
(2yt; Qoo (2t @)oo (7Y @)oo

ZP”(%y’1)(;61)71 -2 (q?;)n m Bl D Feslov, )
— Z (qi)n [Z} 2" FPy(z,1)P,_i(y, 1).

By comparing coefficients of " in the above equation, we get (3.4).
Again, by the homogeneous version of the Cauchy identity (1.4), we find

(td)so  (tE@)s (Wt @)

(Yt @)oo (W Qoo (Y5 @)oo

ZPn(xy,l) tn = Z t” Z [Z] Py(y, 1) Poi(zy,y)

—~ (@ a)n = (G0 =
=) @D M v Pu(x, 1) P k(y, 1).
= (g q)n =
By comparing coefficients of ¢ in the above equation, we get (3.5). |

Setting © — 1/x and y — 1/y in (3.4) and (3.5), we get

P.(1,zy) = gmykm(Lx)Pnk(Ly).

n

=2 m 2" Py (1, ) Poi(1,y). (3.6)

k
k=0

Theorem 3.2. The following statements are equivalent:

1. Py(z,y) = i m Pz, 2) P_i(2, ).

k
k=0
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2. P = 3 [ 0O P Pt )

4. P,(1,zy) =

Proof. 1 = 2

2=3

n
Z k Iﬂ_kPk(‘ra 1)Pn—/€(ya ]-)

xn_kpk‘(]-) x)Pn—k(la y)

[Z} Pi(y,1)P,—x(1,2) (by using (1.6))

1S [ 0O P Bl and) by wing (29)

k=0

M:

T

m (—1)%¢®) Py(y, 1) Po_i(¢" 'z, ¢")  (by using (1.10))

k=0

|:k’:| (—1)kq(g)Pk(y, 1)Pn—k(l', qk) (by setting T — qlfnl‘).

3 |l

3

b
Il

Let x — 1/z in (1.8), we get

P,(1,zy)

x’l’l/

P(q" ay, 1) =

P,(zy,1) =
P,(xy,1) =

3—4

5 [ rratrn el
(_an(g) [Z} (—1)kq(§)kak(y, 1Py +(1.¢"2)  (by using (1.10))

3

2" P(y, )g " Py (¢" ', 1) (by using (3.2))
Z " 2% Py (y, 1) Py_i(x,1) (by setting z — ¢'~"x)

xnikpk(a% 1)Pn7k(y7 1)

a3



1702 Husam L. Saad

Let x — 1/y, y — 1/x in (3.4), we get

P,(1,xy) zn:_n_ 1 P.(1,y) Px(1,2)

:L‘nyn p _k_ yn—kz yk xn—k
n —n-

Bl

3l
1

=)
T

_ 2" P(1,7) P, (1,y).

i
=)
T

4=1
Let x =1/y, y =z in (3.6), we get

Pn(yax) - _n— 1 Pk(y>1)
_ P, (1,
y" ;; i) gy )
n ]
Pn(yu‘r) - Z L Pk(yal)Pn—k(lvx)
k=0 - -
n ] e B .
= > [P DD R P, gh) (by using (3.3))
k=0 L

n

P ™0) = 0 S [ 0O RG P ) (b stting o ¢10)
k=0

Pua,y) = [k}<—1>kq<’5>Pk<y,1>Pnk<m,qk>. (by using (1.11))

Theorem 3.2 shows the equivalence between Goldman-Rota g¢-binomial
identity (1.6) and its inverse (1.8).

4. The Cauchy operator and the Cauchy poly-
nomials

In this section, we use Cauchy operator to give an operator proof for the
Goldman—Rota ¢-binomial identity (1.6) and the exchange property of the
Cauchy polynomials (1.9).

The g-differential operator, or g-derivative, D, is defined by:

DAf(a)} — fla) = f(aq)

a



On the Cauchy polynomials 1703

In 2008, Chen and Gu [4] defined the Cauchy operator as follows:

T(a,b; D,) = i (@D,

“— (¢ q)n
The following lemma is easy to verify.
Lemma 4.1. We have
q{ } (Q; Q)n—kz
DF{P,(z,y = MP,L, z,Y).
A} = (B P wy
" n
T(a,b,Dy) {z"} = ) k] (a; q)bFa" k. (4.1)
k=0 -
" n
Teb D) (R} = 3|} @adtrten. @2
k=0 -
n|[n—k nl|[n—1i
= ) 4.
HIN by =

Corollary 4.1.1. We have

T(y/2 2 D) {z"} = 2"ha(Z,Z]g). (4.4)

Proof. by using (4.1), we get

T(y/z 2 Dy){a"} = y [k](y/Z;Q)kaxn_k

Now we are ready to give an operator proof for the Goldman-Rota ¢-
binomial identity (1.6) and the exchange property of P,(z,y) (1.9).
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Proof of (1.6). By using (4.2), we get

3

T(y/z, 2, D) {Pu(,2)} = (/2 )" Pooi(z, 2)

il
o

I
NE
> 3

Pi(z,y)P,—k(z,2) (by using (1.3))

o

3 |l

[e=]

= Pk(muz)Pnfk(zay)' (4'5)

e
Il
o

T/o 2 D) P ) = 3 [ 0O/, (74} (o wsing (1)

= oY [0 O ) by wing (1)
k=0
- z"Pn(g, %) (by using (2.8))
= Pu(z,y). (4.6)
From (4.5) and (4.6), we get (1.6). |

Proof of (1.9). By using (4.2), we get

3

T(z/w,w, Do) {Pu(,y)} = (2/w; q)rw" Py (2, y)

il
o

I
NE
> 3

Py(w, 2) Py (z,y)  (by using (1.3))

bl

S

[e=]

= Pe(z,y) Po_i(w, 2). (4.7)

e
Il
o
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T(z/w,w, Do) { P, )} =

From (4.7) and (4.8), we get (1.9).

P(z,2)P,—;(w,y). (by using (1.7))

~—
||
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