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Percentiles for Continuous Random Variables 

Definition (7): 

 Let 𝒑 be a real number between 0 and 1. A 𝟏𝟎𝟎 𝒑𝒕𝒉 percentile of the 

distribution of a random variable 𝑿 is any real number 𝒒 satisfyies  

 𝑷(𝑿 ≤ 𝒒) = 𝒑  &  𝑷(𝑿 > 𝒒) = 𝟏 − 𝒑. 
Example (14) 

 Let the random variable 𝑿 has probability density function  

 𝒇(𝒙) = {
𝒆𝒙−𝟐 , 𝒇𝒐𝒓 𝒙 < 𝟐
𝟎      , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

 . Find the 𝟕𝟓𝒕𝒉 𝒑𝒆𝒓𝒄𝒆𝒏𝒕𝒊𝒍𝒆 𝒐𝒇 𝑿 . 

Solution 

Here, 𝒑 =
𝟕𝟓

𝟏𝟎𝟎
= 𝟎. 𝟕𝟓 . 𝑩𝒚 definition (7), we have  

  𝟎. 𝟕𝟓 = 𝑷(𝑿 ≤ 𝒒) = ∫ 𝒇(𝒙)𝒅𝒙 = ∫ 𝒆𝒙−𝟐𝒅𝒙 = [𝒆𝒙−𝟐]−∞
𝒒

= 𝒆𝒒−𝟐𝒒

−∞

𝒒

−∞
 . 

 𝐥𝐧(𝟎. 𝟕𝟓) = 𝒒 − 𝟐 → 𝒒 = 𝟐 + 𝒍𝒏(𝟎. 𝟕𝟓) ≃ 𝟏. 𝟕𝟏𝟐 .▄ 

 

Definition (8): 

The 𝟐𝟓𝒕𝒉 & 𝟕𝟓𝒕𝒉 percentiles are called the first & third quartiles.  

Example (15) 

 Let the probability density function of the random variable 𝑿 is 

 𝒇(𝒙) = {
𝒙

𝟑𝟐
 , 𝟎 < 𝒙 ≤ 𝟖

𝟎  , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
. Find the first quartile for this distribution. 

Solution 

 𝑯𝒆𝒓𝒆, 𝒑 = 𝟎. 𝟐𝟓 . By definition (7), we have  

 𝟎. 𝟐𝟓 = 𝑷(𝑿 ≤ 𝒒) = ∫ 𝒇(𝒙)𝒅𝒙 = ∫
𝒙

𝟑𝟐
 𝒅𝒙

𝒒

−∞

𝒒

−∞

→ 𝟎. 𝟐𝟓 = [ 
𝒙𝟐

𝟔𝟒
]𝟎

𝒒
=

𝒒𝟐

𝟔𝟒
 → 

 𝒒𝟐 = 𝟏𝟔 → 𝒒 = 𝟒 . ▄ 

 Definition (9) 

 The 𝟓𝟎𝒕𝒉 percentile is called the median of the distribution. 

Example (16) 

 Let the probability density function of the random variable 𝑿 is 

 𝒇(𝒙) = {
−

𝟏

𝟐
 𝒆−

𝒙

𝟐  𝒊𝒇 𝒙 ≥ 𝟎

𝟎  , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
 . Find the median of this distribution. 

Solution 

 𝑯𝒆𝒓𝒆, 𝒑 = 𝟎. 𝟓 . By definition (7) we have 𝟎. 𝟓 = 𝑷(𝑿 ≤ 𝒒) = ∫ 𝒇(𝒙)𝒅𝒙 →
𝒒

−∞
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 𝟎. 𝟓 = ∫ −
𝟏

𝟐
 𝒆−

𝒙
𝟐  𝒅𝒙

𝒒

−∞

→ 𝟎. 𝟓 = [𝒆−
𝒙
𝟐]−∞

𝒒
 → 𝟎. 𝟓 = 𝒆−

𝒒
𝟐 → 𝒍𝒏(𝟎. 𝟓) = −

𝒒

𝟐
 → 

 𝒒 = −𝟐𝒍𝒏(𝟎. 𝟓) = 𝟏. 𝟑𝟖𝟔 . ▄ 

 

Note (9) 

 If a probability density function of the random variable 𝑿 is symmetric about 

y-axis, then the median is always zero. 

 

Example (17) 

 Let 𝒇(𝒙) =
𝟏

√𝟐𝝅
 𝒆−

𝟏

𝟐
 𝒙𝟐  , −∞ < 𝒙 < ∞  is the probability density function of the 

random variable 𝑿.What is the median of this distribution? 

Solution 

 Since 𝒇(𝒙) is symmetric about the y-axis, then the median is equal to zero. ▄ 

Definition (10) 

  A mode of the distribution of a continuous random variable 𝑿 is the value of 

𝒙 where the probability density function 𝒇(𝒙) attains a relative maximum. 

 

Note (10) 

 The distribution can have more than one mode. 

Example (18) 

 Let 𝒇(𝒙) = {
𝒙𝟐 𝒆−𝒙 , 𝒙 ≥ 𝟎
𝟎 , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

   be the probability density function of the 

random variable 𝑿.Find the mode of this distribution. 

Solution 

 Put 𝒇´(𝒙) = 𝟎 →  −𝒙𝟐𝒆−𝒙 + 𝟐𝒙𝒆−𝒙 = 𝟎 → 𝒙𝒆−𝒙(−𝒙 + 𝟐) = 𝟎 → 

        𝒙(−𝒙 + 𝟐) = 𝟎 → 𝒆𝒊𝒕𝒉𝒆𝒓 𝒙 = 𝟎 𝒐𝒓 𝒙 = 𝟐 . 

       𝒇´´(𝒙) = 𝒙𝟐𝒆−𝒙 − 𝟒𝒙𝒆−𝒙 + 𝟐𝒆−𝒙 = 𝒆−𝒙(𝒙𝟐 − 𝟒𝒙 + 𝟐). 

Since  𝒇´´(𝟎) > 𝟎  & 𝒇´´(𝟐) < 𝟎 . 

⸫ 𝒇(𝒙) has minimum value at 𝒙 = 𝟎 and maximum value at 𝒙 = 𝟐 .  

⸫ 𝑻𝒉𝒆 𝒎𝒐𝒅𝒆 𝒐𝒇 𝒕𝒉𝒊𝒔 𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝟐. ▄ 

Example (19) 

 Let 𝒇(𝒙) = {
𝟏      , 𝟎 ≤ 𝒙 ≤ 𝟏
𝟎 ,   𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  be the probability density function of the 

random variable 𝑿.What is the mode of this distribution? 

Solution 
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Since 𝒇´(𝒙) = 𝟎 for any real number. Therefore there are infinitely many 

modes. ▄ 

 

Exercises (2-2) 

1: Let 𝒇(𝒙) = {
𝟑𝒙𝟐 , 𝒇𝒐𝒓 𝟎 ≤ 𝒙 ≤ 𝟏
𝟎          , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  be the probability density function of the  

     𝒓𝒂𝒏𝒅𝒐𝒎 variable 𝑿. Find the median of this distribution. 

2: What is the median of the distribution if its 

     𝒑𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚  𝒅𝒆𝒏𝒔𝒊𝒕𝒚 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒂𝒏𝒅𝒐𝒎 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 𝑿 𝒊𝒔 

      𝒇(𝒙) =
𝟏

𝝅(𝟏+𝒙𝟐)
 , −∞ < 𝒙 < ∞ ? 

3: Let 𝒇(𝒙) = {
𝟏

𝒃
 𝒆−

𝒙

𝒃 , 𝒊𝒇 𝒙 ≥ 𝟎, 𝒃 > 𝟎

𝟎                , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
   be the probability density function of 

the random variable 𝑿.What is the 𝟏𝟎𝒕𝒉 percentile of this distribution? 

4: Let 𝒇(𝒙) = {
𝟑𝒙𝟐

𝟖
 , 𝟎 ≤ 𝒙 ≤ 𝟐

𝟎   , 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
 be the probability density function of the 

random variable 𝑿.Find the probability that 𝑿 is greater than its 𝟕𝟓𝒕𝒉 

percentile?  

 

Percentiles for Discrete Random Variables 

Definition (11) 

 Let 𝑿𝟏, 𝑿𝟐, 𝑿𝟑. … , 𝑿𝒏 be a random sample. The sample median is defined as: 

  𝑴 = {

𝑿
(

𝒏+𝟏

𝟐
)  

 , 𝒊𝒇 𝒏 𝒊𝒔 𝒐𝒅𝒅 𝒏𝒖𝒎𝒃𝒆𝒓

𝟏

𝟐
[𝑿

(
𝒏

𝟐
)

+ 𝑿
(

𝒏+𝟐

𝟐
)
] , 𝒊𝒇 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏 𝒏𝒖𝒎𝒃𝒆𝒓

 

Definition (12) 

 The 𝟏𝟎𝟎𝒑𝒕𝒉 sample percentile is defined as 

  𝝅𝒑 = {

𝑿([𝒏𝒑]) ,             𝒊𝒇 𝒑 < 𝟎. 𝟓

𝑴                        , 𝒊𝒇 𝒑 = 𝟎. 𝟓
𝑿(𝒏+𝟏−[𝒏(𝟏−𝒑)]) , 𝒊𝒇 𝒑 > 𝟎. 𝟓

 , 

 𝒘𝒉𝒆𝒓𝒆 [𝒃] 𝒅𝒆𝒏𝒐𝒕𝒆𝒔 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒃 𝒓𝒐𝒖𝒏𝒅𝒆𝒅 𝒕𝒐 𝒕𝒉𝒆 𝒏𝒆𝒂𝒓𝒆𝒔𝒕 𝒊𝒏𝒕𝒆𝒈𝒆𝒓. 
Example (20) 

 Let 𝑿𝟏, 𝑿𝟐, 𝑿𝟑, … , 𝑿𝟏𝟐 be a random sample of size 12. What 𝒊𝒔 𝟔𝟓𝒕𝒉 percentile 

of this sample? 

Solution 
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 𝑯𝒆𝒓𝒆, 𝒑 = 𝟎. 𝟔𝟓 > 𝟎. 𝟓 . 

 ⸫ 𝝅𝒑 = 𝑿(𝒏+𝟏−[𝒏(𝟏−𝒑)]). 𝑯𝒆𝒓𝒆 𝒏 = 𝟏𝟐. 

 ⸫ 𝒏(𝟏 − 𝒑) = 𝟏𝟐(𝟏 − 𝟎. 𝟔𝟓) = 𝟏𝟐 × 𝟎. 𝟑𝟓 = 𝟒. 𝟐  & [𝒏(𝟏 − 𝒑)] = [𝟒. 𝟐] = 𝟒. 

 ⸫ (𝒏 + 𝟏 − [𝒏(𝟏 − 𝒑)]) = 𝟏𝟐 + 𝟏 − 𝟒 = 𝟗. 

⸫ 𝝅𝟎.𝟔𝟓 = 𝑿𝟗 . Thus the 𝟔𝟓𝒕𝒉 percentile of the random sample 

   𝑿𝟏, 𝑿𝟐, 𝑿𝟑, … , 𝑿𝟏𝟐 is the 𝟗𝒕𝒉 order statistic. ▄ 

 

 

 

 

 

 


