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Percentiles for Continuous Random Variables
Definition (7):
Let p be a real number between 0 and 1. A 100 p*! percentile of the
distribution of a random variable X is any real number q satisfyies
PX<q)=p &P(X>q)=1-p.
Example (14)
Let the random variable X has probability density function

x—2
f(x) = {g ;{Z’;:Wisze . Find the 75" percentile of X .

Solution

Here, p = % = 0.75 . By definition (7), we have

0.75=P(X<q) = f_qoo f(x)dx = f_qoo e 2dx = [e¥%]?, =e1 %,
In(0.75) =q—2 - q=2+1n(0.75) ~ 1.712

Definition (8):
The 25" & 75" percentiles are called the first & third quartiles.
Example (15)

Let the probability density function of the random variable X is

Z 0<x<8 _. : . el
f(x) =432 . Find the first quartile for this distribution.
0 ,otherwise
Solution
Here,p = 0.25 . By definition (7), we have
0.25=P(X<q) j_oof(x)dx j_wgz dx - 0.25 [64]0 o1 "

> =16 > q=4.g4

Definition (9)

The 50" percentile is called the median of the distribution.
Example (16)

Let the probability density function of the random variable X is

1 X,

f(x) = {_E €2 if x20 n4 the median of this distribution.
0 , otherwise

Solution

Here, p = 0.5 . By definition (7) we have 0.5 = P(X < q) = f_qoo f(x)dx -
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7 1 _x _x _4 q
0.5=f —Eezdx—>o.5=[ez]‘1w—>0.5=ez—>ln(0.5)=—5

q = —2In(0.5) = 1.386 . g

Note (9)

If a probability density function of the random variable X is symmetric about
y-axis, then the median is always zero.

Example (17)

1
Let f(x) = \/%_n e 2% ,—0o0 < x < oo s the probability density function of the

random variable X.What is the median of this distribution?
Solution

Since f(x) is symmetric about the y-axis, then the median is equal to zero. g
Definition (10)

A mode of the distribution of a continuous random variable X is the value of
x where the probability density function f(x) attains a relative maximum.

Note (10)

The distribution can have more than one mode.
Example (18)
Let f(x) = x* e, x>0 o e brobability density function of th
f(x _{0,otherwise e the probability density function of the
random variable X.Find the mode of this distribution.
Solution
Putf'(x) =0- —x?e*+2xe*=0->xe*(-x+2)=0-
x(—x+2)=0-ceitherx=00rx=2.
f'(x) =x?e™ —4xe ™™ + 2e™* = e *(x% — 4x + 2).
Since f(0)>0 &f"(2)<0.
~ f(x) has minimum value at x = 0 and maximum valueat x = 2.
.. The mode of this distribution is 2. g
Example (19)
,0<x<1

1
Let f(x) = {0, otherwise

random variable X.What is the mode of this distribution?
Solution

be the probability density function of the
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Since f'(x) = 0 for any real number. Therefore there are infinitely many
modes. gy

Exercises (2-2)
3x%,for0<x<1
1: Let = { ’
fx) 0 ,otherwise
random variable X. Find the median of this distribution.
2: What is the median of the distribution if its
probability density function of the random variable X is

be the probability density function of the

1
= - ?
f(x) el w<x <0

1 _x
3: Let f(x) = {Z er,ifx=0b>0
0 ,otherwise

the random variable X.What is the 10" percentile of this distribution?
32 0<x<2

4: Let f(x) = { 8 ' — 7 = “ bethe probability density function of the
0 ,otherwise

random variable X.Find the probability that X is greater than its 75
percentile?

be the probability density function of

Percentiles for Discrete Random Variables
Definition (11)
Let X4, X5, X3. ..., X,, be a random sample. The sample median is defined as:

X(nT-i-l) ,if nis odd number

M 1 [X n\ + X /n+2 ],ifn is even number
2|7G) ()
Definition (12)
The 100p*" sample percentile is defined as
X([np]) ) ifp<0.5
T, ={M Jifp=0.5,
Xm+1-ma-p)  If > 0.5
where [b] denotes the number b rounded to the nearest integer.
Example (20)
Let X4, X5, X3, ..., X1, be a random sample of size 12. What is 65" percentile
of this sample?
Solution
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Here,p =0.65> 0.5 .
STy = Xns1-[na-p)p- Heren = 12,
~n(1l—p)=12(1-0.65)=12 x0.35=4.2 &[n(1—-p)] = [4.2] = 4.
cn+1-nA-p)h=12+1-4=09.
=~ o e5 = Xo . Thus the 65" percentile of the random sample
X1,X2,X3, ..., X12 is the 9" order statistic. g
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