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Triple Scalar or Box Product 

Definition (15): 

 The product (𝒖 × 𝒗) · 𝒘 is called the triple scalar product of 𝒖, 𝒗 & 𝒘 and is 

calculating as: 

    (𝒖 × 𝒗) · 𝒘 = |

𝒖𝟏 𝒖𝟐 𝒖𝟑

𝒗𝟏 𝒗𝟐 𝒗𝟑

𝒘𝟏 𝒘𝟐 𝒘𝟑

|. 

 

Note: 

We can find the volume of the parallelepiped determined by the vectors 

𝒖, 𝒗 , & 𝒘 as: 

  𝑽𝒐𝒍𝒖𝒎𝒆 = |(𝒖 × 𝒗) · 𝒘|. 

 

Example (20): 

Find the volume of the box determined by 𝒖 = 𝒊 + 𝟐𝒋 − 𝒌 , 𝒗 = −𝟐𝒊 + 𝟑𝒌 and 

𝒘 = 𝟕𝒋 − 𝟒𝒌. 

Solution: 

  𝑽𝒐𝒍𝒖𝒎𝒆 = |(𝒖 × 𝒗) · 𝒘| = |
   𝟏 𝟐 −𝟏
−𝟐 𝟎     𝟑
    𝟎 𝟕 −𝟒

| = 𝟐𝟑 𝒄𝒖𝒃𝒆 𝒖𝒏𝒊𝒕𝒔. 

 

Note:  

 We can show that the three vectors 𝒖, 𝒗 , & 𝒘 are coplanar if (𝒖 × 𝒗) · 𝒘 = 𝟎. 
 

Example (21): 

Determine whether the points   𝑨(𝟏, 𝟏, 𝟏), 𝑩(−𝟏, 𝟎, 𝟒), 𝑪(𝟎, 𝟐, 𝟏) & 

 𝑫(𝟐,−𝟐, 𝟑) 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓. 

Solution: 

First, we determine three vectors as 

 𝑨𝑩⃗⃗⃗⃗⃗⃗ = −𝟐𝒊 − 𝒋 + 𝟑𝒌 , 𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝒊 − 𝟑𝒋 + 𝟐𝒌 & 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝒊 + 𝟐𝒋 − 𝟑𝒌 . 

⸫ (𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑫⃗⃗⃗⃗⃗⃗ ) · 𝑩𝑪⃗⃗⃗⃗⃗⃗ = |
−𝟐 −𝟏    𝟑
   𝟏 −𝟑    𝟐
   𝟏    𝟐 −𝟑

| = 𝟎 . 

⸫The given points are coplanar. 
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5: Lines and Planes in Space: 

 In space a line is determined by a point and                     𝒛 

𝒂 𝒗𝒆𝒄𝒕𝒐𝒓 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆. 

Suppose that 𝑳 is a line in space passing          𝑳                        𝑷𝟎               𝑷 

through a point 𝑷𝟎(𝒙𝟎, 𝒚𝟎, 𝒛𝟎) parallel to                                                                                                                                                              

the vector 𝒗 = 𝒗𝟏𝒊 + 𝒗𝟐𝒋 + 𝒗𝟑𝒌 .                                                                          𝒗 

Then 𝑳 is a set of all points 𝑷(𝒙, 𝒚, 𝒛) for 

which 𝑷𝟎𝑷 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ is parallel to 𝒗 . 

⸫𝑷𝟎𝑷 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝒕𝒗  𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝒔𝒄𝒂𝒍𝒂𝒓 

 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓 𝒕 .                                             𝒙                                                       𝒚 

 

⸫(𝒙 − 𝒙𝟎)𝒊 + (𝒚 − 𝒚𝟎)𝒋 + (𝒛 − 𝒛𝟎)𝒌 = 𝒕(𝒗𝟏𝒊 + 𝒗𝟐𝒋 + 𝒗𝟑𝒌) 

𝒘𝒉𝒊𝒄𝒉 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔: 

𝒙𝒊 + 𝒚𝒋 + 𝒛𝒌 = 𝒙𝟎𝒊 + 𝒚𝟎𝒋 + 𝒛𝟎𝒌 + 𝒕(𝒗𝟏𝒊 + 𝒗𝟐𝒋 + 𝒗𝟑𝒌)  ………..  (1) 

 If 𝒓(𝒕) is the position vector of a point 𝑷(𝒙, 𝒚, 𝒛) on the line and 𝒓𝟎 is the 

position vector of the 𝒑𝒐𝒊𝒏𝒕  𝑷𝟎(𝒙𝟎, 𝒚𝟎, 𝒛𝟎), then Equation (1) gives the 

following vector form for the equation of a line in space. 

Hence, a vector equation for the line 𝑳 through  𝑷𝟎(𝒙𝟎, 𝒚𝟎, 𝒛𝟎) parallel to 𝒗 is: 

    𝒓(𝒕) = 𝒓𝟎 + 𝒕𝒗 , −∞ < 𝒕 < ∞……………………………………… (𝟐) 

 

Parametric Equations for a Line: 

Equating the corresponding components of the two sides of Equation (1) gives 

three scalar equations involving the parameter 𝒕 

 𝒙 = 𝒙𝟎 + 𝒕𝒗𝟏 , 𝒚 = 𝒚𝟎 + 𝒕𝒗𝟐 , 𝒛 = 𝒛𝟎 + 𝒕𝒗𝟑 ……………………………. (3) 

 

Example (22): 

Find parametric equations of the line through (−𝟐, 𝟎, 𝟒) parallel to  

 𝒗 = 𝟐𝒊 + 𝟒𝒋 − 𝟐𝒌 . 

Solution: 

The parametric equations of the line is 

          𝒙 = 𝒙𝟎 + 𝒕𝒗𝟏 , 𝒚 = 𝒚𝟎 + 𝒕𝒗𝟐 , 𝒛 = 𝒛𝟎 + 𝒕𝒗𝟑  

⸫       𝒙 = −𝟐 + 𝟐𝒕 , 𝒚 = 𝟒𝒕, 𝒛 = 𝟒 − 𝟐𝒕 . 

 

Example (23): 

Find parametric equations for the line through the points 𝑷(−𝟑, 𝟐, −𝟑) &  

 𝑸(𝟏, −𝟏, 𝟒). 
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Solution: 

 The vector 𝑷𝑸⃗⃗⃗⃗⃗⃗ = 𝟒𝒊 − 𝟑𝒋 + 𝟕𝒌 is parallel to the line. 

 The parametric equations of the line is 

  𝒙 = 𝒙𝟎 + 𝒕𝒗𝟏 , 𝒚 = 𝒚𝟎 + 𝒕𝒗𝟐 , 𝒛 = 𝒛𝟎 + 𝒕𝒗𝟑  

⸫𝒙 = −𝟑 + 𝟒𝒕 , 𝒚 = 𝟐 − 𝟑𝒕, 𝒛 = −𝟑 + 𝟕𝒕 . 

 

Note: 

 The parameterizations are not unique. 

 

Note: 

To parameterize a line segment joining two points: 

 1: Parameterize the line through the points. 

 2: Find 𝒕𝒉𝒆 𝒕 − 𝒗𝒂𝒍𝒖𝒆𝒔 𝒇𝒐𝒓 the end points and restrict 𝒕 to line in the closed 

interval bounded by these values. 

This line equations together with this added restriction parametrize the 

segment. 

 

Example (24): 

 Parametrize the line segment joining the points 𝑷(−𝟑, 𝟐,−𝟑) & 𝑸(𝟏, −𝟏, 𝟒). 

 

Solution: 

The parametric equations for a line is 

 𝒙 = −𝟑 + 𝟒𝒕 , 𝒚 = 𝟐 − 𝟑𝒕, 𝒛 = −𝟑 + 𝟕𝒕 . 

 ⸫ (𝒙, 𝒚, 𝒛) = (−𝟑 + 𝟒𝒕, 𝟐 − 𝟑𝒕,−𝟑 + 𝟕𝒕) 

 ⸫ (−𝟑 + 𝟒𝒕, 𝟐 − 𝟑𝒕, −𝟑 + 𝟕𝒕) = (−𝟑, 𝟐,−𝟑) → 𝒕 = 𝟎 . 

     (−𝟑 + 𝟒𝒕, 𝟐 − 𝟑𝒕, −𝟑 + 𝟕𝒕) = (𝟏, −𝟏, 𝟒) → 𝒕 = 𝟏. 

⸫ 𝟎 ≤ 𝒕 ≤ 𝟏 . 

The parametrization for a line segment is 

 𝒙 = −𝟑 + 𝟒𝒕 , 𝒚 = 𝟐 − 𝟑𝒕, 𝒛 = −𝟑 + 𝟕𝒕 ;  𝟎 ≤ 𝒕 ≤ 𝟏 . 

 

Note: 

 The vector form for a line in space is given by 

      𝒓(𝒕) = 𝒓𝟎 + 𝒕𝒗 = 𝒓𝟎 + 𝒕|𝒗|
𝒗

|𝒗|
 …………………………………… . . (𝟒) 

                                     

 

                   𝑰𝒏𝒊𝒕𝒊𝒂𝒍         𝑻𝒊𝒎𝒆    𝑺𝒑𝒆𝒆𝒅        𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 



 

Page 4 of 4 
 

      

                 𝑷𝒐𝒔𝒊𝒕𝒊𝒐𝒏   

Equation (4) means: 

The position of the particle at time 𝒕 is its initial position plus its distance 

moved (𝒔𝒑𝒆𝒆𝒅 × 𝒕𝒊𝒎𝒆) in the direction  
𝒗

|𝒗|
  of its straight line motion. 

 

Example (25): 

 A helicopter is to fly directly from helipad at the origin in the direction of the 

point (𝟏, 𝟏, 𝟏) at a speed of  𝟔𝟎.What is the position of the helicopter 𝒂𝒇𝒕𝒆𝒓 

𝟏𝟎 𝒔𝒆𝒄 ? 

Solution:  

We place the origin at the starting position (helipad) of the helicopter. Then 

the unit vector is 

 𝒖 =
𝟏

√𝟑
𝒊 +

𝟏

√𝟑
𝒋 +

𝟏

√𝟑
𝒌  𝒈𝒊𝒗𝒆𝒔 𝒕𝒉𝒆 𝒇𝒍𝒊𝒈𝒉𝒕 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒆𝒍𝒊𝒄𝒐𝒑𝒕𝒆𝒓. 

The position of the helicopter at any time 𝒕 is  

 𝒓(𝒕) = 𝒓𝟎 + 𝒕(𝒔𝒑𝒆𝒆𝒅)𝒖 = 𝑶 + 𝒕(𝟔𝟎) ( 
𝟏

√𝟑
𝒊 +

𝟏

√𝟑
𝒋 +

𝟏

√𝟑
𝒌) = 𝟐𝟎√𝟑 𝒕(𝒊 + 𝒋 + 𝒌)    

𝑾𝒉𝒆𝒏 𝒕 = 𝟏𝟎 𝒔𝒆𝒄, 

𝒓(𝟏𝟎) = 𝟐𝟎𝟎√𝟑 (𝒊 + 𝒋 + 𝒌) = 〈𝟐𝟎𝟎√𝟑, 𝟐𝟎𝟎√𝟑, 𝟐𝟎𝟎√𝟑〉  . 

𝑨𝒇𝒕𝒆𝒓 𝟏𝟎 𝒔𝒆𝒄 𝒐𝒇 𝒇𝒍𝒊𝒈𝒉𝒕 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒕𝒐𝒘𝒂𝒓𝒅  (𝟏, 𝟏, 𝟏), the helicopter 

is located at the point (𝟐𝟎𝟎√𝟑, 𝟐𝟎𝟎√𝟑, 𝟐𝟎𝟎√𝟑) in space. It has traveled a 

distance of 𝟔𝟎𝟎, which is the length of the vector 𝒓(𝟏𝟎). 

 

  

 


