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Sheet 2 

Q1:-   Define a metric 𝑑1 on  𝐶([𝑎, 𝑏]) by 

𝑑1(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥
𝑏

𝑎

, 𝑓, 𝑔 ∈ 𝐶([𝑎, 𝑏]).  

Show that  𝑑1 is indeed metric on 𝐶([𝑎, 𝑏]). Dose the function ‖𝑓‖1 = ∫ |𝑓(𝑥)|𝑑𝑥
𝑏

𝑎
 define 

a norm on 𝐶([𝑎, 𝑏]). 

 Q2:-   Consider linear vector space 

𝐶1 ([𝑎, 𝑏]) =  {𝑓 ∶  [𝑎, 𝑏]  →  ℝ  | 𝑓 𝑎𝑛𝑑 𝑓 ́  𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 𝑜𝑛 [𝑎, 𝑏] } 

a) Verify that  

‖𝑓‖∞,1: =  max
𝑥∈[𝑎,𝑏]

|𝑓(𝑥)|  +  max
𝑥∈[𝑎,𝑏]

|𝑓́(𝑥)|  

defines a norm on 𝐶1 ([𝑎, 𝑏]). 

b) Let f(x)  =  sin(πx). Find ‖f‖∞,1  in C 1([0,1]). 

Q3:- Let A, B, C, D, E be subsets of the Euclidean space ℝ2.  Find their boundary, their 

interior, and their exterior. Conclude from here whether these sets are open, closed, or 

neither. 

a) A =  {x ∈  ℝ2 | d2 (x, x0)  ≤  2}, where x0 ∈  ℝ2 . 

b) 𝐵 = ℝ ×  [𝑎, 𝑏), where 𝑎, 𝑏 ∈ ℝ, 𝑎 < 𝑏. 

c) C =  (a, b)2 =  (a, b)  ×  (a, b), where a, b ∈  ℝ , a <  b. 

d) D =  {a}  ×  [b, c), where a, b, c ∈  ℝ , b <  c. 

e) E =  {a}  ×  {b, c}, where a, b, c ∈  ℝ , b ≠ c. 

 Remark: In this problem, it is sufficient to sketch the set and to give the correct answers 

without justification. 

Q4:- In the Euclidean space ℝ3 , find the set 

𝐴 = ⋂ [−1 −
1

𝑛
, 2 +

1

𝑛
] ×

∞

𝑛=1

[−
1

𝑛2
,

1

𝑛2
] × [0, 𝑒−𝑛]. 

Is this set open, closed, or neither? 

Q5:- Let (𝑋, 𝑑) be a discrete metric space and let 𝑥0 ∈ 𝑋 be a point. Describe the open ball 

𝐵𝑟(𝑥0) where  (a)  0 < 𝑟 ≤ 1.     (b) 𝑟 > 1.  (c) 𝑟 > 1 and 𝑟 ≠ 0 
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Q6:- Consider the following sets 

1. 𝐴𝑛 = [
1

𝑛
, ∞)       closed for each 𝑛 = 1,2, ⋯ . However  ⋃ 𝐴𝑛 ∞

𝑛=1 =  

2. 𝐵𝑛 = [
1

𝑛
, 1 −

1

𝑛
]  closed for each 𝑛 = 1,2, ⋯ . However  ⋃ 𝐵𝑛 ∞

𝑛=1 =  

3. 𝐶𝑛 = [
1

𝑛
, 1]         closed for each 𝑛 = 1,2, ⋯ . However  ⋃ 𝐶𝑛 ∞

𝑛=1 =  

4. 𝐷𝑛 = [−𝑛, 𝑛]      closed for each 𝑛 = 1,2, ⋯ . However  ⋃ 𝐷𝑛 ∞
𝑛=1 = 

What you can conclude from the union of the above sets?  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


