CHAPTER 2
FLEXURAL ANALYSIS OF REINFORCED CONCRETE BEAMS

BEHAVIOR OF SIMPLY SUPPORTED REINFORCED CONCRETE
BEAM LOADED TO FAILURE

Concrete being weakest in tension, a concrete beam under an assumed working
load will definitely crack at the tension side, and the beam will collapse if tensile
reinforcement is not provided. Concrete cracks occur at a loading stage when its
maximum tensile stress reaches the modulus of rupture of concrete. Therefore, steel
bars are used to increase the moment capacity of the beam; the steel bars resist the
tensile force, and the concrete resists the compressive force.

By consider any reinforced concrete beam carry an incrementally accumulative
increase load as shown below.
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The beam will pass through sex stress stages which are:

Stage 1: Elastic Uncracked Stage: The applied load on beam less than the load
which cause cracking.

Stage 2: Elastic Cracked- threshold Stage: The applied load makes the bottom fiber
stress equal to modulus of rupture of concrete f.

Stage 3: Elastic Cracked Stage: The external applied load cause the bottom fibers
to equal to modulus of rupture of the concrete. Entire concrete section was
effective, steel bar at tension side has same strain as surrounding concrete.

Stage 4: Inelastic Cracking Stage : The tensile strength of the concrete exceeds the
rupture fr and cracks develop. The neutral axis shifts upward and cracks extend to
neutral axis. Concrete loses tensile strength and steel starts working effectively and
resists the entire tensile load.

Stage 5: Ultimate Strength Stage: The reinforcement yields.

Stage 6: Failure Stage : The material stresses will be exceed its corresponding
capacity .
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TYPES OF FLEXURAL FAILURE

Three types of flexural failure of a structural member can be expected depending
on the percentage of steel used in the section.

1 .Steel may reach its yield strength before the concrete reaches its maximum
strength. In this case, the failure is due to the yielding of steel reaching a high strain
equal to or greater than 0.005. The section contains a relatively small amount of
steel and is called a tension-controlled section.
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2 .Steel may reach its yield strength at the same time as concrete reaches its ultimate
strength. The section is called a balanced section.
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3 .Concrete may fail before the yield of steel, due to the presence of a high
percentage of steel in the section. In this case, the concrete strength and its
maximum strain of 0.003 are reached, but the steel stress is less than the yield
strength, that is, fs is less than fy. The strain in the steel is equal to or less than
0.002. This section is called a compression-controlled section
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Analysis and Design Methods of Reinforced Concrete Structure
Working Stress Method (WSM)

Stresses are computed in both the concrete and steel using principles of mechanics
that include consideration of composite behavior

Actual Stresses < Allowable Stresses
unified design method (UDM)

The Strength of members is computed at ultimate capacity Load Factors are applied
to the loads Internal forces are computed from the factored loads

Required Strength < Actual Strength
Working Stress Method (WSM)

Basic assumptions for design applicable to flexural and compression members are
as follows:

(a) Plane section before bending remains plane after bending.

(b) The tensile stress of concrete is neglected unless otherwise mentioned.

(c) The strain-stress relation for concrete as well as for steel reinforcement is linear.
(d) Perfect bond between steel and concrete.

Loading Stages: Uncracked section and Cracked section

Permissible Stresses

Load factors for all types of loads are taken to be unity for this design method.

Permissible stresses are defined as characteristic strength divided by factor of
safety.

The factor of safety is not unique values either for concrete or for steel; therefore,
the permissible stresses at service load must not exceed the following:

[J Flexure extreme fiber stress in compression: 0.45 f'c.

[1 Tensile stress in reinforcement: 0.5 fy

1 Modulus of elasticity for steel reinforcement 200 GPa (29,000 psi).

1 Modular Ratio n = Es /Ec.

[1 Transformed Section : Substitute steel area with (nAs) of fictitious concrete.

1 Location of neutral axis depends on whether we are analyzing or designing a
section.



The beam is a structural member used to support the internal moments
and shears
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(a) Beam.

Moment on section A

(b) Bending moment diagram.
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(c) Free body diagrams showing internal moment and shear force.

L Y T

¥
l“ ¢ g
v
J =
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compression-tension force couple.




(a) (b)

The stress in the block is defined as:
c=(M*y)/1

Under the action of transverse loads on a beam strains, normal stresses and internal
forces developed on a cross section are as shown below.

Stage 1: Before Cracking (Uneconomical),
Stage 3: After Cracking(Service Stage).
Stage 6: Ultimate (Failure).
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Uncracked Section
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Strain Diagram Uncracked Section

Assuming perfect bond between steel and concrete, we have es= ec

f:s fC ES
EE :ES:}E—S:E—C:}}(:; :E—Cfc:}fg :nf.::
Es
Where n is the modular ratio n=—
E.

Tensile forceinSteel T, = A_f. =A.nf.

Replace steel by an equivalent area of concrete

(n-1)A S (n-1)A S

Transformed Section



Homogenous section & under bending

Mc

fo=— =f =nf.

Transformed section area

At = (AC-AS) +nAs =Ac+ (n_l)As:

ACX%‘F(H—l)AS X d
O =
At

b h3 hy°
—_ - . . 2
I = 7 +Ac(c 2) + (n —1)A4s(d — C)

Section Cracked, Stresses Elastic

Iffo > fr fo <~ 045 f. and f; < f,

we will assume that the crack goes all the way to the N.A and will use the
transformed section,

kd/3

kd -

(1-k/3)d=jd




To locate N.A. , tension force = compressive force (by def. NA) (Note, for linear
stress distribution and with

SFE=0,0=by=[bydd=0

b|ydAd=0and [ ydA=yA =0
by definition, gives the location of the neutral axis)

thus

Es

Note, N.A. location depends only on geometry & 7z ( —)

T

Tensile and compressive forces are equal to ¢ = # o &T = A f5

and neutral axis is determined by equating the moment of the tension area to the
moment of compression area:

b(kd) (%) =nd, (d—kd) 2™ degree equation

M:Tjd:ASﬁjdjﬂ:Ajd

. bkd . bd* M
M=Cjd=——fojd =——kjf. > f. = 7——

— 217
5 bd?kj

Where j = (1 —g).

Or also

J— -"i.':
P = Bd

= |k = /2pn + (pn)? — pn

b(kd)E = nA(d— kd)



Start by determining p
e Ifp < p, steel reaches max. allowable value before concrete, and

M= A.f, jd

e Ifp = p, concrete reaches max. allowable value before steel , and

bkd
M= f; ——jd

Or
1
M:Efcjkbdzszdz

Where

k=J2pn+(pn)2— pn

Examplel: The Fig. below show a section in reinforced concrete beam of width b
= 300 mm and effective depth d = 500 mm , area of steel reinforcement is As =
1500 mm2 , modular ratio is n = 8.Compute the stress in the steel and concrete if
the applied bending moment M= 70 kN.

fC
o C kd’3
S kd -—
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3 (1-k/3)d=d
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Solution:

Solution by (Internal Couple Method):

_ 7 _ 1500 _
k=\2pn+(pn) pn P = Sooes 0.01

pn =008 - k=.,2x008+(0.08)2— 0.08=0.328

kd =0.328 X 500 = 164 mm

j=1-5=1089

jd = 445 mm
6
£ = 2M__ 2 %70 % 10 — 639 MPa
kjbd? ~ 0.328 x0.89 x300x (500)2
M 70 x 10°
= = 104.9 MPa

Js= %74 = T500x 245

Solution by (Transformed Section Method):as previous method we find k

then compute I ,

300 x 1643 2 5 4
= T+8 X 1500 x (500—164 = 1795 x 10°mm
M 70 % 10% x164
fo = T = Throsaaee - 039 MPa

~ _ nM(d—kd) 8 x70x 10° x (500 — 164)
Jo =nfes = ] - 1795 x 106
= 104.8 MPa
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Example2: For the simply supported beam shown reinforced by 4¢ 25 bars (fy =420
MPa ), the concrete strength (fc= 21 MPa) evaluate the following:

1 .If the span of beam =4 m and dead load = 8 kN/m, live load =10 kN/m check
the actual flexural stress in concrete and steel.

2 .The length of beam span that make the concrete in tension face start to crack.

3. The actual stress in concrete and steel if the span of beam =7m

WI= 10 kN/m

420 mm 500 mm

—350 rrm—

Solution: 1.

Total load W=wy+w; =8 +10=18k N/'m

2 2
M= W;L = 18;4 = 36 kN.m

E steel 200000
n= = = 9,28
E concrete 4700+ 21

As =4 X Ab=4 x491 =1964 mm*
Assume [, < f,
Transformed section area At = (Ac-As) +n As
= Ac+ (n-1)As=500 X 350+9.28 -1)1964

=191261.92 mm”

Ac x%+(n—1)/—15 x d
B At
500
350 x 500 x = + (9.28 — 1)1964 x 420

191261.92

C

= 2644 mm
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_bh® hy?

I = 7 +Ac(c—§) + (n — DAs(d — C)?
_ 350 x 500° 250 % 500( 2644 %0 ?
== +350x 5002044 - 1)
+(9.28 — 1)1964(420 — 264.4)>
1 =4.076 x 10°mm*
Actual bending stress (f = %)
For Compression Fiber:
]
Actual compression concrete stress : f. = o8 25t = 2.33 MPa

4.075x10%

Concrete allowable compression stress: F, = 0.45 X f, = 045 X 21
= 9.45 MPa

S fe < F, ok

For Tension Fiber:

. 36x10°x(500-264.4
Actual tension concrete stress : f, = 407(5><109 ) = 2,08 MPa

The concrete stress that make nitial crack:  f,. = 0.62 \/E

fr = 06221 =284 MPa

o f. > f; The assumption is correct and the section is not cracked

36X10°%(420-264.4)

Actual steel stress : f; = 9.28 S =12.75 MPa
4.075%10

Steel allowable stress: F; = 165.5 MPa for f, = 420 MPa

~fe < K, 0.k

2. To make the concrete start to crack put the concrete tension stress at
the extreme fiber equal to concrete stress at rupture (f; = f-)

=062+v21 =284 MPa

Mcr(h - C)

fe = F

13



M.,..(500 — 264.4
284 = Merl )
4.075 x 10°

= M, = 4912 kN.m

Any moments greater than (49.12 kN.m) will cause concrete cracks.

For maximum beam span length that make the concrete section cracked:

M = W12
o g
L2
4912 = = L=467m
3.
WL 18 x 72
M = 3 = 3 = 11025 kN.m

Since the moments M = 110,25 kN.m > M, = 4912 kN.m

~The concrete section cracked.

_ 5 1964
k—\/an+(pn) pn P = Tioaag = 0-0134

pn=0124 = k=.2x0124+ (0124)2 — 0.124 = 0.389

kd = 0.389 x 420 = 16346 mm
j=1-2=087

jd = 365.54 mm

2M 2x110.25 x 10°

fe = Kjbd® | 0389 <0.87x350 x (420)2 10.55 MPa

Concrete allowable compression stress: F. = 0.45 X f. = 0.45 x 21

= 9.45 MPa

& fe > F. = The concrete behavior not in the elastic range.

14



M 110.25 x 10°

_ = = 153.57 MP
fs = 250 = 1064 x 36554 .

Steel allowable stress: F; = 1656.5 MPa for f, = 420MPa

S fe < F, the steel stress within the limit.

15



STRENGTH DESIGN APPRACH

The analysis and design of a structural member may be regarded as the process of
selecting the proper materials and determining the member dimensions such that
the design strength is equal or greater than the required strength. The required
strength is determined by multiplying the actual applied loads, the dead load, the
assumed live load, and other loads, such as wind, seismic, earth pressure, fluid
pressure, snow, and rain loads, by load factors. These loads develop external forces
such as bending moments, shear, torsion, or axial forces, depending on how these
loads are applied to the structure.

In proportioning reinforced concrete structural members, three main items can be
investigated:

1 .The safety of the structure, which is maintained by providing adequate internal
design strength.

2 .Deflection of the structural member under service loads. The maximum value of
deflection must be limited and is usually specified as a factor of the span, to
preserve the appearance of the structure.

3 .Control of cracking conditions under service loads. Visible cracks spoil the
appearance of the structure and permit humidity to penetrate the concrete, causing
corrosion of steel and consequently weakening the reinforced concrete member.
The ACI Code implicitly limits crack widths to 0.016 in. (0.40 mm) for interior
members and 0.013 in. (0.33 mm) for exterior members. Control of cracking is
achieved by adopting and limiting the spacing of the tension.

It is worth mentioning that the strength design approach was first permitted in the
United States in 1956 and in Britain in 1957. The latest ACI Code emphasizes the
strength concept based on specified strain limits on steel and concrete that develop
tension-controlled, compression controlled, or transition conditions.

ASSUMPTIONS

Reinforced concrete sections are heterogeneous (nonhomogeneous), because they
are made of two different materials, concrete and steel. Therefore, proportioning
structural members by strength design approach is based on the following
assumptions:

1 .Strain in concrete is the same as in reinforcing bars at the same level, provided
that the bond between the steel and concrete is adequate.

2 .Strain in concrete is linearly proportional to the distance from the neutral axis.
3 .The modulus of elasticity of all grades of steel is taken as Es = 29 x 106 Ib/in?
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(200,000MPa or N/mmz2). The stress in the elastic range is equal to the strain
multiplied by Es.

4 .Plane cross sections continue to be plane after bending.

5 .Tensile strength of concrete is neglected because (a) concrete’s tensile strength
is about 10% of its compressive strength, (b) cracked concrete is assumed to be not
effective, and (c) before cracking, the entire concrete section is effective in resisting
the external moment.

6 .The method of elastic analysis, assuming an ideal behavior at all levels of stress,
Is not valid. At high stresses, nonelastic behavior is assumed, which is in close
agreement with the actual behavior of concrete and steel.

7 . At failure the maximum strain at the extreme compression fibers is assumed
equal to 0.003 by the ACI Code provision.

8 . For design strength, the shape of the compressive concrete stress distribution
may be assumed rectangular, parabolic, or trapezoidal. In this text, a rectangular
shape will be assumed (ACI Code, Section 22.2).

TYPES OF FLEXURAL FAILURE AND STRAIN LIMITS

Three types of flexural failure of a structural member can be expected depending
on the percentage of steel used as explained before.

It can be assumed that concrete fails in compression when the concrete strain
reaches 0.003. A range of 0.0025 to 0.004 has been obtained from tests and the ACI
Code, Section 22.2.2.1, assumes a strain of 0.003.

In beams designed as tension-controlled sections, steel yields before the crushing
of concrete. Cracks widen extensively, giving warning before the concrete crushes
and the structure collapses. The ACI Code adopts this type of design. In beams
designed as balanced or compression-controlled sections, the concrete fails
suddenly, and the beam collapses immediately without warning. The ACI Code
does not allow this type of design.

Strain Limits for Tension and Tension-Controlled Sections

The design provisions for both reinforced and prestressed concrete members are
based on the concept of tension or compression-controlled sections, ACI Code,
Section 21.2. Both are defined in terms of net tensile strain (NTS), (et, in the
extreme tension steel at nominal strength, exclusive of prestress strain. Moreover,
two other conditions may develop: (1) the balanced strain condition and (2) the
transition region condition. These four conditions are defined as follows:

17



1 .Compression-controlled sections are those sections in which the net tensile
strain, NTS, in the extreme tension steel at nominal strength is equal to or less than
the compression-controlled strain limit at the time when concrete in compression
reaches its assumed strain limit of 0.003, (sc = 0.003). For grade 60 steel, (fy =420
MPa), the compression-controlled strain limit may be taken as a net strain of 0.002,
Fig. a. This case occurs mainly in columns subjected to axial forces and moments.

2 .Tension-controlled sections are those sections in which the NTS, «t, is equal to
or greater than 0.005 just as the concrete in the compression reaches its assumed
strain limit of 0.003, Fig. c.

3 .Sections in which the NTS in the extreme tension steel lies between the
compression controlled strain limit (0.002 for fy = 420 MPa) and the tension-
controlled strain limit of 0.005 constitute the transition region, Fig. b.

4 . The balanced strain condition develops in the section when the tension steel,
with the first yield, reaches a strain corresponding to its yield strength, fy or &s =
fy/Es, just as the maximum strain in concrete at the extreme compression fibers
reaches 0.003, Fig. d.

(a) (b) (c)

£.=0.003 £, =0.003 £,=0.003
o C3
Cy N
4
h d, [N
L] L] [ ] L ]
L] L] [ ] L ]
5y Ko_ .
) 63 g E e 0.005 £,20.005
For f, = 60 ksi £,<0.002 0.002 < ¢,< 0.005 & 2 0.005

Strain limit distribution, ¢, > ¢, >c;: (a) compression-controlled section,
(b) transition region, and (c) tension-controlled section.

e,=0.003

Ch

F,
g = E

b & =0.002 (f, = 60 ksi)

d. Balanced strain section (occurs at first yield or at distance d,).

18



In addition to the above four conditions, Section 9.3.3.1 of the ACI Code indicates
that the net tensile strain, t, at nominal strength, within the transition region, shall
not be less than 0.004 for reinforced concrete flexural members without or with an
axial load less than 0.10 f'c Ag, where Ag =gross area of the concrete section.

Note that dt in Fig. above, is the distance from the extreme concrete compression
fiber to the extreme tension steel, while the effective depth, d, equals the distance
from the extreme concrete compression fiber to the centroid of the tension
reinforcement, Fig. 3.5. These cases are summarized in Table below.

Table 1  Strain Limits of Figure above 420MPa
Section Condition Concrete Strain Steel Strain Notes (fy = 60 ksi)
Compression controlled 0.003 g, < [ /E, £,<0.002

Tension controlled 0.003 g, > 0.005 g2 0.005
Transition region 0.003 fJ/E, < g, <0.005 0.002 < g, < 0.005
Balanced strain 0.003 e,= f/E, g, = 0.002
Transition region (flexure) 0.003 0.004 < g, < 0.005 0.004 < g, < 0.005

LOAD FACTORS

For the design of structural members, the factored design load is obtained by
multiplying the dead load by a load factor and the specified live load by another
load factor. The magnitude of the load factor must be adequate to limit the
probability of sudden failure and to permit an economical structural design. The
choice of a proper load factor or, in general, a proper factor of safety depends
mainly on the importance of the structure (whether a courthouse or a warehouse),
the degree of warning needed prior to collapse, the importance of each structural
member (whether a beam or column), the expectation of overload, the accuracy of
artisanry, and the accuracy of calculations.

Based on historical studies of various structures, experience, and the principles of
probability, the ACI Code adopts a load factor of 1.2 for dead loads and 1.6 for live
loads. The dead-load factor load. Moreover, the choice of factors reflects the degree
of the economical design as well as the degree of safety and serviceability of the
structure. It is also based on the fact that the performance of the structure under
actual loads must be satisfactorily within specific limits.

If the required strength is denoted by U (ACI Code, Section 5.3.1), and those due
to wind and seismic forces are W and E, respectively, according to the ACI and
ASCE 7-10 Codes, the required strength, U, shall be the most critical of the
following factors:

1. In the case of dead, live, and wind loads,

19



U= 14D

U=12D+ 1.6L
U=12D+ 1.0L+ 1.0W
U=09D+ 1.0W
U=12D+ (1.0L or 0.5W)

2. In the case of dead, live, and seismic (earthquake) forces, E,

U=12D+1.0L+ 1.0E
U=0.9D+ 1.0E

3 .For load combination due to roof live load, Lr, rain load, R, snow load, S, in
addition to dead, live, wind, and earthquake load,

U= 12D+ 1.6L+0.5(L, or SorR)

U= 12D+ 1.6(L,or SorR)+ (1.0L or 0.5W)

U= 12D+ 1.0W + 1.0L+ 0.5(L, or S or R)

U=12D+ 1.0E+ 1.0L+0.25

4. Where fluid load F is present, it shall be included as follows:

U=14(D+F)
U=12D+ 12F + 1.6L+0.5(L, or Sor R)
U=12D+ 12F+(L+05W)+ 1.6(L, or S or R)
U=12D+ 12F + 1.0W+ L+ 0.5(L, or S or R)
U=12D+12F+1.0E+L+0.2§
U=09D+F)+ 1.0E

20



STRENGTH REDUCTION FACTOR ¢

The nominal strength of a section, say Mn, for flexural members, calculated in
accordance with the requirements of the ACI Code provisions must be multiplied
by the strength reduction factor, ¢, which is always less than 1. The strength
reduction factor has several purposes:

1 .To allow for the probability of understrength sections due to variations in
dimensions, material properties, and inaccuracies in the design equations.

2 .To reflect the importance of the member in the structure.
3 .To reflect the degree of ductility and required reliability under the applied loads.
The ACI Code, Table 21.2.1, specifies the following values to be used:

For tension-controlled sections ¢ = 0.90
For compression-controlled sections

a. with spiral reinforcement ¢ =0.75

b. other reinforced members ¢ =0.65
For plain concrete ¢ = 0.60
For shear and torsion ¢d=0.75
For bearing on concrete ¢ =0.65
For strut and tie models ¢ =0.75

A higher ¢ factor is used for tension-controlled sections than for compression-
controlled sections, because the latter sections have less ductility and they are more
sensitive to variations in concrete strength. Also, spirally reinforced compression
members have a ¢ value of 0.75 compared to 0.65 for tied compression members;
this variation reflects the greater ductility behavior of spirally reinforced concrete
members under the applied loads. In the ACI Code provisions, the ¢ factor is based
on the behavior of the cross section at nominal strength, (Pn, Mn), defined in terms
of the NTS, &t, in the extreme tensile strains, as given in Table 1. For tension-
controlled members, ¢ = 0.9. For compression-controlled members, ¢ =0.75 (with
spiral reinforcement) and ¢ = 0.65 for other members.

For the transition region, ¢ may be determined by linear interpolation between 0.65
(or 0.75) and 0.9. Figure 3.6a shows the variation of ¢ for grade 60 steel. The linear
equations are as follows:
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0.75 + (&, — 0.002) (50) (for spiral members)
¢ =9

25
0.65 + (g, — 0.002) (%) (for other members)

.

Alternatively, ¢ may be determined in the transition region, as a function of (c/dt)
for grade 60 (fy= 420 Mpa) steel as follows:

~

0.75+0.15 /ld — % (for spiral members)
C .
(;f; . - f E
0.65 + 0.25 % — % (for other members)
¢/ 9]

.

where c is the depth of the neutral axis at nominal strength (c2 in Fig. Strain limit
distribution). At the limit strain of 0.002 for grade 60 steel and from the triangles
of Fig. a, c¢/dt = 0.003/(0.002+0.003) = 0.6. Similarly, at a strain, et = 0.005, c/dt =
0.003/(0.005+0.003) = 0.375. Both values are shown in Fig. e.

For reinforced concrete flexural members, the NTS, «t, should be equal to or greater
than 0.004 (ACI Code, Section 22.2.2). In this case,

¢ = 0.65 + (g, — 0.002) (@) = (.82

Figure f shows the range of ¢ for flexural members. For grade 60 steel (fy = 420
MPa), the range varies between 0.9 for et > 0.005 and 0.82 for et = 0.004. Other
values of ¢ can be obtained from above equation or by interpolation.
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c c
—=0.600 —=0.375
d! dr
| < ops| L5
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EQUIVALENT COMPRESSIVE STRESS DISTRIBUTION

The distribution of compressive concrete stresses at failure may be assumed to be
a rectangle, trapezoid, parabola, or any other shape that is in good agreement with
test results.

When a beam is about to fail, the steel will yield first if the section is
underreinforced, and in this case the steel is equal to the yield stress. If the section
is overreinforced, concrete crushes first and the strain is assumed to be equal to
0.003, which agrees with many tests of beams and columns. A compressive force,
C, develops in the compression zone and a tension force, T, develops in the tension
zone at the level of the steel bars. The position of force T is known because its line
of application coincides with the center of gravity of the steel bars. The position of
compressive force C is not known unless the compressive volume is known and its
center of gravity is located. If that is done, the moment arm, which is the vertical
distance between C and T, will consequently be known.

¢ = 0003 *‘*1"-'?*‘{

7 =W
% C=a4fibc
|
A,
WMLWW___.__ _ T:Af}
;5 = Ey
. b Strain Shess

Figure 3.7 Forces in a rectangular section.

In Fig. 3.7, if concrete fails, ec = 0.003, and if steel yields, as in the case of a
balanced section, fs = fy.

The compression force C is represented by the volume of the stress block, which
has the nonuniform shape of stress over the rectangular hatched area of bc. This
volume may be considered equal to C = bc(al f'c ), where al f'c is an assumed
average stress of the nonuniform stress block.

The position of compression force C is at a distance z from the top fibers, which
can be considered as a fraction of the distance c (the distance from the top fibers to
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the neutral axis), and z can be assumed to be equal to a2c, where a2 <1. The values
of al and a2 have been estimated from many tests, and their values are as follows:

al = 0.72 for f'c < (27.6MPa); it decreases linearly by 0.04 for every (6.9MPa)
greater than (27.6 Mpa)

fc—28
7

a2 = 0.425 for f'c < (27.6MPa); it decreases linearly by 0.025 for every (6.9MPa)
greater than (27.6MPa)

al=0.72-0.04

fi—28
7

The decrease in the value of al and a2 is related to the fact that high-strength
concretes show more brittleness than low-strength concretes.

a2 =0.425-0.025

To derive a simple rational approach for calculations of the internal forces of a
section, the ACI Code adopted an equivalent rectangular concrete stress
distribution, which was first proposed by C.S. Whitney and checked by Mattock
and others. A concrete stress of 0.85 f'c is assumed to be uniformly distributed over
an equivalent compression zone bounded by the edges of the cross section and a
line parallel to the neutral axis at a distance a=f1c from the fiber of maximum
compressive strain, where c is the distance between the top of the compressive
section and the neutral axis (Fig. 3.8). The fraction 1 is 0.85 for concrete strengths
f'c <(27.6MPa) and is reduced linearly at a rate of 0.05 for each (6.9MPa) of stress
greater than (27.6MPa) (Fig. 3.9), with a minimum value of 0.65.

fc—28
7

The preceding discussion applies in general to any section, and it is not confined to
a rectangular shape. In the rectangular section, the area of the compressive zone is
equal to (b * a) , and every unit area is acted on by a uniform stress equal to 0.85f'c
, giving a total stress volume equal to 0.85f'c * a *b,

p1=0.85-0.05 <0.65 for fc> (28 MPa)
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which corresponds to the compressive force C. For any other shape, the force C is

equal to the area of the compressive zone multiplied by a constant stress equal to
0.85f'c.

For example, in the section shown in Fig. 3.10, the force C is equal to the shaded
area of the cross section multiplied by 0.85f'c:

C=0.85fc (6 x3+10x2)=323fclb=20178.5fcN

The position of the force C is at a distance z from the top fibers, at the position of
the resultant force of all small-element forces of the section. As in the case when
the stress is uniform and equals 0.85f'c , the resultant force C is located at the center
of gravity of the compressive zone, which has a depth of a.

In this example, z is calculated by taking moments about the top fibers:

(6)(3)(5) +10x 2(1 +3)
k = 107 _ 5 2in.

6X3+10x2 38

—_
F
by
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SINGLY REINFORCED RECTANGULAR SECTION IN BENDING

The balanced condition is achieved when steel yields at the same time as the
concrete fails, and that failure usually happens suddenly. This implies that the yield
strain in the steel is reached (ey =fy/Es) and that the concrete has reached its
maximum strain of 0.003.

The percentage of reinforcement used to produce a balanced condition is called the
balanced steel ratio, pb. This value is equal to the area of steel, As, divided by the
effective cross section, bd:

A (balanced)
Pb = bd

where
b = width of compression face of member

d = distance from extreme compression fiber to centroid of longitudinal tension
reinforcement

Two basic equations for the analysis and design of structural members are the two
equations of equilibrium that are valid for any load and any section:

1 .The compression force should be equal to the tension force; otherwise, a section
will have linear displacement plus rotation:

C=T

2 .The internal nominal bending moment, Mn, is equal to either the compressive
force, C, multiplied by its arm or the tension force, T, multiplied by the same arm:

Mn=C(d—2z)=T(d—2)
(Mu = ¢Mn after applying a reduction factor ¢)

The use of these equations can be explained by considering the case of a rectangular
section with tension reinforcement (Fig. 3.8). The section may be balanced,
underreinforced, or overreinforced, depending on the percentage of steel
reinforcement used.

Balanced Section

Let us consider the case of a balanced section, which implies that at maximum load
the strain in concrete equals 0.003 and that of steel equals the first yield stress at
distance dt divided by the modulus of elasticity of steel, fy/Es. This case is
explained by the following steps.
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Step 1. From the strain diagram of Fig. 3.11,

¢, 0.003
dy—cy,  f/E;

From triangular relationships (where cb is ¢ for a balanced section) and by adding

the numerator to the denominator,

Ch 0.003
d, ~ 0.003 +,/E,

Substituting Es = 2 x 10° MPa,

600
For f, in MPa Cp = ( )dt .....Eq.l
600+fy
=0, 0.85f
A A __(___ a2
a —— C =0.85f/ab
= T
N S I -
A,
v T ®* & & _ ——> T=Af,
-0 o ———
~——

Figure 3.11 Rectangular balanced section.

Step 2. From the equilibrium equation,
C=T == 085fcab=Asfy ... Eq.2

_ _Asly
0.85 f/b
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Here, a is the depth of the compressive block, equal to f1c, where f1 = 0.85 for

f C’S (27.6MPa) and decreases linearly by 0.05 per (6.9MPa) for higher concrete
strengths (Fig. 3.9). Because the balanced steel reinforcement ratio is used,

_ Aj(balanced) A,
B bd  bd

P

and substituting the value of Asb in Eq.2,
0.85flab = f,p,bd

Therefore, |
0.85f" Uﬁiﬂ(ﬁ :
. a = . C
f.d fd TP
Substituting the value of cb from Eq.1, the general equation of the balanced steel
ratio becomes

Pp =

The value of d; is equal to d when only one single layer of steel is provided.

Step 3. The internal nominal moment, Mn, is calculated by multiplying either C or
T by the distance between them:

M,=Cd-2z)=T(d-2)

For a rectangular section, the distance z=a/2 as the line of application of the force
C lies at the center of gravity of the area (a b), where

A,
ild=—-
0.8577b

M, =C (.ff— la) =T (d — lu)
2 2
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For a balanced or an underreinforced section, T=As fy. Then
M, =Af, (d -~ Eq4
M, = Ay (d - 5a - Eq

To get the usable design moment @Mn, the previously calculatedMn must be
reduced by the capacity reduction factor, ¢,

$M, = PA.f, (d——) $A,f, ( A?;;b) . Eq5

Equation 5 can be written in terms of the steel percentage p:

As A, = pbd
— e
= ba ‘
pbdf, ot
oM, = ¢f, pbd( ) qbp;gz;d?( 1;(};‘") Eq.6

Equation 6 can be written as

¢M, = R,bd”

= dof, (1 _ i)
- L7/

The ratio of the equivalent compressive stress block depth, a, to the effective depth
of the section, d, can be found from Eq.2:

where

0.85f!ab = pbdf,
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Upper Limit of Steel Percentage

The upper limit or the maximum steel percentage, pmax, that can be used in a singly
reinforced concrete section in bending is based on the net tensile strain in the
tension steel, the balanced steel ratio, and the grade of steel used. The relationship
between the steel percentage, p, in the section and the net tensile strain, &, is as

follows:
0.003 + f, /E, )
£, = ( - ')—0.003 (3.24)
p/pf}
For fy = 420 MPa, and assuming fy/Es = 0.002,
0.005 -
£ = (ﬂ) 0003 (325)
p/pf}

These expressions are obtained by referring to Fig. 3.12. For a balanced section,

o Ao, ppfd

T B T 085/7bp, 085/,

Similarly, for any steel ratio, p,

_ Pf vd C P

€= ——— and —_——= —

[]85)((1?1 ( b pb

0.85f
0.003 0.003
c . ag -+
Cp C, = 0.85fla,b
o d=d o
£ f_‘.J’Eﬁ. -
Tension-controlled Balanced

b

Figure 3.12 Strains in tension-controlled and balanced conditions. (d = d, one layer of
steel).
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Divide both sides by d to get

C 4 ( Cp ) 29
—=|—)|— 3.26
d ( P ) d { :

From the triangles of the strain diagrams,

¢ _ _0.003
d 0.003 +¢,
£, = 9003 _ 6,003 (3.27)
c/d
Similarly,
Cp 0.003

—_— 2
4~ 0003 +5/E O

Substituting Eq. 3.28 into Eq. 3.26
C P Cp ) p 0.003
— L — = = F Eq. 3.26
d (ﬁ'b) ( d (pb) (000? +ﬁ.x£s ) (rrom ! ]

Substitute this value in Eq. 3.27 to get

003 0.003 +f,/E,
e, = 2905 _ 6003 = [ :
p/ph

c/d

] —0.003 (From Eq. 3.27)

For grade 60 steel, fy = 420 Mpa, Es = 200000 MPa, and fy/Es = 0.0021, then

£, = (%) —0.003 (From Eq. 3.25)
P/ Py

To determine the upper limit or the maximum steel percentage, p, in a singly
reinforced concrete section, refer to Fig. 3.6. It can be seen that concrete sections
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subjected to flexure or axial load and bending moment may lie in compression-
controlled, transition, or tension-controlled zones.

When &< 0.002 (or c/d; > 0.6), compression controls, whereas when &> 0.005 (or
c/d; < 0.375), tension controls. The transition zone occurs when 0.002<¢; < 0.005
or 0.6 > c/d; > 0.375.

For members subjected to flexure, the relationship between the steel ratio, p, was
given in Eq. 3.24:

0.003 + f, /E,

£, 4+ 0.003 =
r P/ﬂb

(3.24)

0.003 + 7./E.
L _ h/Es (3.29)
Pp 0.003 + ¢,

For (fy = 60 ksi = 420 MPa) and Es = 200,000 MPa, fy/Es may be assumed to be
0.0021.

p _ 0.0051
o 0003+e 070

The limit for tension to control is et > 0.005 according to ACI. For & = 0.005, Eq.
3.30 becomes

p_ 0.005

0.005 _ 5
p, 0.008 8

=0.625 (3.30a)

or p <0.63375 pb for tension-controlled sections if et = 0.0051=fy/Es. Both values
can be used for practical analysis and design. The small increase in p will slightly
increase the moment capacity of the section. For example, if f. = 4 ksi = 28 MPa
and fy = 60 ksi = 420 MPa, pb = 0.0283 and p < 0.01806 for tension to control (as
in the case of flexural members). The ¢ factor in this case is 0.9. This value is less
than pmax = 0.75pb = 0.0214 allowed by the ACI Code for flexural members when
¢ = 0.9 can be used.

Design of beams and other flexural members can be simplified using the limit of &
= 0.005.
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p 0003 +f,/E,
— = (3.31)
o) 0.008

In this case, p=pmax =upper limit for tension-controlled sections.

0.003 + f,/E,
Pmax = (

0.003 ) Pb (3.31a)

Note that when p used < pmax, tension controls and ¢ = 0.9. When p > pnax, the
section will be in the transition region with ¢< 0.9.

And for fy = 420 MPa and fy/Es = 0.0021,

fmax — 0.63375  (332)

This steel ratio will provide adequate ductility before beam failure.

Similarly,

(0.5474p, for f, =280 MPa (3.32a)

| Pmax = Y 0.5905p, for f\ = 350 MPa (3.32b)
0.63375ppfor f, =420 MPa (3.32c)

2
0.6983p,, for f, =525 MPa (332
It was established that Mn =R, b d?, where Ry = ¢ p fy (1 - p fy/L.7f;).

fy
0.85 f!

Assume m = then R, = 0pf,(1 —% m)

Once f;, and fy are known, then pb, p, Ry, and b d? can be calculated. For example,

for f.= 28 MPa, fy = 420 MPa, ¢ = 0.9, & = 0.005, and one row of bars in the
section,

. . 600 d
= 0.854,= < : ) <—'> = 28 (220 3=
b 'f, \600+, d 0.85 *0.85 420 (600+420) (1) 0.283

_0.003 +1,/E; . _ 0.003+420/200000
0.003 + ¢, ~ 0.00340.005

* 0.283 = 0.01804
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0.01806%420

. J
R, = ¢pf, (1 - .;) =0.9%x0.01806 «420 (1 -
1.71; 1.7%28

)=57 MPa

f; 420
4 - = =17.6
0.85 f} 0.85%28

Or from m=

then Rymax = 9 p f, (1 =1 m) = 0.9 +0.01804 + 420 + (1 — 0.5 + 17.6) = 5.7 MPa

Note that for one row of bars in the section, it can be assumed that d=d; =h—65mm.,
whereas for two rows of bars, d&=h—90mm, and d; =h—65mm = d+25 mm.

h d| d,

65 mm
b 90 mm

For reinforced concrete flexural members with p>pmax, & will be less than 0.005.
Section 9.3.3.1 of the ACI Code specifies that &; should not be less than 0.004 in
the transition region to maintain adequate ductility and warning before failure.

For this limitation of &, = 0.004, the general equation (3.29)

» 0003 +f,/E,

= (3.29
oy 0003 +¢, ’

becomes p 0.003 +f1/Es

2 333
” o007 Y

For fy = 420 MPa i . 0.003 + 0.00207

0724 (33
p 0.007 (3:39)

and the limit in the transition regionis ~ Pmax ¢ = 0-724 p,,
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Note that the t here refers to the transition region. In this case from Fig. e

-

) 250
q';l,=n_r\:~.+ul,—n.nn:}( — )

3

Then the limit of ¢ is for & = 0.004 becomes
250
@; = 0.65 + (0.004 — 0.002) (T) =0.817 < 0.9

For fy = 420 MPa and f,/= 28 Mpa, p, = 0.0283
’OI“-EIX f — ().724 pb oo pmaxt = 00205

fy, 420
0.85f/  0.85*28

and m = =17.6

“ Rumaxt = Pmax ¢ fy (1 =3 m) = 0.0205 + 420 = (1 — 0.5 + 17.6) = 7.05 MPa

~ Ru = ¢Rn =0.817(7.05) = 5.76 MPa.

This steel ratio in Eq. 3.33 is the upper limit (pmaxt) for a singly reinforced concrete
section in the transition region with ¢< 0.9.

It can be noticed that the aforementioned Ru = 5.74 MPa calculated for & = 0.004
is very close to Ru = 5.7 MPa for pmax = 0.6375p, and ¢ = 0.9. Therefore, adding
reinforcement beyond pmax (for & = 0.005) reduces ¢ because of the reduced
ductility resulting in little or non-substantial gain in design strength. Adding
compression reinforcement in the section is a better solution to increase the design
moment, keeping the section in the tension-controlled region with ¢ = 0.9.

Example 1
For the section shown below, calculate
a. The balanced steel reinforcement

b. The maximum reinforcement area allowed by the ACI Code for a tension-
controlled section and in the transition region

c. The position of the neutral axis and the depth of the equivalent compressive stress
block for the tension-controlled section in b.

Given: f,/=28 MPa and fy = 420 MPa.
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23.8 1

I 7/ Y U ! T
% C
243 .48 / 206.96 :-"—?—
650 700
A, 4
— & - — — > [
i
400
e —-
Solution
o os h 600 d, _ B1, 600 de
a e ()Mﬂ'_/_;. (600+_/;.> (TI) or P =7 600+fy)(d)
B1=0.85 for /<28 MPa
dt=d —— (di/d) =1
_fy 420
m=085f _ 085%28 1/
085 600 1 = 0.0283
Po = 17.6(600 +420)( )=0.

The area of steel reinforcement to provide a balanced condition (Ag) is

Agp = pp bd =0.0283 400 * 650 = 7358 mm?

0.003 + £,/ E,

b. from, P =003 +e s P and for the maximum reinforcement area

allowed by the ACI Code, at p,,,4, the &> 0.005 then

0.003 + f,/E;
Pmax = ( 0008 ) Pp

_ (0.003+420/200000
0.008

) * 0.0283=0.01804
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A max = Pmax b d = 0.01804 % 400 * 650 = 4690 mm?  for ¢ = 0.9

For the transition region, the pmax 1 , at the case of & = 0.004

0.003 + £,/ E , o 0.003 +f,/E,
T 0003+ . then = 003 v0.008
0.003 + £,/ E,
Pmax t = o007 "t = 0.729 P» =0.729 * 0.0283 = 0.0219

Ag max t = Pmax ¢ bd =0.0219 % 400 * 650 = 5694 mm? for ¢ = 0.817

c. The depth of the equivalent compressive block using As max IS
C=T

§ max f‘\

0-85.}? Umax b = A

5 max,ﬁr d

A
Amax = m 7 = Pmax™ d =0.01804 * 17.6 * 650 = 206.96 mm

The distance from the top fibers to the neutral axis is c=a/f1. Because f, = 28
MPa, 1 =0.85; thus,

Amax  206.96

Crmax 5 0.85 3.48 mm

Or,

C

"Zl“x = 0.375 = Cpgy = 0.375d = 0.375 * 650 = 243.48 mm
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LOWER LIMIT OR MINIMUM PERCENTAGE OF STEEL

If the factored moment applied on a beam is very small and the dimensions of the
section are specified (as is sometimes required architecturally) and are larger than
needed to resist the factored moment, the calculation may show that very small or
no steel reinforcement is required. In this case, the maximum tensile stress due to
bending moment may be equal to or less than the modulus of rupture of concrete fr

= 1 7.5\f . If no reinforcement is provided, sudden failure will be expected when
the first crack occurs, thus giving no warning. The ACI Code, Section 9.6.1,
specifies a minimum steel area, As min,

0.25V1. 1.4
A. = fc‘ bu__.d > (f_) bu_,(.f

§.min .
f v Jy

The two minimum ratios are equal when f; = 31 MPa. This indicates that

1.4 . :

—_ for f! < 31 MPa
7
Pmin = A !
0.25 g c for f: > 31 MPa

3

In the case of a rectangular section, use b=bw in the preceding expressions. For
statically determinate T-sections with the flange in tension, as in the case of
cantilever beams, the value of As, min must be equal to or greater than following
equation:

7 1.4 x
A= [0V oy > f.m’

§.min :
f v Sy

where

X = 2 bw or bs whichever is smaller
by = width of web

bs = width of flange
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ADEQUACY OF SECTIONS

A given section is said to be adequate if the internal moment strength of the section

Is equal to or greater than the externally applied factored moment, Mu, or ¢Mn >
Mu. The procedure can be summarized as follows:

1. Calculate the external applied factored moment, Mu.
Mu = 1.2MD + 1.6ML
2. Calculate ¢Mn for the basic singly reinforced section:

C = 0.85f".ab

> T=Af,

£,=0.005

P —

Figure 3.16 Tension-controlled rectangular section.

b. Calculate a = As fy/0.85f, b) and check & for ¢.
c. Calculate pMn =¢As fy(d—a/2).

3. If Mn >Mu, then the section is adequate; Fig. 3.16 shows a typical tension-
controlled section
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BUNDLED BARS

When the design of a section requires the use of a large amount of steel, for
example, when pnax IS used, it may be difficult to fit all bars within the cross
section. The ACI Code, Section 25.6.1.1, allows the use of parallel bars placed in
a bundled form of two, three, or four bars, as shown in Fig. 3.20. Up to four bars
(no. 11 or smaller) can be bundled when they are enclosed by stirrups. The same
bundled bars can be used in columns, provided that they are enclosed by ties. All
bundled bars may be treated as a single bar for checking the spacing and concrete
cover requirements. The single bar diameter shall be derived from the equivalent
total area of the bundled bars.

g & %
£ - 3

Figure 3.20 Bundled bar arrangement.
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Summary: Singly Reinforced Rectangular Section

The procedure for determining the design moment of a singly reinforced
rectangular section according to the ACI Code limitations can be summarized as
follows:

1. Calculate the steel ratio in the section, p=As/bd.

2. Calculate the balanced and maximum steel ratios, for tension-controlled section.

Also, calculate pmin = 1.4/fy when £, <31 MPa and ppmin = 0.25Vf, /fy when f
> 31 MPa.

3. If pmin < p < pmax, then the section meets the ACI Code limitations for tension-
controlled section. If p < pmin, the section is not acceptable (unless a steel ratio p >
Pmin 1S USed). If p < pmax, ¢ = 0.9 (& < 0.005); otherwise calculate ¢.

4. Calculate a = As fy/0.85f/ b, ¢, et, and ¢.
5. Calculate ¢ Mn =¢ As fy (d—a/2).

RECTANGULAR SECTIONS WITH COMPRESSION REINFORCEMENT

In concrete sections proportioned to resist the bending moments resulting from
external loading on a structural member, the internal moment is equal to or greater
than the external moment, but a concrete section of a given width and effective
depth has a minimum capacity when pmax is used. If the external factored moment
is greater than the design moment strength, more compressive and tensile
reinforcement must be added.

Compression reinforcement is used when a section is limited to specific dimensions
due to architectural reasons, such as a need for limited headroom in multistory
buildings. Another advantage of compression reinforcement is that long-time
deflection is reduced. A third use of bars in the compression zone is to hold stirrups,
which are used to resist shear forces.

Two cases of doubly reinforced concrete sections will be considered, depending on
whether compression steel yields or does not yield.
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When Compression Steel Yields

Internal moment can be divided into two moments, as shown in Fig. 3.23. Let M,
be the moment produced by the concrete compressive force and an equivalent
tension force in steel, Ay, acting as a basic section. Then My, is the additional
moment produced by the compressive force in compression steel A5 and the tension
force in the additional tensile steel, As,, acting as a steel section.

The moment M,; is that of a singly reinforced concrete basic section,
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