
Infinite Sequences: 
    A sequence is a list of numbers 𝒂𝟏, 𝒂𝟐, 𝒂𝟑,⋯ , 𝒂𝒏, ⋯  in a 𝒈𝒊𝒗𝒆𝒏 𝒐𝒓𝒅𝒆𝒓. For  

example the sequence 𝟑, 𝟔, 𝟏𝟐, 𝟐𝟒, 𝟒𝟖, … , 𝟑(𝟐𝒏−𝟏), … has 1st term 𝒂𝟏 = 𝟑, 2nd 

term 𝒂𝟐 = 𝟔, 3rd term 𝒂𝟑 = 𝟏𝟐,…., the nth term 𝒂𝒏 = 𝟑(𝟐𝒏−𝟏). 

Definition (1): (Sequence) 

 An infinite sequence of numbers is a function whose domain is the set of 

positive integers. 

How can described Sequences? 

1: By writing rules that specify their terms, such as 𝒂𝒏 = √𝒏 , 𝒃𝒏 =
𝟏

𝒏
  . 

2: By listing terms: 

     {𝒂𝒏} = { √𝟏, √𝟐, √𝟑, ⋯ , √𝒏, ⋯ }, {𝒃𝒏} = {𝟏,
𝟏

𝟐
,

𝟏

𝟑
, ⋯ .

𝟏

𝒏
 , ⋯ }. 

3: By writing its rules as: {𝒂𝒏} = {√𝒏}𝒏=𝟏
∞  , {𝒃𝒏} = {

𝟏

𝒏
}𝒏=𝟏

∞ . 

 

Representation Sequences Graphically   

 There are two ways: 

 1: Marks the first few points 𝒂𝟏, 𝒂𝟐, 𝒂𝟑, ⋯ , 𝒂𝒏, ⋯ on the real axis. 

 2: Shows the graph of the function defining the sequence.  

      The function is defined only on integer inputs, and located at (𝟏, 𝒂𝟏), 

(𝟐, 𝒂𝟐), 

       (𝟑, 𝒂𝟑), ⋯ , (𝒏, 𝒂𝒏), ⋯. 
Example (1): Graph the following sequences:  

 A: {𝒂𝒏} = {𝟐𝒏} 

Solution:                  a1          a2         a3         a4        a5           a6           a7           a8 

(1):                0          2          4          6          8         10          12          14          16 

     

(2):           

 

 

 

 

 

 

 

 

 



 

 

                        

 
 

 
B: {𝒃𝒏} = {𝒏𝟐} 

    Solution: (H.W.) 

 

Convergence and Divergence 

Definition (2): 

 The sequence {𝒂𝒏} converges to the number 𝑳 if for every   𝝐 > 𝟎 there is an 

integer 𝑵 such that | 𝒂𝒏 − 𝑳 | < 𝝐 whenever 𝒏 > 𝑵. 

If no such number 𝑳 exists, we say that {𝒂𝒏} diverges. 

 

Note: If {𝒂𝒏} converges to 𝑳, we write 𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏 = 𝑳 or simply 𝒂𝒏 → 𝑳 and call 

𝑳 the limit of the sequence. 
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Definition (3):  

 The sequence {𝒂𝒏} diverges to (+∞) if for every number 𝑴 there is an integer 

𝑵 such that for all 𝒏 > 𝑵, 𝒂𝒏 > 𝑴. If this condition holds, we write 

𝐥𝐢𝐦
𝒏→ ∞

𝒂𝒏 = ∞ or 𝒂𝒏 →  ∞. 

Definition (4):  

 The sequence {𝒂𝒏} diverges to (−∞) if for every number 𝒎 there is an 

integer 𝑵 such that for all 𝒏 > 𝑵, 𝒂𝒏 < 𝒎. If this condition holds, we write  

 𝐥𝐢𝐦
𝒏→ ∞

𝒂𝒏 = −∞ or 𝒂𝒏 →  −∞. 

 

Calculating Limits of Sequences 

 Theorem (1): 

Let {𝒂𝒏} 𝒂𝒏𝒅 {𝒃𝒏} be sequences of real numbers and 𝑨 & 𝑩 are real numbers 

such that 𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏 = 𝑨 & 𝐥𝐢𝐦
𝒏 → ∞

𝒃𝒏 = 𝑩. Then the following rules hold. 

1: 𝐥𝐢𝐦
𝒏 → ∞

( 𝒂𝒏 ± 𝒃𝒏) = 𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏 ± 𝐥𝐢𝐦
𝒏 → ∞

𝒃𝒏 = 𝑨 ± 𝑩. 

2: 𝐥𝐢𝐦
𝒏 → ∞

𝒌 𝒂𝒏 = 𝒌( 𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏) = 𝒌𝑨.       ((𝒌 is a constant)) 

3: 𝐥𝐢𝐦
𝒏 → ∞

( 𝒂𝒏. 𝒃𝒏) = ( 𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏)( 𝐥𝐢𝐦
𝒏 → ∞

𝒃𝒏) = 𝑨𝑩. 

4: 𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏

𝒃𝒏
=

𝐥𝐢𝐦
𝒏 → ∞

𝒂𝒏

𝐥𝐢𝐦
𝒏 → ∞

𝒃𝒏
=

𝑨

𝑩
 𝒊𝒇 𝑩 ≠ 𝟎. 

Example (2): Find the following limits: 

 1: 𝐥𝐢𝐦
𝒏 → ∞

{
𝟐

𝒏
} = 𝟐 ( 𝐥𝐢𝐦

𝒏 → ∞
{

𝟏

𝒏
}) = 𝟐(𝟎) = 𝟎. 

2: 𝐥𝐢𝐦
𝒏 → ∞

(
𝒏−𝟏

𝟐𝒏
 ) = 𝐥𝐢𝐦

𝒏 → ∞
(

𝒏

𝟐𝒏
 ) − 𝐥𝐢𝐦

𝒏 → ∞
(

𝟏

𝟐𝒏
) = 𝐥𝐢𝐦

𝒏 → ∞
(

𝟏

𝟐
) −

𝟏

𝟐
( 𝐥𝐢𝐦

𝒏 → ∞

𝟏

𝒏
) =

𝟏

𝟐
. 

3: 𝐥𝐢𝐦
𝒏 → ∞

(
𝟒𝒏+𝟔𝒏𝟐

𝟐𝒏𝟐+𝟓
) = 𝐥𝐢𝐦

𝒏 → ∞

𝟒

𝒏
+𝟔

𝟐+
𝟓

𝒏𝟐

=
𝟎+𝟔

𝟐+𝟎
= 𝟑. 

Notes: 

1: There are two divergent sequences but their sum converge. 

     For example, {𝒂𝒏} = {𝟏, 𝟐, 𝟑, … , 𝒏, … } and 

     {𝒃𝒏} = {−𝟏, −𝟐, −𝟑, … , −𝒏, … } are divergent sequences but the sequence 

     {𝒄𝒏} = {𝒂𝒏 + 𝒃𝒏} = {𝟎, 𝟎, 𝟎, … , 𝟎, … } converges to the number zero. 

2: If the sequence {𝒂𝒏} diverges and the number 𝒌 ≠ 𝟎 then the sequence 

{𝒌𝒂𝒏} diverges also. 

 

 

 


